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➟

E A,B,C ∈ P(E)

(A\C)\(B\C) = A\(B ∪C).

(A \ C) \ (B \ C) = (A ∩ C) \ (B ∩ C)

= (A ∩ C) ∩ B ∩ C

= (A ∩ C) ∩ (B ∪ C)

= (A ∩ C ∩ B) ∪ (A ∩ C ∩ C)

= A ∩ B ∩ C

= A ∩ (B ∪ C)

= A \ (B ∪ C).

A ⊂ B B ⊂ A

➟

E A,B ∈ P(E)

(A \B) ∪ (A \ C) = A \ (B ∩ C).

(A \B) ∪ (A \ C) = (A ∩ B) ∪ (A ∩ C)

= A ∩ (B ∪ C)

= A ∩ B ∩ C

= A \ (B ∩ C).



{
y ∈ R ; ∃x ∈ [−1 ; 2], y = x2} = [0 ; 4].

y ∈ R x ∈ [−1 ; 2] y = x2

x ∈ [−1 ; 0] y ∈ [0 ; 1]

x ∈ [0 ; 2] y ∈ [0 ; 4]

y ∈ [0 ; 4]

y ∈ [0 ; 4]

x =
√
y x ∈ [0 ; 2] ⊂ [−1 ; 2] y = x2

P(n)
n

n " n0

P(n0)

n n " n0 P(n)
P(n+ 1)

➟

(φn)n∈N φ0 = 0, φ1 = 1

∀n ∈ N, φn+2 = φn+1 + φn.

∀n ∈ N, φ2n+1 − φn+2φn = (−1)n.

n = 0 φ21 − φ2φ0 = 12 − 1 · 0 = 1 = (−1)0,
n = 0

n ∈ N

φ2n+2 − φn+3φn+1 = φ2n+2 − (φn+2 + φn+1)φn+1

= (φ2n+2 − φn+2φn+1)− φ2n+1

= φn+2(φn+2 − φn+1)− φ2n+1

= φn+2φn − φ2n+1

= −(φ2n+1 − φn+2φn)

= −(−1)n = (−1)n+1,

n+ 1

n ∈ N

P(n)
n

n " n0

P(n0) P(n0 + 1)

n n " n0 P(n) P(n+1)
P(n+ 2)

➟



(un)n∈N
u0 = 0, u1 = 1

∀n ∈ N, un+2 =
un+1 + un

2
.

∀n ∈ N∗, un > 0.

n = 1 u1 = 1 > 0 n = 2

u2 =
u1 + u0

2
=

1

2
> 0 n = 1

n = 2

n n + 1

n ∈ N∗ un > 0 un+1 > 0
un+1 + un

2
> 0,

n+ 2

n ∈ N∗

P(n)
n

n " n0

P(n0)

n n " n0 P(n0), ...,P(n)
P(n+ 1)

➟

(un)n∈N∗

u1 = 1

∀n ∈ N∗, un+1 =
u1 + u2

2 + · · ·+ un
n

nn
.

∀n ∈ N∗, 0 < un # 1.

n = 1 0 < u1 # 1 u1 = 1

n ∈ N∗

∀k ∈ {1, ..., n}, 0 < uk # 1.

un+1 =
u1 + u2

2 + · · ·+ un
n

nn
>

0 + · · ·+ 0

nn
= 0

un+1 =
u1 + u2

2 + · · ·+ un
n

nn
#

1 + · · ·+ 1

nn
=

n

nn
=

1

nn−1
# 1.

∀n ∈ N∗, 0 < un # 1.

➟



E f : E −→ E
f ◦ f = E

f

f−1 = f.

⋆ (x1, x2) ∈ E2 f(x1) = f(x2)

x1 = (f ◦ f)(x1) = f
(
f(x1)

)
= f

(
f(x2)

)
= (f ◦ f)(x2) = x2.

f

y ∈ E

y = (f ◦ f)(y) = f
(
f(y)

)
, x ∈ E

x = f(y) y = f(x) f

f

⋆ f f−1

f−1 = f−1 ◦ E = f−1 ◦ (f ◦ f) = (f−1 ◦ f) ◦ f = E ◦ f = f.

f : E −→ F, A ∈ P(E), A′ ∈ P(F )

f(A) =
{

y ∈ F ; ∃ a ∈ A, y = f(x)
}

,

f−1(A′) =
{

x ∈ E ; f(x) ∈ A′
}

.

y ∈ F y ∈ f(A) ⇐⇒
(

∃ a ∈ A, y = f(a)
)

x ∈ E x ∈ f−1(A′) ⇐⇒ f(x) ∈ A′.
➟

E,F
f : E −→ F A′ ∈ P(F )

f−1
(
!F (A′)

)
= !E

(
f−1(A′)

)
.

x ∈ E

x ∈ f−1
(
!F (A′)

)
⇐⇒ f(x) ∈ !F (A′)

⇐⇒ f(x) /∈ A′

⇐⇒
(
f(x) ∈ A′

)

⇐⇒
(
x ∈ f−1(A′)

)

⇐⇒ x ∈ !E
(
f−1(A′)

)
,

R
E

R ∀x ∈ E, xRx

R ∀(x, y) ∈ E2,
(

xR y =⇒ yRx
)

R ∀(x, y, z) ∈ E3,

{

xR y

yR z
=⇒ xR z.

➟



R R

∀(x, y) ∈ R2,
(
xR y ⇐⇒ |x| = |y|

)
.

R
R

x ∈ R x R

⋆ x ∈ R, |x| = |x| xRx R
x, y ∈ R

xR y ⇐⇒ |x| = |y| ⇐⇒ |y| = |x| ⇐⇒ yRx,

R
x, y, z ∈ R

{
xR y

yR z
⇐⇒

{
|x| = |y|
|y| = |z|

=⇒ |x| = |z| ⇐⇒ xR z,

R
R R

⋆ x ∈ R x R

x̂ = {y ∈ R ; xR y} = {y ∈ R ; |x| = |y|} =

{
{x, −x} x ̸= 0

{0} x = 0.

R
E

R ∀x ∈ E, xRx

R ∀(x, y) ∈ E2,

{

xR y

yRx
=⇒ x = y

)

R ∀(x, y, z) ∈ E3,

{

xR y

yR z
=⇒ xR z

)

.

➟

E = RR

R R #
E f, g ∈ E

f # g ⇐⇒
(
∀x ∈ R, f(x) # g(x)

)
.

#

E

⋆ f ∈ E ∀x ∈ R, f(x) # f(x),

f # f #

f, g ∈ E
⎧
⎨

⎩

f # g

g # f
⇐⇒

⎧
⎨

⎩

∀x ∈ R, f(x) # g(x)

∀x ∈ R, g(x) # f(x)

⇐⇒
(
∀x ∈ R, f(x) = g(x)

)
⇐⇒ f = g,

#

f, g, h ∈ E
⎧
⎨

⎩

f # g

g # h
⇐⇒

⎧
⎨

⎩

∀x ∈ R, f(x) # g(x)

∀x ∈ R, g(x) # h(x)

=⇒
(
∀x ∈ R, f(x) # h(x)

)
⇐⇒ f # h,

#

# E

⋆ f : R −→ R, x .−→ 0 g : R −→ R, x .−→ x.

f(1) = 0 < 1 = g(1) g # f

f(1) = 0 > −1 = g(−1), f # g

# E



E A, B, C ∈ P(E)

(A ∪ B) ∩ C ⊂ A ∪ (B ∩ C).

A ⊂ C

E A,B,C ∈ P(E)

A ∩ B = A ∩ C ⇐⇒ A ∩ !E(B) = A ∩ !E(C).

f R R f(x) =
3x− 1

x− 2
.

a f

b f

g f R\{a} R\{b}
g−1 g

f, g : R −→ R x ∈ R

f(x) = 1 + x, g(x) = x2.

f ◦ g g ◦ f. f ◦ g = g ◦ f

(Ln)n∈N L0 = 2, L1 = 1

∀n ∈ N, Ln+2 = Ln+1 + Ln.

n ∈ N

L2
n+1 − LnLn+2 = 5(−1)n+1

n
∑

k=0

L2
k = LnLn+1 + 2

L2n = L2
n − 2(−1)n L2n+1 = LnLn+1 − (−1)n



R

R R

∀(x, y) ∈ R2,
(

xR y ⇐⇒ x2 − 2x = y2 − 2y
)

.

R R

x ∈ R x R

E,F A1, A2 E B1, B2 F

(A1 ×B1) ∩ (A2 ×B2) = (A1 ∩ A2)× (B1 ∩ B2).

(A1 ×B1) ∪ (A2 ×B1) = (A1 ∪ A2)×B1.

(A1 ×B1) ∪ (A2 ×B2) = (A1 ∪ A2)× (B1 ∪ B2) ?

P(E ∩ F ) P(E ∪ F )

E ⊂ F ⇐⇒ P(E) ⊂ P(F ).

P(E ∩ F ) = P(E) ∩ P(F ).

P(E ∪ F ) = P (E) ∪ P(F )

R N∗ xR y ⇐⇒
(

∃n ∈ N∗, y = xn
)

.

R N∗

R

(un)n∈N u0 = 0, u1 = 1

∀n ∈ N, un+2 =
un+1 + un

2
+ 1.

(un)n∈N

(un)n∈N u0 = 1

∀n ∈ N, un+1 =
n
∑

k=0

uk

k!(n− k)!
.

∀n ∈ N, un ∈ Q∗+.



E

A ∈ P(E) A

A : E -−→ {0, 1}, x -−→

{

0 x /∈ A

1 x ∈ A.

1 P(E) {0, 1} 1

A,B ∈ P(E)

A = B ⇐⇒ A = B , A = 1− A,

A ∩B = A B , A ∪B = A + B − A B , A\B = A − A B .

A,B ∈ P(E) A ∩ (A ∪ B) = A A ∪ (A ∩ B) = A.

E f : [0 ; +∞[ −→ R f(0) = 1
R E (f, g) ∈ E2

f R g ⇐⇒ f ′ # g′.

R E

R
∀(f, g) ∈ E2,

(

f R g =⇒ f # g
)

.

∀(f, g) ∈ E2,
(

f # g =⇒ f R g
)

?

E,F,G f : E −→ F, g : F −→ G

g ◦ f f

g ◦ f g

g ◦ f f g

E, F f : E −→ F, g : F −→ E

g ◦ f ◦ g f g

E,E′ f : E −→ E′

A,B E

A ⊂ B =⇒ f(A) ⊂ f(B)

A ⊂ f−1
(

f(A)
)

f(A ∪ B) = f(A) ∪ f(B)

f(A ∩ B) ⊂ f(A) ∩ f(B)



E,E′ f : E −→ E′

A′, B′ E

A′ ⊂ B′ =⇒ f−1(A′) ⊂ f−1(B′)

f
(

f−1(A′)
)

⊂ A′

f−1(A′ ∪ B′) = f−1(A′) ∪ f−1(B′)

f−1(A′ ∩ B′) = f−1(A′) ∩ f−1(B′)

E A,B E

A △ B = (A ∪ B) ∩ (A ∩ B),

A B.

A △ B

E = {1, 2, 3, 4}, A = {1, 2}, B = {1, 3}
E = R, A = ]−∞ ; 2], B = [1 ; +∞[

∀(A,B) ∈
(

P(E)
)2
, A △ B = (A ∩ B) ∪ (B ∩ A).

(A,B) ∈
(

P(E)
)2

A △B = A + B − 2 · A B .

△ P(E),

∀(A,B,C) ∈
(

P(E)
)3
, (A △ B) △ C = A △ (B △ C).



∩ ∪

A′ A E

A ∩ B = A ∩ C

x A ∩ !E(B)

B
C

a = 2. b = 3.

y = f(x), x y.

x ∈ R, (f ◦ g)(x) (g ◦ f)(x)
x ∈ R

n

f : R −→ R, x .−→ x2 − 2x

x̂ x R ∀y ∈ R,
(
y ∈ x̂ ⇐⇒ xR y

)
.

(a, b) ∈ (A1 ×B1) ∩ (A2 ×B2)

A1 ×B2

E ⊂ F. E
F.

P(E) ⊂ P(F ).
x E F,

{x}.

P(E ∪ F ) P(E) ∪ P(F )

1 2 N∗

n

n

A = B

a A A ⊂ B

x ∈ E x ∈ A, x /∈ A

x ∈ E x ∈ A ∩ B, x /∈
A ∩ B

A∩ (A∪B) A∪ (A∩B).

f, g f − g

f R g f − g
f(0) = g(0)

f, g f # g f − g

(g ◦ f) ◦ g g ◦ (f ◦ g).

A ⊂ B

y f(A)
E

f

a ∈ A

f(A) ∪ f(B) ⊂ f(A ∪ B).

y ∈ f(A ∪ B)
E

f

A′ ⊂ B′

x f−1(A′)

F f

y ∈ f
(
f−1(A′)

)

x ∈ f−1(A′ ∪ B′)

x ∈ f−1(A′ ∩ B′)



A △ B = {2, 3},
A △ B = ]−∞ ; 1[∪ ]2 ; +∞[.

A △ B

X,Y

X = 1− X , X ∩ Y = X Y ,

X ∪ Y = X + Y − X Y .

∩ ∪

(A ∪ B) ∩ C = (A ∩ C︸ ︷︷ ︸
⊂A

) ∪ (B ∩ C) ⊂ A ∪ (B ∩ C).

(A ∪ B) ∩ C = A ∪ (B ∩ C)

x ∈ A

x ∈ A ∪ (B ∩ C) = (A ∪ B) ∩ C, x ∈ C.

A ⊂ C

A ⊂ C

∩ ∪

(A ∪ B) ∩ C = (A ∩ C︸ ︷︷ ︸
=A

) ∪ (B ∩ C) = A ∪ (B ∩ C).

A ⊂ C

A′ A, E

A ∩ B = A ∩ C

=⇒ (A ∩ B) ′ = (A ∩ C) ′

⇐⇒ A ′ ∪ B ′ = A ′ ∪ C ′

=⇒ A ∩ (A ′ ∪ B ′) = A ∩ (A ′ ∪ C ′)

⇐⇒ (A ∩ A ′) ∪ (A ∩ B ′) = (A ∩ A ′) ∪ (A ∩ C ′)

⇐⇒ A ∩ B ′ = A ∩ C ′.

(B ′, C ′)
(B,C)

A ∩ B = A ∩ C

x ∈ A ∩ !E(B). x ∈ A x /∈ B

x ∈ C

x ∈ A ∩ C = A ∩ B, x ∈ B

x /∈ C x ∈ !E(C) x ∈ A ∩ !E(C).

A ∩ !E(B) ⊂ A ∩ !E(C)

B C A ∩ B = A ∩ C,

a = 2.

(x, y) ∈ (R \ {2})× R.

y = f(x) ⇐⇒ y =
3x− 1

x− 2
⇐⇒ xy − 2y = 3x− 1

⇐⇒ xy − 3x = 2y − 1 ⇐⇒ (y − 3)x = 2y − 1.

y ̸= 3, y = f(x) ⇐⇒ x =
2y − 1

y − 3

y f
2y − 1

y − 3
.

y = 3, y = f(x) ⇐⇒ 0x = 5,

y f

b = 3,
f

g : R \ {2} −→ R \ {3}, x .−→
3x− 1

x− 2

f R \ {2} R \ {3}

(x, y) ∈ (R \ {2})× (R \ {3})

y = g(x) ⇐⇒ y =
3x− 1

x− 2
⇐⇒ x =

2y − 1

y − 3
.

y
g g

g g−1 : R \ {3} −→ R \ {2}, y .−→
2y − 1

y − 3
.



x ∈ R
⎧
⎨

⎩

(f ◦ g)(x) = f
(
g(x)

)
= f(x2) = 1 + x2

(g ◦ f)(x) = g
(
f(x)

)
= g(1 + x) = (1 + x)2 = 1 + 2x+ x2.

(f ◦ g)(1) = 2 (g ◦ f)(1) = 4,
f ◦ g ̸= g ◦ f.

n = 0

L2
n+1 − LnLn+2 = L2

1 − L0L2 = 12 − 2 · 3 = −5

5(−1)n+1 = −5,

n = 0

n ∈ N

L2
n+2 − Ln+1Ln+3

= L2
n+2 − Ln+1(Ln+2 + Ln+1)

= (L2
n+2 − Ln+1Ln+2)− L2

n+1

= Ln+2(Ln+2 − Ln+1)− L2
n+1

= Ln+2Ln − L2
n+1

= −(L2
n+1 − LnLn+2)

= −
(
5(−1)n+1) = 5(−1)n+2,

n+ 1

n
n ∈ N

n = 0
n∑

k=0

L2
k = L2

0 = 22 = 4,

LnLn+1 + 2 = L0L1 + 2 = 2 · 1 + 2 = 4,

n = 0

n ∈ N

n+1∑

k=0

L2
k =

( n∑

k=0

L2
k

)
+ L2

n+1

= (LnLn+1 + 2) + L2
n+1

= (LnLn+1 + L2
n+1) + 2

= Ln+1(Ln + Ln+1) + 2 = Ln+1Ln+2 + 2,

n+ 1

n
n ∈ N

n = 0

⎧
⎨

⎩

L2n = L0 = 2

L2
n − 2(−1)n = 22 − 2 = 2

⎧
⎨

⎩

L2n+1 = L1 = 1

LnLn+1 − (−1)n = 2 · 1− 1 = 1,

n = 0

n ∈ N

L2n+2 = L2n+1 + L2n

=
(
LnLn+1 − (−1)n

)
+
(
L2
n − 2(−1)n

)

= (LnLn+1 + L2
n)− 3(−1)n

= Ln(Ln+1 + Ln)− 3(−1)n

= LnLn+2 − 3(−1)n

=
(
L2
n+1 − 5(−1)n+1)− 3(−1)n

= L2
n+1 + 2(−1)n

= L2
n+1 − 2(−1)n+1

L2n+3 = L2n+2 + L2n+1

=
(
L2
n+1 − 2(−1)n+1)+

(
LnLn+1 − (−1)n

)

= Ln+1
(
Ln+1 + Ln

)
− (−1)n+1

= Ln+1Ln+2 − (−1)n+1,
n+ 1

n
n ∈ N

f : R −→ R, x .−→ x2 − 2x

x ∈ R f(x) = f(x) xRx

(x, y) ∈ R2 xR y

f(x) = f(y) f(y) = f(x) yRx

(x, y, z) ∈ R3 xR y yR z

f(x) = f(y) f(y) = f(z) f(x) = f(z)
xR z

R R
x ∈ R
x̂ x R

y ∈ R y ∈ x̂

⇐⇒ xR y

⇐⇒ x2 − 2x = y2 − 2y

⇐⇒ x2 − y2 − 2x+ 2y = 0

⇐⇒ (x− y)(x+ y − 2) = 0

⇐⇒
(
y = x y = 2− x

)
.

x̂ =

⎧
⎨

⎩

{1} x = 1

{x, 2− x} x ̸= 1.

x̂ 1 x = 1 2
x ̸= 1



(a, b) ∈ E × F

(a, b) ∈ (A1 ×B1) ∩ (A2 ×B2)

⇐⇒
(
(a, b) ∈ A1 ×B1 (a, b) ∈ A2 ×B2

)

⇐⇒
(
a ∈ A1 b ∈ B1

) (
a ∈ A2 b ∈ B2

)

⇐⇒
(
a ∈ A1 a ∈ A2

) (
b ∈ B1 b ∈ B2

)

⇐⇒
(
a ∈ A1 ∩ A2 b ∈ B1 ∩ B2

)

⇐⇒ (a, b) ∈ (A1 ∩ A2)× (B1 ∩ B2),

(A1 ×B1) ∩ (A2 ×B2) = (A1 ∩ A2)× (B1 ∩ B2).

(a, b) ∈ E × F

(a, b) ∈ (A1 ×B1) ∪ (A2 ×B1)

⇐⇒
(
(a, b) ∈ A1 ×B1 (a, b) ∈ A2 ×B1

)

⇐⇒
(
(a ∈ A1 a ∈ A2) b ∈ B1

)

⇐⇒
(
a ∈ A1 ∪ A2 b ∈ B1

)

⇐⇒ (a, b) ∈ (A1 ∪ A2)×B1,

(A1 ×B1) ∪ (A2 ×B1) = (A1 ∪ A2)×B1.

(A1 ∪ A2)× (B1 ∪ B2)
(a, b) a ∈ A1 b ∈ B2

A1 ×B1 A2 ×B2

E = F = {0, 1}, A1 = B1 = {0}, A2 = B2 = {0, 1}.

(A1 ×B1) ∪ (A2 ×B2) = {(0, 0)} ∪ {(1, 1)}

(A1 ∪ A2)× (B1 ∪ B2) = {0, 1}× {0, 1}
=
{
(0, 0), (0, 1), (1, 0), (1, 1)

}
.

(0, 1)

E ⊂ F.

X ∈ P(E). ∀x ∈ X, x ∈ E ⊂ F, X ⊂ F,
X ∈ P(F ).

P(E) ⊂ P(F ).

E ⊂ F =⇒ P(E) ⊂ P(F ).

P(E) ⊂ P(F ).

x ∈ E. {x}
x

{x} ∈ P(E) ⊂ P(F ), x ∈ F.

E ⊂ F.

P(E) ⊂ P(F ) =⇒ E ⊂ F.

E ⊂ F ⇐⇒ P(E) ⊂ P(F ).

X
X ∈ P(E ∩ F ) ⇐⇒ X ⊂ E ∩ F ⇐⇒

⎧
⎨

⎩

X ⊂ E

X ⊂ F

⇐⇒

⎧
⎨

⎩

X ∈ P(E)

X ∈ P(F )
⇐⇒ X ∈ P(E) ∩ P(F ),

P(E ∩ F ) = P(E) ∩ P(F ).

X

X ∈ P(E) ∪ P(F ) ⇐⇒
(
X ⊂ E X ⊂ F

)

=⇒ X ∈ E ∪ F ⇐⇒ X ∈ P(E ∪ F ),

P(E) ∪ P(F ) ⊂ P(E ∪ F ).

X E ∪ F,
X E X

F. X
E F F

E.

E = {1}, F = {2}.

P(E ∪ F ) = P({1, 2}) =
{
∅, {1}, {2}, {1, 2}

}
,

P(E) ∪ P(F ) =
{
∅, {1}

}
∪
{
∅, {2}

}
=
{
∅, {1}, {2}

}
.

P(E ∪ F )
P(E) ∪ P(F ).

x ∈ N∗ xRx, x = x1

x, y ∈ N∗ xR y yRx.

n, p ∈ N∗ y = xn x = yp

x ∈ N∗ n ∈ N∗ x " 1 n " 0 xn " x
y = xn " x.

x " y x = y

x, y, z ∈ N∗ xR y yR z.

n, p ∈ N∗ y = xn z = yp.

z = yp = (xn)p = xnp np ∈ N∗ xR z

R N∗

1R 2 n ∈ N∗ 2 = 1n

2R 1 n ∈ N∗ 1 = 2n

R

un+2 un+1 un

n = 0 u1 > u0 u1 = 1 u0 = 0

n = 1 u2 > u1

u1 = 1 u2 =
u1 + u0

2
+ 1 =

3

2
.

n ∈ N un+1 > un

un+2 > un+1

un+3 =
un+2 + un+1

2
+ 1 >

un+1 + un

2
+ 1 = un+2.



n

∀n ∈ N, un+1 > un.

(un)n∈N∗

un+1

u0, ..., un

n = 0 u0 = 1 ∈ Q∗+.

n ∈ N u0, ..., un ∈ Q∗+

un+1 =
n∑

k=0

uk

k!(n− k)!
, u0, ..., un Q∗+

0!, 1!, ..., n! N∗
un+1 ∈ Q∗+

n ∀n ∈ N, un ∈ Q∗+.

A = B A = B

A = B

a ∈ A B(a) = A(a) = 1, a ∈ B
A ⊂ B, B ⊂ A A = B

A = B ⇐⇒ A = B

A

A

x ∈ E

x ∈ A, x /∈ A A(x) = 1 A(x) = 0

A(x) = 1− A(x)

x /∈ A x ∈ A A(x) = 0 A(x) = 1

A(x) = 1− A(x)

∀x ∈ E, A(x) = 1− A(x).

A = 1− A.

x ∈ E

x ∈ A ∩ B, x ∈ A x ∈ B A∩B(x) = 1

A(x) = 1, B(x) = 1 A∩B(x) = A(x) B(x)

x /∈ A ∩ B x /∈ A x /∈ B A∩B(x) = 0(
A(x) = 0 B(x) = 0

)
A∩B(x) = A(x) B(x)

∀x ∈ E, A∩B(x) = A(x) B(x).

A∩B = A B

A∪B = 1− A∪B

= 1− A∩B

= 1− A B

= 1− (1− A)(1− B)

= 1− (1− A − B + A B)

= A + B − A B .

A\B = A∩B = A B = A(1− B) = A − A B .

A,B ∈ P(E)

A∩ (A∪B) = A A∪B = A( A + B − A B)

= A + A B − A B = A,

A ∩ (A ∪ B) = A

A∪ (A∩B) = A + A∩B − A A∩B

= A + A B − A( A B) = A + A B − A B = A,

A ∪ (A ∩ B) = A

A ⊂ A ∪ B
A ∩ (A ∪ B) = A A ∩ B ⊂ A
A ∪ (A ∩ B) = A

f ∈ E f ′ # f ′ f R f

(f, g) ∈ E2 f R g gR f

f ′ # g′, g ′ # f ′ f ′ = g ′ f − g
[0 ; +∞[ (f − g)′ = 0 f − g

(f − g)(0) = f(0) − g(0) = 1 − 1 = 0
f − g = 0 f = g

(f, g, h) ∈ E3 f R g gRh

f ′ # g ′ g ′ # h ′ f ′ # h ′ f Rh

R E

R
f, g ∈ E f ′ # g′ g′ # f ′

f − g

f, g : [0 ; +∞[ −→ R
x ∈ [0 ; +∞[ f(x) = 1 + x g(x) = 1 + x2

R
(f, g) ∈ E2 f R g

f ′ # g ′ (f −g)′ # 0 f −g

(f − g)(0) = f(0) − g(0) = 1 − 1 = 0
f − g # 0 f # g

f # g fRg

f, g
f(0) = g(0) = 1 f # g f − g

f, g : [0 ; +∞[ −→ R
x ∈ [0 ; +∞[,

f(x) = 1 g(x) = 1 + 2 x.



f g [0 ; +∞[
f(0) = g(0) = 1 f # g

∀x ∈ [0 ; +∞[, f ′(x) = 0 g′(x) = 2 x x.

f ′
(3π

4

)
= 0 g ′

(3π
4

)
= 2

1
√
2

(
−

1
√
2

)
= 1,

f ′ # g ′ f R g

g ◦ f

(x1, x2) ∈ E2 f(x1) = f(x2).

g ◦ f(x1) = g
(
f(x1)

)
= g
(
f(x2)

)
= g ◦ f(x2).

g ◦ f x1 = x2.

f

g ◦ f

z ∈ G g ◦ f x ∈ E
z = g ◦ f(x).

z = g
(
f(x)

)
f(x) ∈ F.

∀z ∈ G, ∃ y ∈ F, z = g(y).

g

g ◦ f g ◦ f
f g

g ◦ f ◦ g ⇐⇒

⎧
⎨

⎩

g ◦ f ◦ g

g ◦ f ◦ g

⇐⇒

⎧
⎨

⎩

(g ◦ f) ◦ g

g ◦ (f ◦ g)
=⇒

⎧
⎨

⎩

g

g

=⇒ g .

g

g−1 g
f = g−1 ◦ (g ◦ f ◦ g) ◦ g−1,

f

f g

A ⊂ B

y ∈ f(A). a ∈ A y = f(a)

a ∈ A ⊂ B a ∈ B y = f(a) ∈ f(B).

f(A) ⊂ f(B).

a ∈ A. f(a) ∈ f(A)
a ∈ f−1

(
f(A)

)
.

A ⊂ f−1
(
f(A)

)
.

⎧
⎨

⎩

A ⊂ A ∪ B

B ⊂ A ∪ B
=⇒

⎧
⎨

⎩

f(A) ⊂ f(A) ∪ f(B)

f(B) ⊂ f(A) ∪ f(B)

=⇒ f(A) ∪ f(B) ⊂ f(A ∪ B).

y ∈ f(A ∪ B)

x ∈ A ∪ B y = f(x)

x ∈ A x ∈ B

x ∈ A f(x) ∈ f(A) ⊂ f(A) ∪ f(B)

x ∈ B f(x) ∈ f(B) ⊂ f(A) ∪ f(B)

f(x) ∈ f(A) ∪ f(B)

∀(A ∪ B) ⊂ f(A) ∪ f(B)

f(A ∪ B) = f(A) ∪ f(B)

⎧
⎨

⎩

A ∩ B ⊂ A

A ∩ B ⊂ B
=⇒

⎧
⎨

⎩

f(A ∩ B) ⊂ f(A)

f(A ∩ B) ⊂ f(B)

=⇒ f(A ∩ B) ⊂ f(A) ∩ f(B).

A′ ⊂ B′

x ∈ f−1(A′)

f(x) ∈ A′ f(x) ∈ B′ x ∈ f−1(B′)

f−1(A′) ⊂ f−1(B′).

y ∈ f
(
f−1(A′)

)

x ∈ f−1(A′) y = f(x)

x ∈ f−1(A′) f(x) ∈ A′ y ∈ A′

f
(
f−1(A′)

)
⊂ A′.

x ∈ E

x ∈ f−1(A′ ∪ B′)

⇐⇒ f(x) ∈ A′ ∪ B′

⇐⇒
(
f(x) ∈ A′ f(x) ∈ B′

)

⇐⇒
(
x ∈ f−1(A′) x ∈ f−1(B′)

)

⇐⇒ x ∈ f−1(A′) ∪ f−1(B′).

f−1(A′ ∪ B′) = f−1(A′) ∪ f−1(B′).

x ∈ E

x ∈ f−1(A′ ∩ B′)

⇐⇒ f(x) ∈ A′ ∩ B′

⇐⇒
(
f(x) ∈ A′ f(x) ∈ B′

)

⇐⇒
(
x ∈ f−1(A′) x ∈ f−1(B′)

)

⇐⇒ x ∈ f−1(A′) ∩ f−1(B′).

f−1(A′ ∩ B′) = f−1(A′) ∩ f−1(B′).



E = {1, 2, 3, 4}, A = {1, 2}, B = {1, 3},
A ∪ B = {1, 2, 3}, A ∩ B = {1},
A ∩ B = {2, 3, 4}, A △ B = {2, 3}.

E = R, A = ]−∞ ; 2], B = [1 ; +∞[,

A ∪ B = R, A ∩ B = [1 ; 2],

A ∩ B = ]−∞ ; 1[∪ ]2 ; +∞[, A △ B = ]−∞ ; 1[∪ ]2 ; +∞[.

(A,B) ∈
(
P(E)

)2

A △ B = (A ∪ B) ∩ (A ∩ B) = (A ∪ B) ∩ (A ∪ B)

= (A ∩ A) ∪ (A ∩ B) ∪ (B ∩ A) ∪ (B ∩ B)

= (A ∩ B) ∪ (B ∩ A).

(A,B) ∈
(
P(E)

)2

A△B = (A∩B)∪ (B ∩A) = A B + B A − A B B A︸ ︷︷ ︸
= 0

= A(1− B) + B(1− A) = A + B − 2 · A B .

(A,B,C) ∈
(
P(E)

)3
.

(A△B)△C = A△B + C − 2 · A△B C

= ( A + B − 2 · A B) + C − 2 · ( A + B − 2 · A B) C

= A + B + C − 2( A B + A C + B C) + 4 · A B C .

A△(B△C) = A + B△C − 2 · A B△C

= A + ( B + C − 2 · B C)− 2 · A( B + C − 2 · B C)

= A + B + C − 2( A B + A C + B C) + 4 · A B C .

(A△B)△C = A△(B△C).

(A △ B) △ C = A △ (B △ C),

△ P(E).



A,B E A ∩ B = ∅ ⇐⇒ B ⊂ !E(A).

A,B E A ∩ B = A ∩ B.

∀x ∈ R, ∃ y ∈ R, x # y.

∃ y ∈ R, ∀x ∈ R, x # y.

f : E −→ F g : F −→ G
g ◦ f

g ◦ f f g

f : E −→ E f ◦ f = E f f−1 = f

f : E −→ E f ◦ f = f f = E

E,F f : E −→ F A,B E

f(A ∪ B) = f(A) ∪ f(B).

E, F f : E −→ F A,B E

f(A ∩ B) = f(A) ∩ f(B).



B ⊂ !E(A) ⇐⇒
(

∀x ∈ B, x /∈ A
)

⇐⇒
(

(∃x ∈ B, x ∈ A)
)

⇐⇒
(

(A ∩ B ̸= ∅)
)

⇐⇒ A ∩ B = ∅.

E = {1, 2}, A = {1}, B = {2}.
A ∩ B = A ∪ B.

y = x+ 1

y x

E = F = G = R, f : x -−→ x, g : y -−→ |y|.
g ◦ f : x -−→ | x| = x, g ◦ f g

f (x1, x2) ∈ E2 f(x1) = f(x2)
f
(

f(x1)
)

= f
(

f(x2)
)

x1 = x2

f y ∈ E y = f
(

f(y)
)

f f−1 f = f−1

E = R, f : R −→ R, x -−→ 0

y ∈ f(A ∪ B) x ∈ A ∪ B y = f(x) x ∈ A
f(x) ∈ A x ∈ B f(x) ∈ f(B) f(x) ∈ f(A) ∪ f(B)
f(A ∪B) ⊂ f(A) ∪ f(B)

y ∈ f(A) ∪ f(B) y ∈ f(A) y ∈ f(B) y ∈ f(A)
x ∈ A y = f(x) x ∈ A ∪ B y = f(x) y ∈ f(A ∪ B)
y ∈ f(B) y ∈ f(A ∪ B) f(A) ∪ f(B) ⊂ f(A ∪ B)

f(A ∪B) = f(A) ∪ f(B)

E = F = R, f : R −→ R, x -−→ x2, A = R−, B = R+

A∩B = {0}, f(A∩B) = {0}, f(A) = R+, f(B) = R+, f(A)∩ f(B) = R+



∑

∏

n
∑

k=1

k,

n
∑

k=1

k2,

n
∑

k=0

qk

an − bn n ∈ N∗
(
n

p

)

,

(
n

p

)

=
n!

p!(n− p)!
(
n

p

)

+

(
n

p+ 1

)

=

(
n+ 1

p+ 1

)



∀n ∈ N, ∀q ∈ R \ {1},
n
∑

q=0

qk =
1− qn+1

1− q

n
∑

k=1

k =
n(n+ 1)

2
,

n
∑

k=1

k2 =
n(n+ 1)(2n+ 1)

6

∀n ∈ N, ∀(x, y) ∈ R2, (x+ y)n =
n
∑

k=0

(
n

k

)

xkyn−k.

➟

n ∈ N
n∑

k=0

(−1)k(2k + 1) = (−1)n(n+ 1).

n

n = 0

n ∈ N
n∑

k=1

(−1)k(2k + 1) = (−1)n(n+ 1).

n+1∑

k=0

(−1)k(2k + 1) =
n∑

k=0

(−1)k(2k + 1) + (−1)n+1(2n+ 3)

= (−1)n(n+ 1) + (−1)n+1(2n+ 3)

= (−1)n+1(− (n+ 1) + (2n+ 3)
)

= (−1)n+1(n+ 2),

n+ 1

n ∈ N



n ∈ N∗

Sn =
n∑

k=1

k(k + 1).

n ∈ N∗

Sn =
n∑

k=1

k(k + 1) =
n∑

k=1

k2 +
n∑

k=1

k

=
n(n+ 1)(2n+ 1)

6
+

n(n+ 1)

2

=
n(n+ 1)

(
(2n+ 1) + 3

)

6
=

n(n+ 1)(n+ 2)

6
.

n ∈ N∗

Sn =
n∑

k=1

1

k(k + 1)
.

k ∈ N∗
1

k(k + 1)
=

1

k
−

1

k + 1
,

n ∈ N∗

Sn =
n∑

k=1

( 1
k
−

1

k + 1

)
=

n∑

k=1

1

k
−

n∑

k=1

1

k + 1

=
n∑

k=1

1

k
−

n+1∑

k=2

1

k
=

1

1
−

1

n+ 1
= 1−

1

n+ 1
.

∑

∏

➟

n ∈ N∗

Sn =
∑

1"i,j"n

(2i+ 3j).

n ∈ N∗

Sn =
∑

1"i,j"n

2i+
∑

1"i,j"n

3j = 2
n∑

i=1

n∑

j=1

i+ 3
n∑

i=1

n∑

j=1

j

= 2
n∑

i=1

i
( n∑

j=1

1
)
+ 3

n∑

i=1

( n∑

j=1

j
)
= 2

n∑

i=1

in+ 3n
n∑

j=1

j

= 2n
n∑

i=1

i+ 3n
n∑

j=1

j = 5n
n∑

i=1

i =
5n2(n+ 1)

2
.



➟

(n, k) ∈ N2

2 # k # n

k(k − 1)
(n
k

)
= n(n− 1)

(n− 2

k − 2

)
.

k(k − 1)
(n
k

)
= k(k − 1)

n!

k!(n− k)!

=
k(k − 1)

k!

n!

(n− k)!

=
1

(k − 2)!

n!

(n− k)!

= n(n− 1)
(n− 2)!

(k − 2)!(n− k)!

= n(n− 1)
(n− 2)!

(k − 2)!
(
(n− 2)− (k − 2)

)
!

= n(n− 1)
(n− 2

k − 2

)
.

n ∈ N
n∑

k=0

(n
k

)
2k/2.

1 21/2

n∑

k=0

(n
k

)
2k/2 =

n∑

k=0

(n
k

)
1n−k(21/2)k = (1 +

√
2)n.

➟



(x, y) ∈ R2

{
3x+ y = 1

2x− 3y = 8.

⎧
⎨

⎩

3x+ y = 1 L1

2x− 3y = 8 L2

⇐⇒

⎧
⎨

⎩

3x+ y = 1 L1

11x = 11 L2 ←− L2 + 3L1

⇐⇒

⎧
⎨

⎩

x = 1

y = −2.

(x, y, z) ∈ R3

( )

⎧
⎪⎪⎨

⎪⎪⎩

4x+ y + z = 5

x+ 4y + z = −1

x+ y + 4z = 8.

( ) ⇐⇒

⎧
⎨

⎩

( )

6(x+ y + z) = 12
⇐⇒

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

4x+ y + z = 5 L1

x+ 4y + z = −1 L2

x+ y + 4z = 8 L3

x+ y + z = 2 L4

⇐⇒

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

3x = 3 L1 ← L1 − L4

3y = −3 L2 ← L2 − L4

3z = 6 L3 ← L3 − L4

x+ y + z = 2

⇐⇒

⎧
⎪⎪⎨

⎪⎪⎩

x = 1

y = −1

z = 2.



∀n ∈ N∗,
n
∑

k=1

(−1)kk =
(−1)n(2n+ 1)− 1

4
.

n ∈ N \ {0, 1}
n
∑

k=2

1

k(k2 − 1)
=

n2 + n− 2

4n(n+ 1)
.

n ∈ N∗ An =
∑

k, 0"2k"n

(

n
2k

)

Bn =
∑

k, 0"2k+1"n

(

n
2k + 1

)

.

(x, y) ∈ R2

(1)

{

4x− 2y = 1

6x− 3y = 2
(2)

{

x− 3y = −1

2x+ y = 5.

(x, y, z) ∈ R3

(1)

⎧

⎪
⎪
⎨

⎪
⎪
⎩

2x+ y − z = 4

x− y + z = −1

x− 2y − z = 0

(2)

⎧

⎪
⎪
⎨

⎪
⎪
⎩

x− 2y + z = 1

2x− 3y − z = 3

3x− 4y − 3z = 4

(3)

⎧

⎪
⎪
⎨

⎪
⎪
⎩

2x+ y + z = 2

x+ 2y + z = 0

3x+ z = 4.

(x, y, z) ∈ R3

a ∈ R

⎧

⎪
⎪
⎨

⎪
⎪
⎩

x+ y − 2z = 2

x− y + z = 0

4x− 2y + az = a

⎧

⎪
⎪
⎨

⎪
⎪
⎩

ax+ y + z = 1

x+ ay + z = 1

x+ y + az = 1.

(x, y, z, t) ∈ R4

(a, b) ∈ R2

x−y+2z+ t = 0, −2x+3y+z−4t = 1, −3x+5y+4z−7t = a, −x+2y+3z−3t = b.



n ∈ N∗ Sn =
n
∑

k=1

(−1)kk2.

n
∑

k=1

k3

(n, p) ∈ N∗ × N Sp(n) =
n
∑

k=1

kp.

Sp(n) p ∈ {0, 1, 2}
(k+1)4 S4(n) n ∈ N∗

n ∈ N∗ Sn =
n
∑

k=1

√

1 +
1

k2
+

1

(k + 1)2
.

k ∈ N∗ k =
k

∑

p=1

1

p
, k

n ∈ N∗
n
∑

k=1

k

n
∑

k=1

k k n n

P = 2 − 2 + 1 R[ ]
P0 = 1, P1 = , P2 = ( + 1).

n ∈ N Sn =
n
∑

k=1

(k − 1)2k!.

n ∈ N∗ Sn =
∑

1"i"n, 1"j"n

(i, j).

n ∈ N Sn =
n
∑

q=0

q
∑

p=0

2p.



(n, k) ∈ (N∗)2 k # n k

(
n

k

)

= n

(
n− 1

k − 1

)

.

n ∈ N, Sn =
n
∑

k=0

k

(
n

k

)

.

(n, p) ∈ N∗ × N Pn =
n−1
∏

k=0

(

n(n+ p)− k(k + p)
)

.

(un)n∈N∗ R∗+ ∀n ∈ N∗,
n
∑

k=1

u3
k =

( n
∑

k=1

u2
k

)2
.

∀n ∈ N∗, un = n.

n ∈ N∗ Sn =
∑

1"i"j"n

ij.

n ∈ N \ {0, 1} Sn =
∑

1"i<j"n

i

j
.

(n, p) ∈ N2 n " p

n
∑

k=p

(
k

p

)

=

(
n+ 1

p+ 1

)

.

(n, k, i) ∈ N3, k # i # n

(
n

i

)(
i

k

)

=

(
n

k

)(
n− k

n− i

)

.

n ∈ N, Sn =
n
∑

k=0

n
∑

i=k

(
n

i

)(
i

k

)

.

n ∈ N∗ Pn =
∏

1"i<j"n

ij.



n

n.

An + Bn An − Bn

(1 + 1)n(
1 + (−1)

)n

a = 1, a ̸= 1.

a = −2 a = 1
(
a ̸= −2 a ̸= 1

)

(a, b) = (2, 1), (a, b) ̸= (2, 1).

Tn =
n∑

k=1

k2, Sn + Tn

n

Sn =

⎧
⎨

⎩

p(2p+ 1) n = 2p, p ∈ N∗

−(p+ 1)(2p+ 1) n = 2p+ 1, p ∈ N.

Sn = (−1)n
n(n+ 1)

2
.

(n+ 1)4 − 1 = 4S3(n) + 6S2(n) + 4S1(n) + S0(n).

1 +
1

k2
+

1

(k + 1)2
,

1

k(k + 1)
1

k
−

1

k + 1

Sn =
n2 + 2n

n+ 1
.

(n+ 1) n − n

n(n+ 1)

2
n −

n(n− 1)

4
.

P = P2 − 5P1 + 4P0

Sn = (n− 2)(n+ 1)! + 2

i

n∑

j=1

(i, j)

n(n+ 1)(2n+ 1)

6
.

q∑

p=0

2p

Sn

n(n+p)−k(k+p) Pn

Pn = n!
(2n+ p− 1)!

(n+ p+ 1)!
.

n

n ∈ N∗

∀k ∈ {1, ..., n}, uk = k.

n+1∑

k=1

u3
k =

( n∑

k=1

uk

)2
,

n + 1
un+1 un+1.

∑

1"i"j"n

ij =
n∑

j=1

( j∑

i=1

ij
)
.

∑

1"i<j"n

i

j
=

n∑

j=2

( j−1∑

i=1

i

j

)
.

n p

P 2
n =

( ∏

1"i,j"n

ij
)
/
( ∏

1"i=j"n

ij
)
.



n

n = 1
n∑

k=1

(−1)kk = −1
(−1)n(2n+ 1)− 1

4
= −1,

n = 1

n ∈ N∗

n+1∑

k=1

(−1)kk =
n∑

k=1

(−1)kk + (−1)n+1(n+ 1)

=
(−1)n(2n+ 1)− 1

4
+ (−1)n+1(n+ 1)

=
(−1)n

4

(
(2n+ 1)− 4(n+ 1)

)
−

1

4

=
(−1)n

4
(−2n− 3)−

1

4

=
(−1)n+1

(
2(n+ 1) + 1

)
− 1

4
,

n+ 1

n
n ∈ N∗

n

n = 2

n∑

k=2

1

k(k2 − 1)
=

1

6

n2 + n− 2

4n(n+ 1)
=

4

4 · 2 · 3
=

1

6
,

n = 2.

n ∈ N \ {0, 1}

n+1∑

k=2

1

k(k2 − 1)
=

n∑

k=2

1

k(k2 − 1)
+

1

(n+ 1)
(
(n+ 1)2 − 1

)

=
n2 + n− 2

4n(n+ 1)
+

1

(n+ 1)n(n+ 2)
=

(n2 + n− 2)(n+ 2) + 4

4n(n+ 1)(n+ 2)

=
n3 + 3n2

4n(n+ 1)(n+ 2)
=

n(n+ 3)

4(n+ 1)(n+ 2)

=
(n+ 1)2 + (n+ 1)− 2

4(n+ 1)(n+ 2)
,

n+ 1.

n,

An =
∑

k, 0"2k"n

(
n
2k

)
=

(
n
0

)
+

(
n
2

)
+ · · · ,

Bn =
∑

k, 0"2k+1"n

(
n

2k + 1

)
=

(
n
1

)
+

(
n
3

)
+ · · · .

An +Bn =
n∑

p=0

(
n
p

)
= (1 + 1)n = 2n,

An −Bn =
n∑

p=0

(−1)p
(
n
p

)
=
(
1 + (−1)

)n
= 0.

An = Bn = 2n−1.

(1)

{
4x− 2y = 1 L1

6x− 3y = 2 L2

⇐⇒

{
4x− 2y = 1

0 = 1
2 ; L2 ← L2 − 3

2L1.

S = ∅.

(2)

{
x− 3y = −1

2x+ y = 5
⇐⇒

{
x = 3y − 1

2(3y − 1) + y = 5
⇐⇒

{
x = 2

y = 1.

S = {(2, 1)}.

(1)

⎧
⎪⎪⎨

⎪⎪⎩

2x+ y − z = 4 L1

x− y + z = −1 L2

x− 2y − z = 0 L3

⇐⇒

⎧
⎪⎪⎨

⎪⎪⎩

2x+ y − z = 4

3x = 3 L2 ← L2 + L1

2x− 3y = −1 L3 ← L3 + L2

⇐⇒

⎧
⎪⎪⎨

⎪⎪⎩

x = 1

y = 1

z = −1.

S = {(1, 1,−1)}.

(2)

⎧
⎪⎪⎨

⎪⎪⎩

x− 2y + z = 1 L1

2x− 3y − z = 3 L2

3x− 4y − 3z = 4 L3

⇐⇒

⎧
⎪⎪⎨

⎪⎪⎩

x− 2y + z = 1

y − 3z = 1 L2 ← L2 − 2L1

2y − 6z = 1 L3 ← L3 − 3L1

S = ∅.

(3)

⎧
⎪⎪⎨

⎪⎪⎩

2x+ y + z = 2 L1

x+ 2y + z = 0 L2

3x+ z = 4 L3

⇐⇒

⎧
⎪⎪⎨

⎪⎪⎩

x+ 2y + z = 0

2x+ y + z = 2 L1 ↔ L2

3x+ z = 4

⇐⇒

⎧
⎪⎪⎨

⎪⎪⎩

x+ 2y + z = 0

−3y − z = 2 L2 ←− L2 − 2L1

−6y − 2z = 4 L3 ←− L3 − 3L1

⇐⇒

{
x+ 2y + z = 0

3y + z = −2
⇐⇒

{
x = −2y − (−2− 3y) = y + 2

z = −2− 3y.

S =
{
(y + 2, y, −2− 3y) ; y ∈ R

}
.



( )

⎧
⎪⎪⎨

⎪⎪⎩

x+ y − 2z = 2 L1

x− y + z = 0 L2

4x− 2y + az = a L3

⇐⇒

⎧
⎪⎪⎨

⎪⎪⎩

2x− z = 2 L1 ← L1 + L2

2y − 3z = 2 L2 ← L1 − L2

4x− 2y + az = a (1)

⇐⇒

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

x =
1

2
z + 1

y =
1

2
z + 1

(1),

(1) 4
(1
2
z + 1

)
− 2
(3
2
z + 1

)
z + az = a⇐⇒(a− 1)z = a− 2.

a = 1, (1)

a ̸= 1,

z =
a− 2

a− 1
,

x =
1

2
z + 1 =

a− 2

2(a− 1)
+ 1 =

3a− 4

2(a− 1)
,

y =
3

2
z + 1 =

3(a− 2)

2(a− 1)
+ 1 =

5a− 8

2(a− 1)
.

S

S =

⎧
⎪⎨

⎪⎩

∅ a = 1
{( 3a− 4

2(a− 1)
,

5a− 8

2(a− 1)
,
a− 2

a− 1

)}
a ̸= 1.

(a+ 2)(x+ y + z) = 3.

a = −2,

a ̸= −2,

( ) ⇐⇒

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

ax+ y + z = 1

x+ ay + z = 1

x+ y = az = 1

x+ y + z =
3

a+ 2

⇐⇒

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(a− 1)x =
a− 1

a+ 2

(a− 1)y =
a− 1

a+ 2

(a− 1)z =
a− 1

a+ 2

x+ y + z =
3

a+ 2
.

∗ a = 1, ( ) ⇐⇒ x+ y + z = 1.

∗ a ̸= 1, ( )⇐⇒ x=
1

a+ 2
, y =

1

a+ 2
, z =

1

a+ 2
.

S

S =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∅ a = −2
{
(x, y, 1− x− y) ; (x, y) ∈ R2} a = 1
{( 1

a+ 2
,

1

a+ 2
,

1

a+ 2

)}
; a ̸= −2 a ̸= 1.

x

( ) ⇐⇒

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

x− y + 2z + t = 0 L1

−2x+ 3y + z − 4t = 1 L2

−3x+ 5y + 4z − 7t = a L3

−x+ 2y + 3z − 3t = b L4

⇐⇒

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

x− y + 2z + t = 0 L1

y + 5z − 2t = 1 L2 ←− L2 + 2L1

2y + 10z − 4t = a L3 ←− L3 + 3L1

y + 5z − 2t = b L4 ←− L4 + L1

⇐⇒

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

x− y + 2z + t = 0

y + 5z − 2t = 1

y + 5z − 2t = a/2

y + 5z − 2t = b.

a ̸= 2 b ̸= 1,

a = 2 b = 1,

( ) ⇐⇒

{
x− y + 2z = t = 0

y + 5z − 2t = 1

⇐⇒

{
y = −5z + 2t+ 1

x = (−5z + 2t+ 1) + 2z + t = −3z + 3t+ 1.

S =

⎧
⎪⎪⎨

⎪⎪⎩

∅ (a, b) ̸= (2, 1)
{
(−3z + 3t+ 1, −5z + 2t+ 1, z, t) ; (z, t) ∈ R2

}

(a, b) = (2, 1).

n ∈ N∗ Tn =
n∑

k=1

k2.

n ∈ N∗

Sn + Tn =
n∑

k=1

(−1)kk2 +
n∑

k=1

k2 =
n∑

k=1

(
(−1)n + 1

)
k2.

n

n n = 2p, p ∈ N∗

Sn + Tn =
p∑

ℓ=1

2(2ℓ)2 = 8
p∑

ℓ=1

ℓ2 = 8
p(p+ 1)(2p+ 1)

6
.

Tn =
n(n+ 1)(2n+ 1)

6
=

(2p)(2p+ 1)(4p+ 1)

6
,

Sn =
4

3
p(p+ 1)(2p+ 1)−

1

3
p(2p+ 1)(4p+ 1)

=
1

3
p(2p+ 1)

(
4(p+ 1)− (4p+ 1)

)
= p(2p+ 1).

n n = 2p+ 1, p ∈ N

Sn + Tn =
p∑

ℓ=1

2(2ℓ)2 =
p(p+ 1)(2p+ 1)

6
.



Tn =
n(n+ 1)(2n+ 1)

6
=

(2p+ 1)(2p+ 2)(4p+ 3)

6
,

Sn =
4

3
p(p+ 1)(2p+ 1)−

1

3
(2p+ 1)(p+ 1)(4p+ 3)

=
1

3
(p+ 1)(2p+ 1)

(
4p− (4p+ 3)

)
= −(p+ 1)(2p+ 1).

Sn =

⎧
⎨

⎩

p(2p+ 1) n = 2p, p ∈ N∗

−(p+ 1)(2p+ 1) n = 2p+ 1, p ∈ N.

p(2p+ 1) =
n

2
(n+ 1) =

1

2
n(n+ 1)

−(p+ 1)(2p+ 1) = −
n+ 1

2
n = −

1

2
n(n+ 1).

∀n ∈ N∗,
n∑

k=1

(−1)kk2 = (−1)n
n(n+ 1)

2
.

n ∈ N∗

S0(n) = n, S1(n) =
n(n+ 1)

2
, S2(n) =

n(n+ 1)(2n+ 1)

6
.

k ∈ N∗
(k + 1)4 = k4 + 4k3 + 6k2 + 4k + 1.

k 1 n
n ∈ N∗

n∑

k=1

(k+ 1)4 =
n∑

k=1

k4 + 4
n∑

k=1

k3 + 6
n∑

k=1

k2 + 4
n∑

k=1

k+
n∑

k=1

1.

n∑

k=1

(k + 1)4 −
n∑

k=1

k4 =
n+1∑

k=2

k4 −
n∑

k=1

k4 = (n+ 1)4 − 1.

(n+ 1)4 − 1 = 4S3(n) + 6S2(n) + 4S1(n) + S0(n),

4S3(n)

= (n+ 1)4 − 1− 6
n(n+ 1)(2n+ 1)

6
− 4

n(n+ 1)

2
− n

= (n+ 1)4 − (n+ 1)− n(n+ 1)(2n+ 1)− 2n(n+ 1)

= (n+ 1)
(
(n+ 1)3 − 1− n(2n+ 1)− 2n

)

= (n+ 1)(n3 + n2) = n2(n+ 1)2,

S3(n) =
n2(n+ 1)2

4
=
(n(n+ 1)

2

)2
.

k ∈ N∗

1 +
1

k2
+

1

(k + 1)2
=

k2(k + 1)2 + (k + 1)2 + k2

k2(k + 1)2

=
k4 + 2k3 + 3k2 + 2k + 1

k2(k + 1)2
=

(k2 + k + 1)2

k2(k + 1)2
,

√

1 +
1

k2
+

1

(k + 1)2
=

k2 + k + 1

k(k + 1)
=

k2 + k + 1

k2 + k

= 1 +
1

k(k + 1)
= 1 +

1

k
−

1

k + 1
.

n ∈ N∗

Sn =
n∑

k=1

(
1 +

1

k
−

1

k + 1

)
= n+

n∑

k=1

( 1
k
−

1

k + 1

)

= n+
(1
1
−

1

n+ 1

)
= n+ 1−

1

n+ 1
=

n2 + 2n

n+ 1
.

n ∈ N∗

n∑

k=1

k =
n∑

k=1

( k∑

p=1

1

p

)
=

n∑

p=1

( n∑

k=p

1

p

)
=

n∑

p=1

(n− p+ 1)
1

p

= (n+ 1)
n∑

p=1

1

p
−

n∑

p=1

1= (n+ 1) n − n.

n∑

k=1

k k =
n∑

k=1

(
k

k∑

p=1

1

p

)

=
n∑

k=1

( k∑

p=1

k

p

)

=
n∑

p=1

( n∑

k=p

k

p

)

=
n∑

p=1

(1
p

n∑

k=p

k
)

=
n∑

p=1

1

p

( n∑

k=1

k −
p−1∑

k=1

k
)

=
n∑

p=1

1

p

(n(n+ 1)

2
−

(p− 1)p

2

)

=
n(n+ 1)

2

n∑

p=1

1

p
−

1

2

n∑

p=1

(p− 1)

=
n(n+ 1)

2
n −

1

2

n−1∑

q=0

q

=
n(n+ 1)

2
n −

n(n− 1)

4
.



P2 P

P = 2 − 2 + 1

=
(
( + 1)( + 2)− 3 − 2

)
− 2 + 1

= P2 − 5 − 1 = P2 − 5
(
( + 1)− 1

)
− 1

= P2 − 5P1 + 4P0.

n ∈ N∗

n∑

k=1

(k − 1)2k! =
n∑

k=1

P (k)k!

=
n∑

k=1

(
P2(k)− 5P1(k) + 4P0(k)

)
k!

=
n∑

k=1

P2(k)k!− 5
n∑

k=1

P1(k)k! + 4
n∑

k=1

P0(k)k!

=
n∑

k=1

(k + 2)!− 5
n∑

k=1

(k + 1)! + 4
n∑

k=1

k!

=
n+2∑

k=3

k!− 5
n+1∑

k=2

k! + 4
n∑

k=1

k!

=
( n∑

k=3

k! + (n+ 1)! + (n+ 2)!
)

− 5
(
2! +

n∑

k=3

k! + (n+ 1)!
)
+ 4
(
1! + 2! +

n∑

k=3

k!
)

= (n+ 1)! + (n+ 2)!− 5 · 2!− 5(n+ 1)! + 4 · 1! + 4 · 2!

=
(
(n+ 2)!− (n+ 1)!

)
+ 2 = (n+ 1)!

(
(n+ 2)− 4

)
+ 2

= (n− 2)(n+ 1)! + 2.

n ∈ N∗

Sn =
n∑

i=1

( n∑

j=1

(i, j)
)
=

n∑

i=1

( i∑

j=1

j +
n∑

j=i+1

i
)

=
n∑

i=1

( i(i+ 1)

2
+ (n− i)i

)

=
n∑

i=1

((
n+

1

2

)
i−

1

2
i2
)
=
(
n+

1

2

) n∑

i=1

i−
1

2

n∑

i=1

i2

=
2n+ 1

2

n(n+ 1)

2
−

1

2

n(n+ 1)(2n+ 1)

6

=
n(n+ 1)(2n+ 1)

6
.

n ∈ N

Sn =
n∑

q=0

q∑

p=0

2p =
n∑

q=0

2q+1 − 1

2− 1
= 2

n∑

q=0

2q −
n∑

q=0

1

= 2
2n+1 − 1

2− 1
− (n+1) = 2n+2− 2− (n+1) = 2n+2−n− 3.

(n, k) ∈ (N∗)2

k
(n
k

)
= k

n!

k!(n− k)!
=

n!

(k − 1)!(n− k)!

= n
(n− 1)!

(k − 1)!
(
(n− 1)− (k − 1)

)
!
= n

(n− 1

k − 1

)
.

n ∈ N∗

Sn =
n∑

k=0

k
(n
k

)
=

n∑

k=1

k
(n
k

)
=
a)

n∑

k=1

n
(n− 1

k − 1

)

= n

n∑

k=1

(n− 1

k − 1

)
=

i=k−1
n

n−1∑

i=0

(n− 1

i

)
= n2n−1.

Pn =
n−1∏

k=0

(
n(n+ p)− k(k + p)

)

=
n−1∏

k=0

(n2 + pn− k2 − pk)

=
n−1∏

k=0

(
(n2 − k2) + p(n− k)

)

=
n−1∏

k=0

(n− k)(n+ k + p)

=
( n−1∏

k=0

(n− k)
)( n−1∏

k=0

(n+ k + p)
)
.

u = n− k
v = n+ k + p

Pn =
( n∏

u=1

u
)( 2n+p−1∏

v=n+p

v
)
= n!

(2n+ p− 1)!

(n+ p+ 1)!
.

n

∀n ∈ N∗, un = n.

n = 1
1∑

k=1

u3
k =

( 1∑

k=1

uk

)2
,

u3
1 = u2

1 u1 > 0 u1 = 1

n ∈ N∗ ∀k ∈ {1, ...., n}, uk = k.



n+1∑

k=1

u3
k =

( n∑

k=1

uk

)2

⇐⇒
n∑

k=1

u3
k + u3

n+1 =
( n∑

k=1

uk + un+1

)2

⇐⇒
n∑

k=1

u3
k + u3

n+1 =
( n∑

k=1

uk

)2
+ 2
( n∑

k=1

uk

)
un+1 + u2

n+1.

n∑

k=1

u3
k =

n∑

k=1

k3 =
(n(n+ 1)

2

)2

n∑

k=1

uk =
n∑

k=1

k =
n(n+ 1)

2
.

u3
n+1 = 2

n(n+ 1)

2
un+1 + u2

n+1,

u3
n+1 − u2

n+1 − n(n+ 1)un+1 = 0.

un+1 > 0 ̸= 0

u2
n+1 − un+1 − n(n+ 1) = 0.

∆ = 1 + 4n(n+ 1) = 4n2 + 4n+ 1 = (2n+ 1)2,

un+1 =
1− (2n+ 1)

2
= −n un+1 =

1 + (2n+ 1)

2
= n+1.

un+1 > 0 −n < 0
un+1 ̸= −n un+1 = n+ 1

n+ 1

∑

1"i"j"n

ij =
n∑

j=1

( j∑

i=1

ij
)
=

n∑

j=1

j
( j∑

i=1

i
)

=
n∑

j=1

j
j(j + 1)

2
=

1

2

( n∑

j=1

j3 +
n∑

j=1

j2
)

=
1

2

(n2(n+ 1)2

4
+

n(n+ 1)(2n+ 1)

6

)

=
n(n+ 1)

24

(
3n(n+ 1) + 2(2n+ 1)

)

=
n(n+ 1)

24
(3n2 + 7n+ 2)

=
n(n+ 1)(n+ 2)(3n+ 1)

24
.

2
∑

1"i"j"n

ij =
∑

1"i,j"n

ij +
∑

1"i=j"n

ij

=
( n∑

i=1

i
)( n∑

j=1

j
)
+

n∑

i=1

i2

=
(n(n+ 1)

2

)2
+

n(n+ 1)(2n+ 1)

6
,

Sn =
∑

1"i<j"n

i

j
=

n∑

j=2

j−1∑

i=1

i

j

=
n∑

j=2

(1
j

j−1∑

i=1

i
)
=

n∑

j=2

1

j

(j − 1)j

2

=
1

2

n∑

j=2

(j − 1) =
1

2

( n∑

j=2

j −
n∑

j=2

1
)

=
1

2

(n(n+ 1)

2
− 1− (n− 1)

)
=

n2 − n

4
.

∀n ∈ N \ {0, 1}, Sn =
n(n− 1)

4
.

p ∈ N n

n = p

n∑

k=p

(k
p

)
=
(p
p

)
= 1

(p+ 1

p+ 1

)
= 1,

n = p.

n ∈ N
n " p.

n+1∑

k=p

(k
p

)
=
[ n∑

k=p

(k
p

)]
+
(n+ 1

p

)

=
(n+ 1

p+ 1

)
+
(n+ 1

p

)
=
(n+ 2

p+ 1

)
=
((n+ 1) + 1

p+ 1

)
,

n+ 1.

n (n, p) ∈ N2

n " p,

n∑

k=p

(k
p

)
=
(n+ 1

p+ 1

)
.

p = 2, n = 5
(2
2

)

︸︷︷︸
=1

+
(3
2

)

︸︷︷︸
=3

+
(4
2

)

︸︷︷︸
=6

+
(5
2

)

︸︷︷︸
=10

=
(5
3

)

︸︷︷︸
=20

.

(n, k, i) ∈ N3 k # i # n.
(n
i

)( i
k

)
=

n!

i!(n− i)!

i!

k!(i− k)!
=

n!

(n− i)!k!(i− k)!
(n
k

)(n− k

n− i

)
=

n!

k!(n− k)!

(n− k)!

(n− i)!(i− k)!
=

n!

k!(n− i)!(i− k)!
,

(n
i

)( i
k

)
=
(n
k

)(n− k

n− i

)
.



n ∈ N

Sn =
n∑

k=0

n∑

i=k

(n
i

)( i
k

)
=
a)

n∑

k=0

n∑

i=k

(n
k

)(n− k

n− i

)

=
n∑

k=0

(n
k

)[ n∑

i=k

(n− k

n− i

)]
=

j=n−i

n∑

k=0

(n
k

)[ n−k∑

j=0

(n− k

j

)]

=
n∑

k=0

(n
k

)
2n−k = (1 + 2)n = 3n.

∀n ∈ N, Sn = 3n.

n ∈ N∗. i j

ij. Pn =
∏

1"i<j"n

ij =
∏

1"j<i"n

ij,

P 2
n =

( ∏

1"i,j"n

ij
)/( ∏

1"i=j"n

ij
)

=

n∏

i=1

( n∏

j=1

ij
)

n∏

i=1

i2
=

n∏

i=1

(
in

n∏

j=1

j
)

( n∏

i=1

i
)2

=

n∏

i=1

(inn!)

(n!)2

=

(n!)n
n∏

i=1

in

(n!)2
=

(n!)n
( n∏

i=1

i
)n

(n!)2
= (n!)2n−2.

∀n ∈ N∗, Pn = (n!)n−1.



n ∈ N∗
n
∑

i=1

1 = 1

n ∈ N∗
n
∑

i=1

i = in

(n, k) ∈ N2 1 # k # n k

(

n
k

)

= n

(

n− 1
k − 1

)

n ∈ N∗ (x, y) ∈ R2 (x+ y)n =
n
∑

k=0

xkyn−k.

(x, y) ∈ R2 |x+ y| # |x|+ |y|

(x, y) ∈ (R+)2
√
x+ y #

√
x+
√
y

|.| R

(x, y, z) ∈ R3

⎧

⎪
⎪
⎨

⎪
⎪
⎩

2x+ y − z = −1

x− y + z = 4

x− 2y − z = 2

(1, −1, 2)

(un)n∈N n ∈ N Sn =
n
∑

k=1

uk

n ∈ N S2n =
n
∑

k=0

u2k



n " 2
n
∑

i=1

1 = n ̸= 1.

i
n
∑

i=1

i =
n(n+ 1)

2

k

(

n
k

)

= k
n!

k!(n− k)!
=

n!

(k − 1)!(n− k)!
= n

(n− 1)!

(k − 1)!(n− k)!
= n

(

n− 1
k − 1

)

(

n
k

)

" 0

√
x+ y #

√
x+
√
y ⇐⇒ x+ y # x+ 2

√
x
√
y + y ⇐⇒ 0 # 2

√
x
√
y

−2 # 1 |− 2| # |1|

0

(1, −1, 2)

S2n = u0 + u1 + · · ·+ u2n, uk

k k 0 2n
n
∑

k=0

u2k = u0 + u2 + · · ·+ u2n



n 1 C.

C

C

n 1 C



➟

x+ y, (x, y) ∈ R2,

ρ θ, (ρ, θ) ∈ R+ ×R,

A =
3−

(1 + )(1 + 2 )
.

A =
3−

(1 + )(1 + 2 )
=

3−
−1 + 3

=
(3− )(−1− 3 )

(−1 + 3 )(−1− 3 )
=
−6− 8

10
,

(A) = −
6

10
= −

3

5
.

➟

z ∈ C

z2 − 3z + 3− = 0.

C

∆ ∆ = (−3)2 − 4(3− ) = −3 + 4 .

∆ C
δ = x+ y, (x, y) ∈ R2

δ2 = ∆ ⇐⇒

⎧
⎪⎪⎨

⎪⎪⎩

x2 − y2 = −3

2xy = 4

x2 + y2 = |∆| =
√

(−3)2 + 42 = 5

⇐⇒

⎧
⎪⎪⎨

⎪⎪⎩

x2 = 1

y2 = 4

xy = 2

⇐=

⎧
⎨

⎩

x = 1

y = 2.



∆ δ = 1 + 2
(1 + 2 )2 = −3 + 4

z1 =
3− (1 + 2 )

2
= 1− , z2 =

3 + (1 + 2 )

2
= 2 + .

z ∈ C (z) =
1

2
(z + z), (z) =

1

2
(z − z).

⎧

⎨

⎩

z ∈ R ⇐⇒ z = z

z ∈ R ⇐⇒ z = −z.
➟

z ∈ C \ {−1}
1− z

1 + z
∈ R ⇐⇒ z ∈ R.

z ∈ C \ {−1}

1− z

1 + z
∈ R ⇐⇒

(1− z

1 + z

)
=

1− z

1 + z
⇐⇒

1− z

1 + z
=

1− z

1 + z

⇐⇒ 1 + z − z − zz = 1 + z − z − zz

⇐⇒ 2(z − z) = 0 ⇐⇒ z = z ⇐⇒ z ∈ R.

∀(z, z′) ∈ C2, |z + z′| # |z|+ |z′|

∀(z, z′) ∈ C2, |z − z′| "
∣
∣|z|− |z′|

∣
∣.

∀z ∈ C, |z|2 = zz.

➟



(u, v) ∈ C2

|u|+ |v| # |u+ v|+ |u− v|.

⎧
⎨

⎩

2|u| =
∣∣(u+ v) + (u− v)

∣∣ # |u+ v|+ |u− v|

2|v| =
∣∣(u+ v)− (u− v)

∣∣ # |u+ v|+ |u− v|,

2
(
|u|+ |v|

)
# 2
(
|u+ v|+ |u− v|

)
.

2

z ∈ C∗ |z| = 1 ⇐⇒ z =
1

z
,

|z| = 1, z
1

z
,

➟

(a, b, c) ∈ U3

a+ b+ c = 0 ⇐⇒ ab+ ac+ bc = 0.

(a, b, c) ∈ U3

a+ b+ c = 0 ⇐⇒ a+ b+ c = 0 ⇐⇒ a+ b+ c = 0

⇐⇒
1

a
+

1

b
+

1

c
= 0 ⇐⇒

ab+ ac+ bc

abc
= 0

⇐⇒ ab+ ac+ bc = 0.

∀x ∈ R, x+ x = x.

1+ θ 1− θ, (θ ∈ R),
θ

2

1 + θ = 2
θ

2
θ

2
, 1− θ = −2

θ
2

θ

2
.

➟

t ∈ [0 ; 2π]

1 + t

1 + t =
t

2

(
t

2 + − t
2

)
= 2

t
2

t

2
.

t ∈ [0 ; π] 2
t

2
∈ R+,

|1 + t| = 2
t

2
(1 + t) =

t

2
[2π].

t ∈ [π ; 2π] 2
t

2
# 0,

1 + t = 2
t

2

t
2 = −2

t

2

(
t
2+π

)
,

|1 + t| = −2
t

2
(1 + t) =

t

2
+ π [2π].



1 C.
➟

n ∈ N

An =
n∑

p=0

(2n
2p

)
(−1)p2p.

Sn =
2n∑

k=0

(2n
k

)
k
√
2
k
.

Sn = (1 +
√
2)2n.

Sn =
n∑

p=0

(2n
2p

)
2p
√
2
2p

+
n−1∑

q=0

( 2n

2q + 1

)
2q+1

√
2
2q+1

=
n∑

p=0

(2n
2p

)
(−1)p2p +

n−1∑

q=0

( 2n

2q + 1

)
(−1)q2q

√
2,

An Sn

An = (Sn) =
1

2
(Sn + Sn) =

1

2

(
(1 +

√
2)2n + (1 +

√
2)2n

)

An =
1

2

(
(1 +

√
2)2n + (1−

√
2)2n

)
.

n 1 C

∀n ∈ N∗, ∀a, b ∈ C,
n
∑

k=0

(
n

k

)

akbn−k = (a+ b)n

∀n ∈ N, ∀z ∈ C" {1},
n
∑

k=0

zk =
1− zn+1

1− z
.

➟



n ∈ N \ {0, 1}

ω =
(2 π

n

)
.

Sn =
n−1∑

k=0

|ωk − 1|2.

k ∈ {0, ..., n− 1}

|ωk − 1|2 =
∣∣ 2 kπ

n − 1
∣∣2 =

∣∣ kπ
n
( kπ

n − − kπ
n
)∣∣2

=
∣∣∣

kπ
n 2

kπ

n

∣∣∣
2
= 4 2 kπ

n
= 2
(
1−

2kπ

n

)
.

Sn =
n−1∑

k=0

2
(
1−

2kπ

n

)
= 2

n−1∑

k=0

1− 2
n−1∑

k=0

2kπ

n
︸ ︷︷ ︸

Cn

= 2n− 2Cn.

n " 2 ω ̸= 1

Cn =
( n−1∑

k=0

ωk
)
=

(1− ωn

1− ω

)
= (0) = 0.

Sn = 2n

\

\

A

B

C

θ

A,B,C
a, b, c, θ ∈ R,

C = (A,θ)(B) ⇐⇒
−→
AC = θ(

−−→
AB) ⇐⇒ c− a = θ(b− a).

➟

ABC

ABC
D, E, F

ABD, BCE, CAF
D, E, F

ABC DEF

a, b, c A, B, C

ABD D
A B D

π/2
−−→
DA

−−→
DB

π/2 a− d = (b− d) d =
a− b

1−
.

e =
b− c

1−
, f =

c− a

1−
.

G ABC g G G1

DEF g1 G1



g1 =
1

3
(d+ e+ f) =

1

3(1− )

(
(a− b) + (b− c) + (c− a)

)

=
1

3(1− )

(
(1− )(a+ b+ c)

)
=

1

3
(a+ b+ c) = g.

A

B

CG

D

E

F

G1 = G ABC DEF



A =
(1 +

√
3

1 +

)125
.

C

z ∈ C

(1) z3 − (16− )z2 + (89− 16 )z + 89 = 0.

C

z ∈ C ( ) (z2 + 4z + 1)2 + (3z + 5)2 = 0.

z ∈ C− {1}.
1 + z

1− z
∈ R ⇐⇒ |z| = 1.

C

z ∈ C (1) z = z3.

z ∈ C
∣
∣z − (1 + )

∣
∣ # 1 =⇒

√
10− 1 # |z − 4| #

√
10 + 1.

C

z ∈ C (1) z(2z + 1)(z − 2)(2z − 3) = 63.

∀u ∈ U, ∀z ∈ C∗,
∣
∣
∣u−

1

z

∣
∣
∣ =

|u− z|
|z|

.

(a, b) ∈ C2 |a| < 1 |b| < 1.
∣
∣
∣
a− b

1− ab

∣
∣
∣ < 1.

f : z -−→ − z
1− z

1− z
D =

{

z ∈ C ; |z| < 1
}

.

(1) x + y + z = 0, (x, y, z) ∈ R3.



n ∈ N (a, b) ∈ R2 C =
n
∑

k=0

(a+ kb) S =
n
∑

k=0

(a+ kb).

1

a, b, c ∈ U b ̸= c. A =
b(c− a)2

a(c− b)2
. A ∈ R+.

n ∈ N n " 3

A =

(
n

0

)

+

(
n

3

)

+ · · · , B =

(
n

1

)

+

(
n

4

)

+ · · · , C =

(
n

2

)

+

(
n

5

)

+ · · · .

z ∈ C |z| # |z|2 + |z − 1|.

|z|"1
|z3 + 2 z|.

n ∈ N∗, z1, ..., zn ∈ C∗.
n
∑

k=1

zk
|zk|

= 0.

∀z ∈ C,
n
∑

k=1

|zk| =
n
∑

k=1

(zk − z)
zk
|zk|

.

∀z ∈ C,
n
∑

k=1

|zk| #
n
∑

k=1

|zk − z|.

(u, v) ∈ C2 |u|+ |v| # |u+ v|+ |u− v|.
(z1, z2, z3, z4) ∈ C4

|z1|+ |z2|+ |z3|+ |z4| # |z1 + z2|+ |z1 + z3|+ |z1 + z4|+ |z2 + z3|+ |z2 + z4|+ |z3 + z4|.

n 1

n ∈ N− {0, 1}, z ∈ C. ω =
2 π
n Sn =

n−1
∑

k=0

(z + ωk)n. Sn.



A, B, C a, b, c

ABC a+ b+ 2c = 0.

ABC

a2 + b2 + c2 − (ab+ ac+ bc) = 0.

z ∈ C∗. u, v z
z ∈ C∗ z, u, v

z

16
89.

(a, b) ∈ C2

a2 + b2 = (a+ b)(a− b).

∀A ∈ C, A ∈ R ⇐⇒ A = −A.

z

z − (1 + ) z − 4

z 2z − 3
2z+1 z− 2

2z2−3z

u ∈ U

u
1

u
.

D
f : D −→ D

f ◦ f = D.

C + S

u =
1

u
, u ∈ U,

A ∈ R+,
A

1 C,
A+B+C, A+ B+ 2C, A+ 2B+ C.

|z|
1 |z| |z|2.

z

(z1, z2), (z3, z4),
(z1 − z2, z3 − z4).

Σ

B.

a, b (ab).



1 +
√
3 1 +

|1 +
√
3| =

√
12 +

√
3
2
=
√
4 = 2,

1 +
√
3 = 2

1 +
√
3

2
= 2

π
3 ,

|1 + | =
√
2, 1 + =

√
2
1 +

2
=
√
2

π
4 .

1 +
√
3

1 +
=

2
π
3

√
2

π
4

=
√
2

(
π
3−

π
4

)
=
√
2

π
12 .

A =
(√

2
π
12
)125

=
√
2
125 125π

12 .

125π
12 =

5π
12 =

(
π
2−

π
12

)

= − π
12 =

(
π
4−

π
3

)
=

π
4 − π

3

=
1 +
√
2

1−
√
3

2

=
1

2
√
2

(
(1 +

√
3) + (1−

√
3)
)

=
1

2
√
2

(
(
√
3− 1) + (

√
3 + 1)

)
.

A = 261(
√
3− 1) + 261(

√
3 + 1)

A 261(
√
3− 1)

A 261(
√
3 + 1).

(1) ⇐⇒ z3 + z2 − 16(z2 + z) + 89(z + ) = 0

⇐⇒ z2(z + )− 16z(z + ) + 89(z + ) = 0

⇐⇒ (z2 − 16z + 89)(z + ) = 0

⇐⇒ z2 − 16z + 89 = 0 (2) z = − .

∆

∆ = 162 − 4 · 89 = 256− 356 = −100 = (10 )2.

C

16− 10

2
= 8− 5

16 + 10

2
= 8 + 5 .

{
− , 8− 5 , 8 + 5

}
.

x

y

O

\\

\\

5

−5

−1 −

8 + 5

8− 5

8

⎧
⎨

⎩

∣∣(8 + 5 )− (− )
∣∣ = |8 + 6 | =

√
82 + 62 =

√
100 = 10

∣∣(8 + 5 )− (8− 5 )| = |10 | = 10,

8 + 5 .

( ) ⇐⇒

∣∣∣∣∣∣

(z2 + 4z + 1) + (3z + 5) = 0

(z2 + 4z + 1)− (3z + 5) = 0

⇐⇒

∣∣∣∣∣∣

z2 + (4 + 3 )z + (1 + 5 ) = 0 (1)

z2 + (4− 3 )z + (1− 5 ) = 0 (2).

∆

∆ = (4+3 )2−4(1+5 ) = 16−9+24 −4−20 = 3+4 .

3+4 = (2+ )2,
3+ 4

1

2

(
− (4 + 3 )− (2 + )

)
=

1

2
(−6− 4 ) = −3− 2

1

2

(
− (4 + 3 ) + (2 + )

)
=

1

2
(−2− 2 ) = −1− .

z
z

{
− 3− 2 , −1− , −3 + 2 , −1 +

}
.



A =
1 + z

1− z
.

A ∈ R ⇐⇒ A = −A ⇐⇒
(1 + z

1− z

)
= −

1 + z

1− z

⇐⇒
1 + z

1− z
= −

1 + z

1− z

⇐⇒ (1 + z)(1− z) = −(1− z)(1 + z)

⇐⇒ 2− 2zz = 0 ⇐⇒ zz = 1

⇐⇒ |z|2 = 1 ⇐⇒ |z| = 1.

0

z ∈ C∗. z = ρ θ, ρ ∈ R∗+, θ ∈ R.

(1) ⇐⇒ ρ − θ = ρ3 3 θ ⇐⇒

⎧
⎨

⎩

ρ2 = 1

−θ ≡ 3θ [2π]

⇐⇒

⎧
⎨

⎩

ρ = 1

4θ ≡ 0 [2π]
⇐⇒

⎧
⎨

⎩

ρ = 1

θ ≡ 0
[π
2

]
.

{
0, 1, , −1, −

}
.

z ∈ C
∣∣z − (1 + )

∣∣ # 1.

|z − 4| =
∣∣z − (1 + ) + (−3 + )

∣∣

#
∣∣z − (1 + )

∣∣+ |− 3 + | # 1 +
√
10,

|z − 4| =
∣∣z − (1 + )− (3− )

∣∣

" −
∣∣z − (1 + )

∣∣+ |3− | " −1 +
√
10.

√
10− 1 # |z − 4| #

√
10 + 1.

1 + 1
4

√
10 − 1√

10 + 1

x

y

O
4

1 +

1

(1) ⇐⇒
(
z(2z − 3)

)(
(2z + 1)(z − 2)

)
= 63

⇐⇒ (2z2 − 3z)(2z2 − 3z − 2) = 63.

Z = 2z2 − 3z,

(1) ⇐⇒ Z(Z − 2) = 63 ⇐⇒ Z2 − 2Z − 63 = 0.

∆
∆ = 22 + 4 · 63 = 256 = 162. Z

2− 16

2
= −7

2 + 16

2
= 9.

(1) ⇐⇒ 2z2 − 3z = −7 2z2 − 3z = 9

⇐⇒ 2z2 − 3z + 7 = 0 (2) 2z2 − 3z − 9 = 0 (3).

∆2 ∆2 = 9 − 56 = −47,
3−

√
47

4

3 +
√
47

4
.

∆3 ∆3 = 9 + 72 = 81 = 92,
3− 9

4
= −

3

2

3 + 9

4
= 3.

{
3, −

3

2
,
3−

√
47

4
,
3 +

√
47

4

}
.

u ∈ U, u =
1

u
, u =

1

u
,

∣∣∣u−
1

z

∣∣∣ =
∣∣∣
1

u
−

1

z

∣∣∣ =
∣∣∣
z − u

uz

∣∣∣ =
|z − u|
|u| |z|

=
|u− z|
|z|

.

(a, b) ∈ C2 |a| < 1 |b| < 1

1− ab = 0 ⇐⇒ ab = 1 =⇒ |a| |b| = |ab| = 1,

|a| |b| < 1 1 − ab ̸= 0
a− b

1− ab

(a, b) ∈ C2 |a| < 1 |b| < 1

∣∣∣
a− b

1− ab

∣∣∣ < 1

⇐⇒ |a− b| < |1− ab|

⇐⇒ |a− b|2 < |1− ab|2

⇐⇒ (a− b)(a− b) < (1− ab)(1− ab)

⇐⇒ aa− ab− ba+ bb < 1− ab− ab+ abab

⇐⇒ 1 + |a|2|b|2 − |a|2 − |b|2 > 0

⇐⇒ (1− |a|2)(1− |b|2) > 0,



|a| < 1 |b| < 1
∣∣∣
a− b

1− ab

∣∣∣ < 1.

∣∣∣
a− b

1− ab

∣∣∣ 1

|a| |b| 1.

z ∈ D. z ̸= 1, f(z) = −z
1− z

1− z

|f(z)| =
∣∣∣− z

1− z

1− z

∣∣∣ = |z|
|1− z|
|1− z|

= |z|
|1− z|
|1− z|

= |z| < 1,

f(z) ∈ D.

f D D.

f ◦ f = D, f ◦ f(z)
z ∈ D.

z ∈ D

(f ◦ f)(z) = f
(
f(z)

)

= −f(z)
1− f(z)

1− f(z)
= z

1− z

1− z

1 + z
1− z

1− z

1 + z1− z1− z

= z
1− z

1− z

1− z + z − zz

1− z + z − zz

1− z

1− z
= z.

f ◦f = D f
D.

x

y

OO

A

B

C

G

A,B,C
x, y , z . A,B,C O

1.

G ABC
1

3

(
x + y + z

)
. (x, y, z)

G = O.

G = O, G ABC
O ABC,

ABC
ABC

(x, y, z)
x, y , z

{(
x, x+

2π

3
+ 2kπ, x+

4π

3
+ 2ℓπ

)
; (x, k, ℓ) ∈ R× Z× Z

}

∪
{(

x, x+
4π

3
+2kπ, x+

2π

3
+2ℓπ

)
; (x, k, ℓ) ∈ R×Z×Z

}
.

C + S =
n∑

k=0

(a+kb) = a
n∑

k=0

( b)k.

b /∈ 2πZ b ̸= 1

C + S = a
(n+1)b − 1

b − 1

= a

(n+1)b
2

( (n+1)b
2 − − (n+1)b

2
)

b
2
( b

2 − − b
2
)

=
(
a+nb

2

) 2
(n+ 1)b

2

2
b

2

.

C S

b ∈ 2πZ

C =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(
a+

nb

2

)
(n+ 1)b

2
b

2

b /∈ 2πZ

(n+ 1) a b ∈ 2πZ

S =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(
a+

nb

2

)
(n+ 1)b

2
b

2

b /∈ 2πZ

(n+ 1) a b ∈ 2πZ

a ̸= 0 c ̸= b.

z =
c− a

c− b
. a, b, c ∈ U

z =
c− a

c− b
=

1

c
−

1

a
1

c
−

1

b

=
a− c

ca

bc

b− c
=

b

a
z.

b(c− a)2

a(c− b)2
=

b

a

( c− a

c− b

)2
=

b

a
z2 =

( b

a
z
)
z = zz = |z|2 ∈ R+.



A+B + C

=
(n
0

)
+
(n
1

)
+
(n
2

)
+
(n
3

)
+ · · ·

=
n∑

k=0

(n
k

)
= (1 + 1)n = 2n

A+ B + 2C

=
(n
0

)
+

(n
1

)
+ 2

(n
2

)
+
(n
3

)
+ · · ·

=
n∑

k=0

k
(n
k

)
= (1 + )n = (− 2)n = (−1)n 2n

A+ 2B + C

=
(n
0

)
+ 2

(n
1

)
+ 4

(n
2

)
+
(n
3

)
+ · · ·

=
n∑

k=0

2k
(n
k

)
= (1 + 2)n = (− )n = (−1)n n.

1, , 2 1 + + 2 = 0
A, B, C

A =
1

3

(
2n + (−1)n 2n + (−1)n n

=
1

3

(
2n + (−1)n2

2nπ

3

)

B =
1

3

(
2n + (−1)n 2n+2 + (−1)n n+1)

=
1

3

(
2n + (−1)n2

2(n+ 1)π

3

)

C =
1

3

(
2n + (−1)n 2n+1 + (−1)n n+2)

=
1

3

(
2n + (−1)n2

2(n− 1)π

3

)
.

z ∈ C.

|z| = |z − z2 + z2| # |z − z2|+ |z2| = |z| |z − 1|+ |z|2.

|z| # 1,

|z| # |z − 1|+ |z|2.

|z| " 1, |z| # |z|2,
|z| # |z|2 + |z − 1|.

z ∈ C |z| # 1,

|z3 + 2 z| # |z3|+ |2 z| = |z|3 + 2|z| # 3.

z

z3 2 z

z3 = 2 λz, λ ∈ R+.

|z| = 1, 1 = 2λ, λ =
1

2
.

z3 = 2 λz ⇐⇒ z3 = z ⇐⇒ z2 = ,
z ̸= 0. =

π
2

π
4 =

1
√
2
(1 + ).

z =
1
√
2
(1 + ),

|z| = 1, z2 = , z3 = z, |z3 + 2 z| = |3 z| = 3|z| = 3.

|z|"1
|z3 + 2 z| = 3.

z ∈ C
n∑

k=1

(zk − z)
zk

|zk|
=

n∑

k=1

zkzk

|zk|
−

n∑

k=1

zzk

|zk|

=
n∑

k=1

|zk|− z

n∑

k=1

zk

|zk|
=

n∑

k=1

|zk|.

n∑

k=1

(zk − z)
zk

|zk|
=

n∑

k=1

|zk| ∈ R+,

n∑

k=1

|zk| =
n∑

k=1

(zk − z)
zk

|zk|
=
∣∣∣

n∑

k=1

(zk − z)
zk

|zk|

∣∣∣

#
n∑

k=1

|zk − z|
|zk|
|zk|

=
n∑

k=1

|zk − z|.

⎧
⎨

⎩

|2u| =
∣∣(u+ v) + (u− v)

∣∣ # |u+ v|+ |u− v|

|2v| =
∣∣(u+ v)− (u− v)

∣∣ # |u+ v|+ |u− v|,
2

|u|+ |v| # |u+ v|+ |u− v|.
(z1, z2) (z3, z4)

(u, v)
{
|z1|+ |z2| # |z1 + z2|+ |z1 − z2|
|z3|+ |z4| # |z3 + z4|+ |z3 − z4|,

|z1|+ |z2|+ |z3|+ |z4|
# |z1 + z2|+ |z3 + z4|+ |z1 − z2|+ |z3 − z4|.

(z1−z2, z3−z4) (u, v)

|z1 − z2|+ |z3 − z4| # |z1 − z2 + z3 − z4|+ |z1 − z2 − z3 + z4|
=
∣∣(z1 + z3)− (z2 + z4)

∣∣+
∣∣(z1 + z4)− (z2 + z3)

∣∣

# |z1 + z3|+ |z2 + z4|+ |z1 + z4|+ |z2 + z3|,

|z1|+ |z2|+ |z3|+ |z4|
# |z1 + z2|+ |z1 + z3|+ |z1 + z4|+ |z2 + z3|

+ |z2 + z4|+ |z3 + z4|.



Sn =
n−1∑

k=0

(z + ωk)n =
n−1∑

k=0

n∑

ℓ=0

(n
ℓ

)
(ωk)ℓzn−ℓ

=
n∑

ℓ=0

n−1∑

k=0

(n
ℓ

)
ωkℓzn−ℓ =

n∑

ℓ=0

(n
ℓ

)
zn−ℓ

n−1∑

k=0

(ωℓ)k.

k
ωℓ 1

ℓ = 0 ℓ = n, ωℓ = 1,
n−1∑

k=0

(ωℓ)k = n

ℓ ̸= 0 ℓ ̸= n, 0 < ℓ < n, ωℓ ̸= 1,
n−1∑

k=0

ωℓ =
1− (ωℓ)n

1− ωℓ
=

1− (ωn)ℓ

1− ωℓ
= 0.

Sn,

ℓ = 0, ℓ = n, Sn =
(n
0

)
znn+

(n
n

)
z0n = n(zn + 1).

ABC A

A C B
π

3
,

(1) a− b =
π
3 (c− b).

\\

\\

A

B

C

+
π

3

π
3 = − 2,

(1) ⇐⇒ a− b+ 2(c− b) = 0 ⇐⇒ a+ b+ 2c = 0.

ABC

⇐⇒ ABC

⇐⇒ a+ b+ 2c = 0 a+ c+ 2b = 0

⇐⇒ (a+ b+ 2c)(a+ 2b+ c) = 0

⇐⇒ a2 + b2 + c2 − (ab+ ac+ bc) = 0.

u, v z
v = −u z = u2.

(z, u, v) z

⇐⇒
(
(u− z)(v − z)

)
= 0

⇐⇒
(
(u− u2)(−u− u2)

)
= 0

⇐⇒ (u− u2)(−u− u2) + (u− u2)(−u− u2) = 0

⇐⇒ −uu+ u2u− uu2 + u2u2 − uu− uu2 + u2u

+u2u2 = 0

⇐⇒ −2|u|2 + 2|u|4 = 0

⇐⇒ |u|2 = 0 |u|2 = 1

⇐⇒ |u|2 = 1 ⇐⇒ |z| = 1.

U,

x

y

O

M

Q

P

M,P,Q z, u, v.
MPQ M

M PQ,
OM = OP.

OM = OP ⇐⇒ |z| = |u| ⇐⇒ |u|2 = |u|

⇐⇒
(
|u| = 0 |u| = 1

)

⇐⇒ |z| = 1.



t ∈ R 1 + t 1− t

(u, v) ∈ C2 uv = u v

z ∈ C |z| = z z

z ∈ C∗ |z| = 1 ⇐⇒ z =
1

z

n ∈ N n " 2 n 1 C 0

(u, v) ∈ C2 |u− v| # |u|− |v|

M1,M2 z1, z2 O

−−−→
OM1 ⊥

−−−→
OM2 ⇐⇒ (z1 z2) = 0.

b ∈ C f : z ∈ C -−→ z + b
b

(a, b, c) ∈ C∗×C×C z1, z2 az2+ bz+ c = 0
z ∈ C

z1 + z2 = −
b

a
, z1z2 =

c

a
.



t ∈ R 1 + t 1 + − t 1− t

|z| |z|2 = zz

|z| = 1 ⇐⇒ |z|2 = 1 ⇐⇒ zz = 1 ⇐⇒ z =
1

z

n 1 C
2 kπ

n , k ∈ {0, ..., n− 1}

n−1
∑

k=0

2 kπ
n =

n−1
∑

k=0

( 2 π
n

)k
=

1− (
2 π
n

)n

1− 2 π
n

2 π
n ̸= 1

=
1− 1

1− 2 π
n

= 0.

u = 0, v = 1
|u − v| # |u| + |v|,

u −v



⌊·⌋



f(x) = 0,
f

➟

x ∈ R
√
19− x+

√
97 + x = 14.

x ∈ [−97 ; 19]
√
19− x+

√
97 + x = 14

⇐⇒
(√

19− x+
√
97 + x

)2
= 196

⇐⇒
√
19− x

√
97 + x =

1

2

(
196− (19− x)− (97 + x)

)

⇐⇒
√
19− x

√
97 + x = 40

⇐⇒ (19− x)(97 + x) = 1600

⇐⇒ x2 + 78x− 243 = 0.

∆

∆ = 782 + 4 · 243 = 7056 = 842.

x1 =
−78− 84

2
= −81, x2 =

−78 + 84

2
= 3.

[−97 ; 19]

S = {−81, 3}



x ∈ R∗+ 3x1/2 + 2x1/3 = 5.

1

x .−→ 3x1/2 + 2x1/3

]0 ; +∞[

S = {1}

➟

g ◦ f
f, g : R −→ R

f g g ◦ f
x ∈ R (g ◦ f)(−x) = g

(
f(−x)

)
= g
(
f(x)

)
= (g ◦ f)(x).

f g g ◦ f
x ∈ R

(g ◦ f)(−x) = g
(
f(−x)

)
= g
(
− f(x)

)
= g
(
f(x)

)
= (g ◦ f)(x).

f g g ◦ f
x ∈ R

(g ◦ f)(−x) = g
(
f(−x)

)
= g
(
− f(x)

)
= −g

(
f(x)

)
= −(g ◦ f)(x).

f : X −→ R ∃M ∈ R, ∀x ∈ X, f(x) # M

∃m ∈ R, ∀x ∈ X, m # f(x)

∃C ∈ R+, ∀x ∈ X, |f(x)| # C

f X

f : [0 ; +∞[ −→ R, x .−→
2x

1 + x4

x ∈ [0 ; +∞[

0 # x # 1 0 # f(x) =
2x

1 + x4
# 2x # 2.

x " 1 0 # f(x) =
2x

1 + x4
#

2x

x4
=

2

x3
# 2.

∀x ∈ [0 ; +∞[, 0 # f(x) # 2, f



x −x,
x −x ➟

f : R −→ R

∀x ∈ R, 2f(x) + f(−x) = 3x2 + x+ 3.

f x ∈ R

x −x
⎧
⎨

⎩

2f(x) + f(−x) = 3x2 + x+ 3 L1

2f(−x) + f(x) = 3x2 − x+ 3 L2

2L1 − L2 f(−x)

3f(x) = 2(3x2 + x+ 3)− (3x2 − x+ 3) = 3x2 + 3x+ 3,

f(x) = x2 + x+ 1

f : R −→ R, x .−→ x2 + x + 1,
x ∈ R

2f(x) + f(−x) = 2(x2 + x+ 1) + (x2 − x+ 1) = 3x2 + x+ 3,

f

f : R −→ R, x .−→ x2 + x+ 1

∀x ∈ R,
(

⌊x⌋ # x < ⌊x⌋+ 1 ⌊x⌋ ∈ Z
)

∀x ∈ R,
(

x− 1 < ⌊x⌋ # x ⌊x⌋ ∈ Z
)

.

➟

⌊x⌋+
⌊
x+

1

2

⌋
= ⌊2x⌋ .

x ∈ R n = ⌊x⌋ n ∈ Z n # x < n+ 1

n # x < n+
1

2
, n # x+

1

2
< n+ 1 2n # 2x < 2n + 1

⌊
x+

1

2

⌋
= n ⌊2x⌋ = 2n, ⌊x⌋+

⌊
x+

1

2

⌋
= 2n = ⌊2x⌋ .

n+
1

2
# x < n+ 1, n+ 1 # x+

1

2
< n+ 2

2n+1 # 2x < 2n+2,

⌊
x+

1

2

⌋
= n+ 1 ⌊2x⌋ = 2n+1,

⌊x⌋+
⌊
x+

1

2

⌋
= 2n+ 1 = ⌊2x⌋ .



f : I −→ J
I J

R

∀y ∈ J, ∃ !x ∈ I, y = f(x).

f−1 f
f−1 f

➟

f : R −→ R, x .−→ x3 + 1

f−1(y)

y ∈ R

(x, y) ∈ R2

y = f(x) ⇐⇒ y = x3 + 1 ⇐⇒ y − 1 = x3 ⇐⇒ x = 3
√

y − 1.

f y ∈ R

f−1(y) = 3
√

y − 1.

f : R −→ R, x .−→ x + x

f : x .−→ x + x R
R x .−→ x x .−→ x

f(x) −→
x −→ −∞

−∞, f(x) −→
x −→ +∞

+∞.

f



R

x ∈ R x3 + x2 + x = −
1

3
.

R

x ∈ R
√
6− x+

√
3− x =

√
x+ 5 +

√
4− 3x.

n R

x ∈ R 4 3
√
x+ 5 4

√
x = 9.

f : R −→ R

∀x ∈ R, f(x) ̸= 3 f(x+ 1) =
f(x)− 5

f(x)− 3
.

f 4

R

x ∈ R 3x2 − 3x− 4
√

x2 − x+ 3 = 6.

∀(a, b) ∈ (R∗+)
2,

a2

a+ b
"

3a− b

4
.

∀(a, b, c) ∈ (R∗+)
3,

a2

a+ b
+

b2

b+ c
+

c2

c+ a
"

a+ b+ c

2
.

∀n ∈ N,
⌊

(
√
n+
√
n+ 1 )2

⌋

= 4n+ 1.

R

x ∈ R 2 4
√
x+ 3 3

√
x "
√
x.

∀(a, b, c) ∈ R3, (a+ b+ c)2 # 4a2 + 4b2 + 2c2.

x6 + x4 = 810, x ∈ R+.

x15 = x11+2, x ∈ R+,



I R ∀x ∈ I, −x ∈ I.

E = RI I R, P I
I R

P =
{

f : I −→ R ; ∀x ∈ I, f(−x) = f(x)
}

,

I =
{

f : I −→ R ; ∀x ∈ I, f(−x) = −f(x)
}

.

P I E E
f ∈ E , f P I.

I = ] − 1 ; 1[ f : I −→ R, x -−→
√

1 + x

1− x
. x ∈ I,

p(x) i(x) p i f P I

f : R∗ −→ R ∀x ∈ R∗, f(x)+3f
( 1

x

)

= x2.

R
x ∈ R (x− 7)(x− 5)(x+ 4)(x+ 6) = 608.

A =
3
√

54
√
3 + 41

√
5√

3
+

3
√

54
√
3− 41

√
5√

3

f : ]− 1 ; 1[ −→ R, x -−→
x

1− x2

f−1(y) y ∈ R.

f : R −→ R

⎧

⎨

⎩

∀x ∈ R, f
(

f(x)
)

= x+ 1

∀x ∈ R, f
(

f(x)− 1
)

= 1− x

f :]0 ; +∞[ −→ R

∀(x, y) ∈ ]0 ; +∞[2, |f(x)− f(y)| #
1

x+ y
.

f : R −→ R, x -−→ x3 + x− 8.

f f−1 f

2f(x) + 3f−1(x) = 10, x ∈ R.



√
·

f(x+ 2) f(x+ 4).

x2 − x.

x1/4, x1/3, x1/2.

f : R+ −→ R, x .−→ x6 + x4.

f : R+ −→ R, x .−→ x15 − x11 − 2.

P ∩ I = {0} f E
f = p + i p ∈ P

i ∈ I

x
1

x
.

u v
u+ v, u3 + v3, u3v3,

A.

y ∈ R y = f(x)
x ∈ ]−1 ; 1[

f x ∈ R
f
(
f
(
f(x)− 1

))

x =
1

2
.

x y +∞.

g : R −→ R, x .−→ 2f(x) + 3f−1(x).
g

g(2) = 10.



R,
(x+1)3

x3 + x2 + x = −
1

3

⇐⇒ 3x3 + 3x2 + 3x+ 1 = 0

⇐⇒ 2x3 + (x+ 1)3 = 0

⇐⇒ (
3
√
2x)3 =

(
− (x+ 1)

)3

⇐⇒ 3
√
2x = −(x+ 1)

⇐⇒ (1 +
3
√
2)x = −1

⇐⇒ x = −
1

1 + 3
√
2
.

{
−

1

1 + 2
√
2

}
.

6−x 3−x
x+ 5 4− 3x " 0

−5 # x #
4

3
.

" 0

(1)

⇐⇒
(√

6− x+
√
3− x

)2
=
(√

x+ 5 +
√
4− 3x

)2

⇐⇒ 9− 2x+ 2
√
6− x

√
3− x

= 9− 2x+ 2
√
x+ 5

√
4− 3x

⇐⇒ (6− x)(3− x) = (x+ 5)(4− 3x)

⇐⇒ x2 − 9x+ 18 = −3x2 − 11x+ 20

⇐⇒ 4x2 + 2x− 2 = 0 ⇐⇒ 2x2 + x− 1 = 0

⇐⇒ (x+ 1)(2x− 1) = 0 ⇐⇒ x = −1 x =
1

2
.

{
− 1,

1

2

}
.

x " 0.

[0 ; +∞[ −→ R, x .−→ 4 3
√
x+5 4
√
x−9

1

x = 1.

x ∈ R y = f(x).

f(x+ 2) = f
(
(x+ 1) + 1

)
=

f(x+ 1)− 5

f(x+ 1)− 3

=

y − 5

y − 3
− 5

y − 5

y − 3
− 3

=
−4y + 10

−2y + 4
=

2y − 5

y − 2
,

f(x+ 4) = f
(
(x+ 2) + 2

)
=

2f(x+ 2)− 5

f(x+ 2)− 2

=

2
2y − 5

y − 2
− 5

2y − 5

y − 2
− 2

=
−y
−1

= y = f(x).

f 4

x x2−x,
y = x2 − x.

y + 3 " 0

(1)

⇐⇒ 3y − 4
√

y + 3 = 6

⇐⇒ 3y − 6 = 4
√

y + 3

⇐⇒

⎧
⎨

⎩

3y − 6 " 0

(3y − 6)2 = 16(y + 3)

⇐⇒

⎧
⎨

⎩

y " 2

9y2 − 52y − 12 = 0

⇐⇒

⎧
⎪⎨

⎪⎩

y " 2

y = 6 y = −
2

9
⇐⇒ y = 6,

6 y y + 3 " 0.

y = 6 ⇐⇒ x2 − x = 6 ⇐⇒ x2 − x− 6 = 0

⇐⇒ (x− 3)(x+ 2) = 0.

{−2, 3}.



(a, b) ∈ (R∗+)2

a2

a+ b
−

3a− b

4
=

4a2 − (a+ b)(3a− b)

4(a+ b)

=
a2 − 2ab+ b2

4(a+ b)
=

(a− b)2

4(a+ b)
" 0,

(a, b), (b, c), (c, a),

a2

a+ b
+

b2

b+ c
+

c2

c+ a
"

3a− b

4
+
3b− c

4
+
3c− a

4
=

a+ b+ c

2
.

4n+1 ∈ Z,
(
(
√
n+
√
n+ 1)2

)
= 4n+ 1

⇐⇒ 4n+ 1 # (
√
n+
√
n+ 1)2 < 4n+ 2

⇐⇒ 4n+ 1 # 2n+ 1 + 2
√

n(n+ 1) < 4n+ 2

⇐⇒

⎧
⎨

⎩

2n # 2
√

n(n+ 1)

2
√

n(n+ 1) < 2n+ 1

⇐⇒

⎧
⎨

⎩

n2 # n2 + n

4n2 + 4n < 4n2 + 4n+ 1,

x " 0.

4
√
x 3

√
x t = x

1
12 ,

4
√
x =

(
t12
) 1

4 = t3, 3
√
x =

(
t12
) 1

3 = t4,
√
x =

(
t12
) 1

2 = t6.

(1)

⇐⇒ 2t3 + 3t4 " t6

⇐⇒ t3(t3 − 3t− 2) # 0

⇐⇒ t3(t+ 1)(t2 − t− 2) # 0

⇐⇒ t3(t+ 1)(t+ 1)(t− 2) # 0

⇐⇒ t3(t+ 1)2(t− 2) # 0.

t = x
1
12 " 0, t+ 1 > 0,

(1) ⇐⇒ t3(t− 2) # 0 ⇐⇒ 0 # t # 2

⇐⇒ 0 # x # 212 = 4096.

[0 ; 4096].

(a, b, c) ∈ R3,
c

4a2 + 4b2 + 2c2 − (a+ b+ c)2

= 3a2 + 3b2 + c2 − 2ab− 2ac− 2bc

= c2 − 2(a+ b)c+ 3a2 + 3b2 − 2ab

=
(
c− (a+ b)

)2 − (a+ b)2 + 3a2 + 3b2 − 2ab

= (c− a− b)2 + 2a2 + 2b2 − 4ab

= (c− a− b)2 + 2(a− b)2 " 0,

f : R+ −→ R, x .−→ x6 + x4

f(x) = 810, x ∈ R+

f(3) = 810.

x = 3.

f : [0 ; +∞[ −→ R, x .−→ x15 − x11 − 2

[0 ; +∞[ f(0) = −2 < 0,

x −→ +∞
f(x) = +∞.

c ∈ [0 ; +∞[
f(c) = 0,

P ⊂ E 0 ∈ P, 0

α ∈ R, f, g ∈ P.

∀x ∈ I, (αf + g)(−x) = αf(−x) + g(−x)
= αf(x) + g(x) = (αf + g)(x),

αf + g ∈ P.

P E.

I ⊂ E 0 ∈ I.
α ∈ R, f, g ∈ I.

∀x ∈ I, (αf + g)(−x) = αf(−x) + g(−x)
= −αf(x)− g(x) = −(αf + g)(x),

αf + g ∈ I.
I E.

f ∈ P ∩ I.

∀x ∈ I,
(
f(−x) = f(x) f(−x) = −f(x)

)
,

∀x ∈ I, 2f(x) = 0, f = 0.

P ∩ I = {0}.
f ∈ E. p ∈ P, i ∈ I f = p+ i.

∗
(p, i) ∀x ∈ I, f(x) = p(x) + i(x),

−x

∀x ∈ I, f(−x) = p(−x) + i(−x) = p(x)− i(x),



∀x ∈ I, p(x) =
1

2

(
f(x)+ f(−x)

)
, i(x) =

1

2

(
f(x)− f(−x)

)
.

∗
p, i : I −→ R

x ∈ I
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

p(−x) = 1
2

(
f(−x) + f(x)

)
= p(x)

i(−x) = 1
2

(
f(−x)− f(x)

)
= −i(x)

p(x) + i(x) = f(x),

(p, i)

∀f ∈ E, ∃ (p, i) ∈ E, f = p+ i,

P + I = E.
P ∩ I = {0} P+I = E, P I

E
f ∈ E f P I, f = p + i,

p, i f

f
P I x ∈ I

p(x) =
1

2

(
f(x) + f(−x)

)
=

1

2

(√1 + x

1− x
+

√
1− x

1 + x

)

=
1

2

(1 + x) + (1− x)
√
1− x

√
1 + x

=
1

√
1− x2

,

i(x) =
1

2

(
f(x)− f(−x)

)
=

1

2

(√1 + x

1− x
−
√

1− x

1 + x

)

=
1

2

(1 + x)− (1− x)
√
1− x

√
1 + x

=
x

√
1− x2

.

f

x ∈ R∗. x
1

x
x

⎧
⎪⎪⎨

⎪⎪⎩

f(x) + 3f
( 1
x

)
= x2

f
( 1
x

)
+ 3f(x) =

( 1
x

)2
=

1

x2

∣∣∣∣∣∣∣

−1

3

f
( 1
x

)
8f(x) =

3

x2
− x2.

∀x ∈ R∗, f(x) =
1

8

( 3

x2
− x2

)
=

3− x4

8x2
.

f : R∗ −→ R, x .−→ f(x) =
3− x4

8x2
.

x ∈ R∗

f(x)+3f
( 1
x

)
=

3− x4

8x2
+3

3−
1

x4

8

x2

=
3− x4

8x2
+3

3x4 − 1

8x2
= x2,

f

f : R∗ −→ R, x .−→
3− x4

8x2
.

(x−7)(x+6) = x2−x−42 (x−5)(x+4) = x2−x−20.

x x2 − x.
y = x2 − x.

(1) ⇐⇒ (y − 42)(y − 20) = 608 ⇐⇒ y2 − 62y + 232 = 0.

∆

∆ = 622 − 4 · 232 = 2916 = 542,

y

(1) ⇐⇒ y =
62± 54

2
⇐⇒ y = 4 y = 58.

x

y = 4 ⇐⇒ x2 − x− 4 = 0 ⇐⇒ x =
1±
√
17

2

y = 58 ⇐⇒ x2 − x− 58 = 0 ⇐⇒ x =
1±
√
233

2
.

{1−
√
17

2
,

1 +
√
17

2
,

1−
√
233

2
,

1 +
√
233

2

}
.

u =
3
√

54
√
3 + 41

√
5

√
3

, v =
3
√

54
√
3− 41

√
5

√
3

.

A = u+ v

u3 + v3 =
54
√
3 + 41

√
5

3
√
3

+
54
√
3− 41

√
5

3
√
3

= 36

u3v3 =
54
√
3 + 41

√
5

3
√
3

·
54
√
3− 41

√
5

3
√
3

=
542 · 3− 412 · 5

33
=

343

27
=

73

33
=
(7
3

)3
,

uv ∈ R uv =
7

3
.

A3 = (u+ v)3 = u3 + 3u2v + 3uv2 + v3

= (u3 + v3) + 3uv(u+ v) = 36 + 7A.

A A3 − 7A− 36 = 0 (1).
4

(1) ⇐⇒ (A− 4)(A2 + 4A+ 9) = 0.

∆ = 42 − 4 · 9 = −20 < 0
A A2 +4A+9 A = 4.

(x, y) ∈ ]− 1 ; 1[×R

y = f(x) ⇐⇒ y =
x

1− x2
⇐⇒ yx2 + x− y = 0 (1).

y = 0, (1) ⇐⇒ x = 0.



y ̸= 0, x ∈ ] − 1 ; 1[
∆ = 1 + 4y2 > 0,

x1 =
−1−

√
1 + 4y2

2y
, x2 =

−1 +
√

1 + 4y2

2y
.

|x1| =
1 +

√
1 + 4y2

2|y|
>

√
1 + 4y2

2|y|
> 1,

x1 /∈ ]− 1 ; 1[.

x1x2 =
−y
y

= −1, |x1x2| = 1,

x1 ̸= 0 |x2| =
1

|x1|
< 1, x2 ∈ ]− 1 ; 1[.

x ̸= 0 (1) ⇐⇒ x =
−1 +

√
1 + 4y2

2y
.

−1 +
√

1 + 4y2

2y
=

4y2

2y
(
1 +

√
1 + 4y2

) =
2y

1 +
√

1 + 4y2
.

y = 0.

(x, y) ∈ ]− 1 ; 1[×R

y = f(x) ⇐⇒ x =
2y

1 +
√

1 + 4y2
.

f

∀y ∈ R, f−1(y) =
2y

1 +
√

1 + 4y2
.

f

x ∈ R
⎧
⎨

⎩

f
[
f
(
f(x)− 1

)]
=
(
f(x)− 1

)
+ 1 = f(x)

f
[
f
(
f(x)− 1

)]
= f(1− x),

f(x) = f(1− x), f
(
f(x)

)
= f

(
f(1− x)

)
.

f
(
f(x)

)
= x+ 1 f

(
f(1− x)

)
= (1− x) + 1,

x+ 1 = (1− x) + 1, x =
1

2
,

x = 0

f

f

x ∈ ]0 ; +∞[ 0 # |f(x)− f(y)| #
1

x+ y
1

x+ y
−→

y −→ +∞
0,

|f(x)− f(y)| −→
y −→ +∞

0, f(y) −→
y −→ +∞

f(x).

f +∞
f(x). f +∞,

f(x) x f

x .−→ x3 x .−→ x − 8
R f : x .−→ x3 + x − 8

R.

f

∀x ∈ R, f ′(x) = 3x2 + 1 > 0,

f R.

f R,
−∞ −∞ +∞ +∞,

f

g : R −→ R, x .−→ 2f(x) + 3f−1(x).

f f−1

> 0, g R,
g(x) = 10, x ∈ R

f(2) = 23 + 2− 8 = 2, f−1(2) = 2,

g(2) = 2f(2) + 3f−1(2) = 2 · 2 + 3 · 2 = 10,

2

x = 2.



f, g : R −→ R

f, g : R −→ R f # g g # f

f : R −→ R

f, g : R −→ R " 0 fg

f : R −→ R +∞ +∞ f +∞

a ∈ R, f : R −→ R, ℓ ∈ R, c ∈ R
f ℓ a ℓ # c x a f(x) # c

a ∈ R, f : R −→ R, ℓ ∈ R, c ∈ R
f ℓ a x a f(x) < c

ℓ < c

I R f : I −→ R I f(I)
R

f : R −→ R f

f : ]0 ; 1[ −→ R ]0 ; 1[ f ]0 ; 1[



f : x -−→

{

0 x # 0

1 x > 0
g : x -−→

{

1 x # 0

0 x > 0
.

f : x -−→ x, g : x -−→ x

f : x -−→ x+ 1

(x1, x2) ∈ R2 x1 # x2 0 # f(x1) # f(x2) 0 # g(x1) # g(x2)
0 # f(x1)f(x2) # g(x1)g(x2)

f(x) −→
x −→ +∞

+∞, a ∈ R ∀x ∈ [a ; +∞[, f(x) " 0

f +∞

a = 0, f : x -−→ x, ℓ = 0, c = 0

ℓ # c
ℓ < c

a = 0, f : x -−→ x, ℓ = 0, c = 0

ℓ < c
ℓ # c

f : x -−→ x, f : x -−→
x

1 + |x|

f : ]0 ; 1[ −→ R, x -−→
1

x



n

n

n



f
I

f

f ′ f f ′(x)
x ∈ I.

f ′′(x)
f

➟

f : R −→ R, x .−→ x + x3

R

f R

∀x ∈ R, f ′(x) = x + 3x2 > 0,

f R
f

f : ]0 ; +∞[ −→ R, x .−→ (x+ 1) x

]0 ; +∞[

f ]0 ; +∞[
x ∈ ]0 ; +∞[

f ′(x) = x+ (x+ 1)
1

x
= x+ 1 +

1

x
,

f ′′(x) =
1

x
−

1

x2
=

x− 1

x2
.

f ′′(x) f ′

x

f ′′(x)

f ′(x)

f(x)

0 1 +∞

− 0 +

∀x ∈ ]0 ; +∞[, f ′(x) > 0,

f ]0 ; +∞[



f : I −→ R, I
R

f f ′(x) x ∈ I,
f I.

➟

f : R −→ R, x .−→ x3 − 3x+ 1.

f R

∀x ∈ R, f ′(x) = 3x2 − 3 = 3(x− 1)(x+ 1).

f ′(x) f

x

f ′(x)

f(x)

−∞ −1 1 +∞

+ 0 − 0 +

−∞

33

−1−1

+∞+∞

x1

0

x2

0

x3

0

f(x) −→
x −→ −∞

−∞ < 0, f(−1) = 3 > 0,

f(1) = −1 < 0, f(x) −→
x −→ +∞

+∞ > 0.

f x1, x2, x3,

x1 < −1 < x2 < 1 < x3.

➟

f : R→ R R

∀(x, y) ∈ R2, f(x2 + y2) = f(x+ y).

f
x y ∈ R

∀(x, y) ∈ R2, 2xf ′(x2 + y2) = f ′(x+ y).
x 0 ∀y ∈ R, 0 = f ′(y),

f
f R f

R



f : I −→ R

f f ′(x) x ∈ I,
f I.

➟

x∈[0;+∞[

x

x4 + 1
.

f : [0 ; +∞[ −→ R, x .−→
x

x4 + 1

[0 ; +∞[ x ∈ [0 ; +∞[

f ′(x) =
(x4 + 1)− x(4x3)

(x4 + 1)2
=

1− 3x4

(x4 + 1)2
.

f

x

f ′(x)

f(x)

0
( 1
3

)1/4 +∞

+ 0 −

f
((1

3

)1/4)
.

f
((1

3

)1/4)
=

(1
3

)1/4

1

3
+ 1

=
3

4

(1
3

)1/4
=

33/4

4
≃ 0, 57...

➟

∀x ∈ ]0 ; +∞[, x2 # 2 (x
√

).

f : ]0 ; +∞[ −→ R, x .−→ x2 − 2 (x
√

)

]0 ; +∞[

∀x ∈ ]0 ; +∞[, f ′(x) = 2x− 2
1

x
=

2(x2 − 1)

x
.

f

x

f ′(x)

f(x)

0 1 +∞

− 0 +



f(1) = 1− 2 (
√

) = 1− 2
1

2
= 0.

∀x ∈ ]0 ; +∞[, f(x) " 0,

➟

∀(x, y) ∈ [0 ; 1]× [0 ; +∞[,
√

1 + y2 " xy +
√

1− x2.

x ∈ [0 ; 1]

f : [0 ; +∞[ −→ R, y .−→
√

1 + y2 − xy −
√

1− x2

[0 ; +∞[

∀y ∈ [0 ; +∞[, f ′(y) =
y

√
1 + y2

− x.

y ∈ [0 ; +∞[

f ′(y) " 0 ⇐⇒ y " x
√

1 + y2

⇐⇒ y2 " x2(1 + y2) ⇐⇒ (1− x2)y2 " x2.

x ̸= 1 x = 1

f

y

f ′(y)

f(y)

0
x

√

1−x2 +∞

− 0 +

f
( x
√
1− x2

)
=

1
√
1− x2

−
x2

√
1− x2

−
√

1− x2 = 0.

∀y ∈ [0 ; +∞[, f(y) " 0,

R2

(
x,
√
1− x2

)
(y, 1)



(a, b) ∈ ]0 ; +∞[2 a < b.

f : ]0 ; +∞[ −→ R, x -−→ f(x) =
(1 + ax)

(1 + bx)

P = 5 − 5 + 2

f : R −→ R, x -−→ (x− 1) x − x+ 1

f

f(x) =

√

1− 2x
√

1− x2.

(

x−
√

1− x2
)2

= 1− 2x
√

1− x2.

f : R −→ R

∀(x, y) ∈ R2, f(x+ y) = f(x) + f(y).

x∈R

(√

(x− 1)2 + 9 +
√

(x− 8)2 + 16
)

.

f : R −→ R

∀(x, y) ∈ R2, f(x4 + y) = x3f(x) + f
(

f(y)
)

.

R+ 17 + 2x = (x+ 2)2.

∀x ∈ R,
√

x2 + (x− 1)2 +
√

(x+ 1)2 + x2 " 2.



∀x ∈ [0 ; +∞[, 3 x # x(2 + x).

∀x ∈ ]0 ; +∞[,
(

1 +
1

x

)x

< <
(

1 +
1

x

)x+1
.

a, b, α, β ∈ ]0 ; +∞[ αa
1
α + βb

1
β " (α+ β)(ab)

1
α+β ,

∀(a, b) ∈ ]0 ; +∞[2, 2
√
a+ 3

3
√
b " 5

5
√
ab.

x x

n ∈ N, Cn, Sn : R+ −→ R x ∈ R+

⎧

⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎩

Cn(x) =
n
∑

k=0

(−1)kx2k

(2k)!
= 1−

x2

2!
+ · · ·+ (−1)n

x2n

(2n)!

Sn(x) =
n
∑

k=0

(−1)kx2k+1

(2k + 1)!
= x−

x3

3!
+ · · ·+ (−1)n

x2n+1

(2n+ 1)!
.

∀n ∈ N, ∀x ∈ R+, (−1)n+1
(

x− Cn(x)
)

" 0 (−1)n+1
(

x− Sn(x)
)

" 0.

x ∈ R+

1−
x2

2
# x # 1−

x2

2
+

x4

24
x−

x3

3
# x # x.

∀x ∈
]

0 ;
π

2

[

,
( x

x

)3
> x.

x, y, z ∈ ]0 ; +∞[ x # y + z.
x

1 + x
<

y

1 + y
+

z

1 + z
.

∀(x, y) ∈ R∗+ × R, xy # x x+ y−1.

f, g : R∗+ −→ R, h : R −→ R

∀(x, y, z) ∈ R∗+ × R∗+ × R, xyz # f(x) + g(y) + h(z).

(x, y) ∈ R2 0 < x < y #
π

2

x

y
<

x

y
<

π

2

x

y
.



∀n ∈ N∗, ∀x ∈ ]0 ; +∞[, ∀y ∈ ]0 ; +∞[, (n− 1)x+
yn

xn−1 " ny.

n > 0

∀n ∈ N∗, ∀(x1, ..., xn) ∈ (R∗+)
n, n
√
x1 · · ·xn #

x1 + · · ·+ xn

n
.

f ′(x) f ′(x).

P
P ′

f f ′

f ′′

(f) = [−1 ; 1] f(x) =
∣∣x−

√
1− x2

∣∣

x−
√
1− x2.

y x

f ∀y ∈ R, f
(
f(y)

)
= f(y),

y x

f : x .−→ 17+2x−(x+2)2.

f : [0 ; +∞[ −→ R, x .−→ x(2 + x)− 3 x.

(
1 +

1

x

)
<

1

x

(
1−

1

x+ 1

)
< −

1

x+ 1
.

∀t ∈ ]− 1 ; +∞[, (1 + t) # t.

u = a, v = b.
u ∈ R

v

n

x .−→
3 x

x
− x3.

f : [0 ; +∞[ −→ R, t .−→
t

1 + t
,

∀(y, z) ∈ ]0 ; +∞[2, f(y + z) < f(y) + f(z).

z ∈ ]0 ; +∞[

g : [0 ; +∞[ −→ R, t .−→ f(t) + f(z)− f(t+ z).

y ∈ R

f : R∗+ −→ R, x .−→ x x+ y−1 − xy.

(xy, z), (y, x x), (x, y y).

f : t .−→
t

t

]
0 ;

π

2

[
.

n ∈ N∗ x ∈ ]0 ; +∞[

f : ]0 ; +∞[ −→ R, y .−→ (n− 1)x+
yn

xn−1
− ny.

n.

n − 1 n n
(x1, ..., xn) ∈ (R∗+)n

x =
x1 + · · ·+ xn−1

n− 1
, y = (xn xn−1)1/n,

yn

xn−1
= xn,



f ]0 ; +∞[
x ∈ ]0 ; +∞[

f ′(x) =

a

1 + ax
(1 + bx)−

b

1 + bx
(1 + ax)

(
(1 + bx)

)2

=
N(x)

(1 + ax)(1 + bx)
(

(1 + bx)
)2 ,

N : ]0 ; +∞[ −→ R,

x .−→ N(x) = a(1 + bx) (1 + bx)− b(1 + ax) (1 + ax),

f ′(x)
N(x).

N ]0 ; +∞[
x ∈ ]0 ; +∞[

N ′(x) =
(
ab (1 + bx) + ab

)
−
(
ba (1 + ax) + ba

)

= ab
(

(1 + bx)− (1 + ax)
)
> 0,

N ]0 ; +∞[

N(x) −→
x −→ 0+

0.

∀x ∈ ]0 ; +∞[, N(x) > 0.

∀x ∈ ]0 ; +∞[, f ′(x) > 0,

f

P : x .−→ x5 − 5x+ 2
R ∀x ∈ R, P ′(x) = 5(x4 − 1),

P

x

P ′(x)

P (x)

−∞ −1 1 +∞

+ 0 − 0 +

−∞−∞
66

−2−2
+∞+∞

P
P

a, b, c a < −1 < b < 1 < c.

f : x .−→ (x− 1) x − x+ 1
R

∀x ∈ R, f ′(x) = x x − , f ′′(x) = (x+ 1) x,

f ′ f

x

f ′′(x)

f ′(x)

f ′(x)

f(x)

−∞ −1 1 +∞

− 0 + +

−−
< 0< 0

+∞+∞
0

− − 0 +

+∞+∞
< 0< 0

+∞+∞

f(1) = − + 1 < 0.

f
f

a, b, a < 1 < b.

f

x ∈ [−1 ; 1]
(
x−
√

1− x2
)2

= x2−2x
√

1− x2+(1−x2) = 1−2x
√

1− x2,

f(x) =
∣∣x−

√
1− x2

∣∣.

x ∈ R− [−1 ; 1],
√
1− x2

f(x)

(f) = [−1 ; 1]
∀x ∈ [−1 ; 1], f(x) =

∣∣x−
√
1− x2

∣∣.

x−
√
1− x2.

x ∈ [−1 ; 1].
∗ x ∈ [−1 ; 0], x −

√
1− x2 # 0,

f(x) =
√
1− x2 − x

∗ x ∈ [0 ; 1],

x−
√

1− x2 " 0 ⇐⇒ x "
√

1− x2

⇐⇒ x2 " 1− x2 ⇐⇒ 2x2 " 1 ⇐⇒ x "
1
√
2
.

f

f(x) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

√
1− x2 − x − 1 # x #

1
√
2

x−
√

1− x2
1
√
2
# x # 1.

f
f [−1 ; 1].

f C1



]
− 1 ;

1
√
2

[ ] 1
√
2
; 1
[

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∀x ∈
]
− 1 ;

1
√
2

[
, f ′(x) = −

x
√
1− x2

− 1

∀x ∈
] 1
√
2
; 1
[
, f ′(x) =

x
√
1− x2

+ 1 > 0.

f ′(x) x ∈
]
− 1 ;

1
√
2

[

f ′(x) > 0 ⇐⇒ −
x

√
1− x2

− 1 > 0

⇐⇒ x+
√

1− x2 < 0 ⇐⇒
√

1− x2 < −x

⇐⇒

⎧
⎨

⎩

x # 0

1− x2 < x2
⇐⇒

⎧
⎪⎨

⎪⎩

x # 0

x2 >
1

2

⇐⇒ x ∈
]
− 1 ; −

1
√
2

[
.

x ∈
] 1
√
2
; 1
[

f(x)− f(1)

x− 1
=

x−
√
1− x2 − 1

x− 1

= 1 +

√
1− x2

1− x
= 1 +

√
1 + x
√
1− x

−→
x −→ 1−

+∞,

f 1
C f (1, 1)

y′y.

f −1 C (−1, 1)
y′y.

f ′(x) −→
x −→

(
1√
2

)− −

1
√
2√

1−
1

2

− 1 = −2,

f ′(x) −→
x −→

(
1√
2

)+

1
√
2√

1−
1

2

+ 1 = 2,

f
1
√
2

−2

2, f
1
√
2
.

C f

f

x

f ′(x)

f(x)

−1 − 1√
2

1√
2 1

+ − ++∞ −2 2

11

√
2
√
2

00

11

x

y

O− 1√
2

1√
2

√
2

1

1−1

C

y =
∣∣x−

√
1− x2

∣∣

=⇒
(
y = x−

√
1− x2 y = −x+

√
1− x2

)

⇐⇒
(
x− y =

√
1− x2 x+ y =

√
1− x2

)

=⇒
(
(x− y)2 = 1− x2 (x+ y)2 = 1− x2

)

⇐⇒
(
2x2 − 2xy + y2 = 1 2x2 + 2xy + y2 = 1

)
.

f

y ∈ R x

∀(x, y) ∈ R2, f ′(x+ y) = f ′(x).

x 0

∀y ∈ R, f ′(y) = f ′(0),

f ′

a ∈ R ∀x ∈ R, f ′(x) = a,

b ∈ R ∀x ∈ R, f(x) = ax+ b.

(a, b) ∈ R2,

f : R −→ R, x .−→ ax+ b

R

∀(x, y) ∈ R2, f(x+ y) = f(x) + f(y)

b = 0

{
f : R −→ R, x .−→ ax ; a ∈ R

}
.

f : R −→ R x ∈ R

f(x) =
√

(x− 1)2 + 9 +
√

(x− 8)2 + 16

=
√

x2 − 2x+ 10 +
√

x2 − 16x+ 80.



f C∞ R
x ∈ R

f ′(x) =
2x− 2

2
√
x2 − 2x+ 10

+
2x− 16

2
√
x2 − 16x+ 80

=
x− 1

√
x2 − 2x+ 10

+
x− 8

√
x2 − 16x+ 80

,

f ′′(x) =
1

√
x2 − 2x+ 10

+ (x− 1)
(
−

1

2

)
(x2 − 2x+ 10)−

3
2 (2x− 2)

+
1

√
x2 − 16x+ 80

+ (x− 8)
(
−

1

2

)
(x2 − 16x+ 80)−

3
2 (2x− 16)

=
x2 − 2x+ 10− (x− 1)2

(x2 − 2x+ 10)3/2

+
x2 − 16x+ 80− (x− 8)2

(x2 − 16x+ 80)3/2

=
9

(x2 − 2x+ 10)3/2
+

16

(x2 − 16x+ 80)3/2
> 0.

f ′ R

f ′ R

f ′(x) −→
x −→ −∞

−2 < 0 f ′(x) −→
x −→ +∞

2 > 0.

f ′

x ∈ R

f ′(x) = 0

⇐⇒
x− 1

√
x2 − 2x+ 10

=
8− x

√
x2 − 16x+ 80

=⇒ (x− 1)2(x2 − 16x+ 80) = (8− x)2(x2 − 2x+ 10)

⇐⇒ (x− 1)2
(
(x− 8)2 + 16

)
= (x− 8)2

(
(x− 1)2 + 9

)

⇐⇒ 16(x− 1)2 = 9(x− 8)2

⇐⇒ 4(x− 1) = 3(x− 8) 4(x− 1) = −3(x− 8)

⇐⇒ x = −20 x = 4.

x = −20
f ′(−20) ̸= 0.

f ′(4) =
3

√
32 + 9

+
−4

√
42 + 16

=
1
√
2
−

1
√
2
= 0.

f

x

f ′′(x)

f ′(x)

f ′(x)

f(x)

−∞ 4 +∞

+ +

0

− +

x∈R
f(x) = f(4) =

√
32 + 9 +

√
42 + 16 = 7

√
2.

f

x 0

∀y ∈ R, f(y) = f
(
f(y)

)
,

∀(x, y) ∈ R2, f(x4 + y) = x3f(x) + f(y).

f
y x

∀(x, y) ∈ R2, f ′(x4 + y) = f ′(y).

f ′

y 0 ∀x ∈ R, f ′(x4) = f ′(0),
∀t ∈ R+, f ′(t) = f ′(0), y −x4

∀x ∈ R, f ′(0) = f ′(−x4),

∀t ∈ R−, f ′(0) = f ′(t).

f ′

(a, b) ∈ R2 ∀x ∈ R, f(x) = ax+ b.

(a, b) ∈ R2

f : R −→ R, x .−→ f(x) = ax+ b.

∀(x, y) ∈ R2, f(x4 + y) = x3f(x) + f
(
f(y)

)

⇐⇒ ∀(x, y) ∈ R2,

a(x4 + y) + b = x3(ax+ b) + a(ay + b) + b

⇐⇒ ∀(x, y) ∈ R2, (a− a2)y − bx3 − ab = 0

⇐⇒

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

a− a2 = 0

b = 0

ab = 0

⇐⇒
(
⎧
⎨

⎩

a = 0

b = 0

⎧
⎨

⎩

a = 1

b = 0

)
.

S
{0, R}

f : [0 ; +∞[ −→ R

x .−→ f(x) = 17 + 2x − (x+ 2)2 = 2x − x2 − 4x+ 13

C∞ [0 ; +∞[ x ∈ [0 ; +∞[

f ′(x) = ( 2)2x − 2x− 4, f ′′(x) = ( 2)22x − 2.

f ′′(x) = 0 ⇐⇒ 2x =
2

( 2)2

⇐⇒ x 2 =
( 2

( 2)2

)
⇐⇒ x =

2− 2 2

2
.



α =
2− 2 2

2
≃ 2, 057...

f ′(0) = 2− 4 < 0 f ′(x) −→
x −→ +∞

+∞.

f

x

f ′′(x)

f ′(x)

f(x)

0 α β +∞

− + +

< 0< 0

< 0< 0

+∞+∞
0

[α ; +∞[, β ∈ ]α ; +∞[
f ′(β) = 0.

f
{
f(3) = 23 − 32 − 4 · 3 + 13 = 0

f(5) = 25 − 52 − 4 · 5 + 13 = 0,

{3, 5}.

f : R −→ R,

x .−→ f(x) =
√

x2 + (x− 1)2 +
√

(x+ 1)2 + x2.

f C1 R x ∈ R

f ′(x) =
2x+ 2(x− 1)

2
√

x2 + (x− 1)2
+

2(x+ 1) + 2x

2
√

(x+ 1)2 + x2

=
2x− 1

√
x2 + (x− 1)2

+
2x+ 1

√
(x+ 1)2 + x2

.

x "
1

2
, 2x− 1 " 0 2x+ 1 " 0, f ′(x) " 0.

x #
1

2
.

f ′(x) " 0

⇐⇒
2x+ 1

√
(x+ 1)2 + x2

"
1− 2x

√
x2 + (x− 1)2

⇐⇒
1−2x#0

(2x+ 1)2
(
x2 + (x− 1)2

)

" (1− 2x)2
(
(x+ 1)2 + x2)

⇐⇒ (4x2 + 4x+ 1)(2x2 − 2x+ 1)

" (4x2 − 4x+ 1)(2x2 + 2x+ 1)

⇐⇒
(
(4x2 + 1) + 4x

)(
(2x2 + 1)− 2x

)

"
(
(4x2 + 1)− 4x

)(
(2x2 + 1) + 2x

)

⇐⇒ −2 · 2x(4x2 + 1) + 2 · 4x(2x2 + 1) " 0

⇐⇒ x
(
2(2x2 + 1)− (4x2 + 1)

)
" 0 ⇐⇒ x " 0.

f

x

f ′(x)

f(x)

−∞ 0 1
2 +∞

− 0 + +

f(0) = 2,
∀x ∈ R, f(x) " 2,

f : [0 ; +∞[ −→ R, x .−→ x(2 + x)− 3 x

C∞ x ∈ [0 ; +∞[

f ′(x) = 2− x x− 2 x,

f ′′(x) = −x x+ x, f ′′′(x) = x x.

x ∈ [π ; +∞[

3 x # 3 x(2 + x) " π(2− 1) = π " 3,

3 x # x(2 + x).

x ∈ [0 ; π].

x

f ′′′(x)

f ′′(x)

f ′(x)

f(x)

0 π

0 + 0

∀x ∈ [0 ; π], f(x) " 0,

x ∈ [0 ; π]

x ∈ ]0 ; +∞[
(
1 +

1

x

)x
< <

(
1 +

1

x

)x+1

⇐⇒ x
(
1 +

1

x

)
< 1 < (x+ 1)

(
1 +

1

x

)

⇐⇒
(
1 +

1

x

)
<

1

x

(
1 +

1

x

)
>

1

x+ 1
.

(
1 +

1

x

)
>

1

x+ 1
⇐⇒

x+ 1

x
>

1

x+ 1

⇐⇒
x

x+ 1
< −

1

x+ 1
⇐⇒

(
1−

1

x+ 1

)
< −

1

x+ 1
.

∀t ∈ ]− 1 ; +∞[−{0}, (1 + t) < t.



f : t .−→ (1 + t)− t ]− 1 ; +∞[

∀t ∈ ]− 1 ; +∞[, f ′(t) =
1

1 + t
− 1 = −

t

1 + t
,

f

t

f ′(t)

f(t)

−1 0 +∞

+ 0 −

< 0< 0

00

< 0< 0

∀t ∈ ]− 1 ; +∞[−{0}, f(t) < 0,

∀t ∈ ]− 1 ; +∞[−{0}, (1 + t) < t.

t
1

x
x ∈ ]0 ; +∞[

(
1 +

1

x

)
<

1

x
,

t −
1

x+ 1
x ∈ ]0 ; +∞[,

(
1−

1

x+ 1

)
< −

1

x+ 1
,

u = a, v = b,

(1) ⇐⇒ α
u
α + β

v
β " (α+ β)

u+v
α+β .

u ∈ R

f : R −→ R, v .−→ f(v) = α
u
α + β

v
β − (α+ β)

u+v
α+β .

f R v ∈ R

f ′(v) =
v
β −

u+v
α+β .

f ′(v) > 0 ⇐⇒
v

β
>

u+ v

α+ β
⇐⇒ αv > βu.

f

v

f ′(v)

f(v)

−∞ βu
α

+∞

− 0 +

f
(βu
α

)
= α

u
α + β

u
α − (α+ β)

u+ βu
α

α+β

= α
u
α + β

u
α − (α+ β)

u
α = 0.

∀v ∈ R, f(v) " 0,

v =
βu

α
.

v =
βu

α
⇐⇒ b =

β

α
a ⇐⇒ α b = β a

⇐⇒ bα = aβ .

bα = aβ .

α = 2, β = 3,

∀(a, b) ∈ ]0 ; +∞[2, 2a
1
2 + 3b

1
3 " 5(ab)

1
5 .

n ∈ N, ϕn,ψn : R+ −→ R
x ∈ R+

⎧
⎨

⎩

ϕn(x) = (−1)n+1
(

x− Cn(x)
)

ψn(x) = (−1)n+1
(

x− Sn(x)
)
.

n ∀n ∈ N, ϕn " 0 ψn " 0.

n = 0,

∀x ∈ R+,

⎧
⎨

⎩

ϕ0(x) = −( x− 1) = 1− x " 0

ψ0(x) = −( x− x) = x− x " 0.

n ∈ N ϕn " 0 ψn " 0.

C′n+1 = −Sn S′n+1 = Cn+1.
x ∈ R+

C′n+1(x) =
n+1∑

k=1

(−1)k2kx2k−1

(2k)!
=

n+1∑

k=1

(−1)kx2k−1

(2k − 1)!

=
p=k−1

n∑

p=0

(−1)p+1x2p+1

(2p+ 1)!
= −Sn(x)

S′n+1(x) =
n+1∑

k=0

(−1)k(2k + 1)x2k

(2k + 1)!
=

n+1∑

k=0

(−1)kx2k

(2k)!
= Cn+1(x).

x ∈ R+

ϕ′n+1(x) = (−1)n+2(− x− C′n+1(x)
)

= (−1)n
(
− x+Sn(x)

)
= (−1)n+1( x−Sn(x)

)
= ψn(x)

ψ′n+1(x) = (−1)n+2( x− S′n+1(x)
)

= (−1)n+2( x− Cn+1(x)
)
= ϕn+1(x).

ϕ′n+1 = ψn " 0, ϕn+1

ϕn+1(0) = 0, ϕn+1 " 0.

ψ′n+1 = ϕn+1 " 0, ψn+1

ψn+1(0) = 0, ψn+1 " 0.

n+ 1

n ∈ N,
n



f :
[
0 ;

π

2

[
−→ R

x ∈
[
0 ;

π

2

[
,

f(x) =
3 x

x
− x3 =

x(1− 2 x)

x
− x3

= x− x x− x3 = x−
1

2
2x− x3.

f C∞
[
0 ;

π

2

[

x ∈
[
0 ;

π

2

[

f ′(x) = (1 + 2x)− 2x− 3x2,

f ′′(x) = 2 x(1 + 2x) + 2 2x− 6x

= 2 x+ 2 3x+ 2 2x− 6x,

f ′′′(x) = (2 + 6 2x)(1 + 2x) + 4 2x− 6

= 8 2x+ 6 4x+ 4 2x− 4

= 8 2x+ 6 4x− 8 2 x

= 8( 2x− 2 x) + 6 4x.

∀x ∈
]
0 ;

π

2

[
, 0 < x < x < x,

∀x ∈
]
0 ;

π

2

[
, f ′′′(x) > 0.

x

f ′′′(x)

f ′′(x)

f ′(x)

f(x)

0
π
2

0 +

∀x ∈
]
0 ;

π

2

[
, f(x) > 0,

∀x ∈
]
0 ;

π

2

[
,
( x

x

)3
> x.

f : [0 ; +∞[ −→ R, t .−→
t

1 + t
= 1−

1

1 + t
.

f(x) < f(y) + f(z).

f [0 ; +∞[

∀t ∈ [0 ; +∞[, f ′(t) =
1

(1 + t)2
> 0,

f

x # y + z, f(x) # f(y + z).

f(y + z) < f(y) + f(z).

z ∈ ]0 ; +∞[

g : [0 ; +∞[ −→ R, t .−→ f(t) + f(z)− f(t+ z)

[0 ; +∞[ t ∈ [0 ; +∞[

g′(t) = f ′(t)− f ′(t+ z) =
1

(1 + t)2
−

1

(1 + t+ z)2
> 0,

g

g(0) = f(z)− f(z) = 0.

∀t ∈ ]0 ; +∞[, g(t) > 0, g(y) > 0.

f(y + z) < f(y) + f(z).

f(x) < f(y) + f(z),
x

1 + x
<

y

1 + y
+

z

1 + z
.

y ∈ R

f : R∗+ −→ R, x .−→ x x+ y−1 − xy

R∗+ ∀x ∈ R∗+, f ′(x) = 1 + x− y,

f

x

f ′(x)

f(x)

0 y−1 +∞

− 0 +

f( y−1) = y−1(y − 1) + y−1 − y−1y = 0.

∀x ∈ R∗+, f(x) " 0,

∀(x, y) ∈ R∗+ × R, xy # x x+ y−1.

(x, y, z) ∈ R∗+ × R∗+ × R.
(xy, z) (x, y) xyz = (xy)z # xy (xy) + z−1.

xy (xy) = xy x+ xy y = y(x x) + x(y y).

(y, x x) (x, y y)
(x, y)

y(x x) # y y+ x x−1 x(y y) # x x+ y y−1.

xyz #
(
x x+ x x−1)

︸ ︷︷ ︸
f(x)

+
(
y y + y y−1)

︸ ︷︷ ︸
g(y)

+ z−1
︸ ︷︷ ︸

h(z)

.

f :
]
0 ;

π

2

[
−→ R, t .−→ f(t) =

t

t
.

(x, y) ∈ R2 0 < x < y <
π

2

x

y
<

x

y
<
π

2

x

y
⇐⇒

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

y

y
<

x

x

y

y
>

2

π

x

x

⇐⇒
2

π
f(x) < f(y) < f(x).



f

f
]
0 ;

π

2

[

∀t ∈
]
0 ;

π

2

[
, f ′(t) =

t t− t

t2
.

A :
[
0 ;

π

2

[
−→ R, t .−→ t t− t

[
0 ;

π

2

[
t ∈

[
0 ;

π

2

[

A′(t) = −t t # 0 ( < 0 t ̸= 0),

A A(0) =

0, ∀t ∈
]
0 ;

π

2

[
, A(t) < 0,

∀t ∈
]
0 ;

π

2

[
, f ′(t) < 0,

f

f(t) =
t

t
−→

t −→ 0+
1 f

(π
2

)
=

2

π
.

t

f ′(t)

f(t)

0
π

2

−

1 2

π

2

π

f

(x, y) ∈ R2 0 < x < y #
π

2

1 > f(x) > f(y) "
2

π
.

f(y) < f(x).

f(y)

f(x)
> f(y) 0 < f(x) < 1,

f(y)

f(x)
>

2

π
.

n ∈ N∗, x ∈ ]0 ; +∞[

f : ]0 ; +∞[ −→ R, y .−→ (n− 1)x+
yn

xn−1
− ny.

f

∀y ∈ ]0 ; +∞[, f ′(y) =
nyn−1

xn−1
− n =

n

xn−1
(yn−1 − xn−1).

f(x) = (n− 1)x+ x− nx = 0.

f

y

f ′(y)

f(y)

0 x +∞

− 0 +

∀y ∈ ]0 ; +∞[, f(y) " 0,

x1, ..., xn

" 0.
x1, ..., xn > 0.

n

n = 1,

n = 2,
√
x1x2 #

x1 + x2

2

2
√
x1x2 #

x1 + x2

2
⇐⇒ 4x1x2 # (x1 + x2)

2

⇐⇒ x2
1 − 2x1x2 + x2

2 " 0 ⇐⇒ (x1 − x2)
2 " 0.

n − 1
> 0.

(x1, ..., xn) ∈ (R∗+)n

x =
x1 + · · ·+ xn−1

n− 1
, y =

[
xn

(x1 + · · ·+ xn−1

n− 1

)n−1]1/n
,

yn

xn−1
= xn.

x1 + · · ·+ xn = (x1 + · · ·+ xn−1) + xn = (n− 1)x+ xn

= (n− 1)x+
yn

xn−1
" ny = n

[
xn
(x1 + · · ·+ xn−1

n− 1

)n−1]1/n

" n
[
xn(x1 · · ·xn−1)

]1/n
= n(x1 · · ·xn)

1/n,

x1 + · · ·+ xn

n
" n
√
x1 · · ·xn.



I R f : I −→ R I

∀x ∈ I, f ′(x) > 0,

f I

I R f : I −→ R I
I

∀x ∈ I, f ′(x) > 0.

f : R∗ −→ R R∗ f ′ = 0 f
R∗

f : R −→ R ] −∞ ; 0] [0 ; +∞[
f 0

f : R −→ R R f−1

R

u, v : I −→ R I R uv
I (uv)′ = u′v′

u, v, w : I −→ R I R uvw
I

(uvw)′ = u′vw + uv′w + uvw′.

f : I −→ R I R g : J −→ R
J R f(I) ⊂ J g ◦ f I

(g ◦ f)′ = (g′ ◦ f)f ′.

f : I −→ R a I
(

a, f(a)
)

f
y − f(a) = f ′(a)(x− a).

f : R −→ R, x -−→
√

|x|3 0



I = R, f : x -−→ x3

f R f ′(0) = 0.

f : R∗ −→ R, x -−→

{

−1 x < 0

1 x > 0.

R∗ R

∀x ∈ R, f(x) # f(0), f 0

f : R −→ R, x -−→ x3

f R f−1 : R −→ R, y -−→ 3
√
y

0

u : x -−→ x, v : x -−→ x

(uv)′ = u′v + uv′

(uvw)′ =
(

(uv)w
)′

= (u′v + uv′)w + (uv)w′ = u′vw + uv′w + uvw′

f(x)− f(0)

x− 0
=

√

|x|3

x
=

|x|
x

√

|x| −→
x −→ 0

0,
|x|
x

√

|x| −→
x −→ 0

0



∑ ∏

, , a, a,



a(x) =
x

a
.

➟

2x+ x2 =
5

2
,

x ∈ ]1 ; +∞[

x ∈ ]1 ; +∞[ t =
x

2
∈ ]0 ; +∞[

2x+ x2 =
5

2
⇐⇒

x

2
+

2

x
=

5

2

⇐⇒ t+
1

t
=

5

2

⇐⇒ 2t2 − 5t+ 2 = 0

⇐⇒ t ∈
{1

2
, 2
}

⇐⇒ x ∈
{ 2

2
, 2 2

}

⇐⇒ x ∈
{ √

2, 4
}

⇐⇒ x ∈ {
√
2, 4}.

S = {
√
2, 4}.

➟

x = y,

x ∈ R
y ∈ R

(x, y) ∈ R2

x = y ⇐⇒
x − −x

2
= y

⇐⇒ x − 2y − −x = 0 ⇐⇒ 2x − 2y x − 1 = 0.

X = x

x = y ⇐⇒ X2 − 2yX − 1 = 0.

X



∆ = 4(y2 + 1) > 0,

X1 = y −
√

1 + y2, X2 = y +
√

1 + y2.

X = x > 0 X1 < 0 X2 > 0

X = y +
√

1 + y2.

∀(x, y) ∈ R2,
(

x = y ⇐⇒ x =
(
y +

√
1 + y2

))
.

x = y,

x ∈ [0 ; +∞[

y ∈ [1 ; +∞[

(x, y) ∈ [0 ; +∞[×[1 ; +∞[

x = y ⇐⇒
x + −x

2
= y

⇐⇒ x − 2y + −x = 0 ⇐⇒ 2x − 2y x + 1 = 0.

X = x

x = y ⇐⇒ X2 − 2yX + 1 = 0.

X

∆ = 4(y2 − 1) " 0

X1 = y −
√

y2 − 1, X2 = y +
√

y2 − 1.

y = 1

y > 1 X = x > 1

0 < X1 < X2 X1X2 = 1, X1 < 1 < X2

X = X2.

∀(x, y) ∈ [0 ; +∞[×[1 ; +∞[,
(

x = y ⇐⇒ x =
(
y +

√
y2 − 1

))
.

x = y,

x ∈ R
y ∈ ]− 1 ; 1[

(x, y) ∈ R× ]− 1 ; 1[

x = y ⇐⇒
x

x
= y

⇐⇒
x − −x

x + −x
= y

⇐⇒
2x − 1
2x + 1

= y

⇐⇒ 2x − 1 = y 2x + y

⇐⇒ (1− y) 2x = 1 + y

⇐⇒ 2x =
1 + y

1− y

⇐⇒ x =
1

2

1 + y

1− y
.

∀(x, y) ∈ R× ]− 1 ; 1[,
(

x = y ⇐⇒ x =
1

2

1 + y

1− y

)
.



: R −→ R, y .−→
(
y +

√
y2 + 1

)
,

: [1 ; +∞[ −→ R, y .−→
(
y +

√
y2 − 1

)
,

: ]− 1 ; 1[ −→ R, y .−→
1

2

1 + y

1− y
.

x ∈ R

2 x+ 2 x = 1, | x| # 1, | x| # 1, | x| # |x|.

➟

x ∈ R

6 x+ 6 x =
1

4
.

x ∈ R

6 x+ 6 x =
1

4

⇐⇒ ( 2 x+ 2 x
︸ ︷︷ ︸

= 1

)( 4 x− 2 x 2 x+ 4 x) =
1

4

⇐⇒ ( 2 x+ 2 x
︸ ︷︷ ︸

= 1

)2 − 3 2 x 2 x =
1

4

⇐⇒ 2 x 2 x =
1

4

⇐⇒ 2 2x = 1

⇐⇒ 2x = ±1

⇐⇒ 2x =
π

2
+ kπ, k ∈ Z

⇐⇒ x =
π

4
+ k

π

2
, k ∈ Z.

S =
{π
4
+ k

π

2
; k ∈ Z

}
.

x ∈
]
0 ;

π

2

[ 3x

x
=

1

2
.

3x

x
.

x ∈ R

3x = (2x+ x)

= 2x x− 2x x

= (2 2 x− 1) x− 2 2 x x

= (2 2 x− 1) x− 2(1− 2 x) x

= x(4 2 x− 3),



3x = (2x+ x) = 2x x+ x 2x

= 2 x 2 x+ x(2 2 x− 1)

= x(4 2 x− 1),
x ∈ ]0 ; π/2[

3x

x
= 4 2 x− 3

3x

x
= 4 2 x− 1.

3x

x
=

3x

x
+ 2 =

1

2
+ 2 =

5

2
.

➟

2x x+ 3(x− 1) = 0,

x ∈ ]0 ; +∞[

f : ]0 ; +∞[ −→ R, x .−→ 2x x+3(x−1)
]0 ; +∞[ x ∈ ]0 ; +∞[

f ′(x) = 2( x+ 1) + 3 = 2 x+ 5,

f

x

f ′(x)

f(x)

0 −5/2 +∞

− 0 +

x x −→
x −→ 0

0, f(x) −→
x −→ 0

−3,

f(x) −→
x −→ +∞

+∞.

f f ]0 ; +∞[

f(1) = 0

S = {1}

f ➟

f



x ∈ R

f(x) =

√
1− x

2
.

f 2π

x ∈ [0 ; π]

f(x) =

√
2 2 x

2

2
=

∣∣∣
x

2

∣∣∣

=
( x

2

) x

2
∈ [0 ; π/2] ⊂ [0 ; π]

=
( (π

2
−

x

2

))

=
π

2
−

x

2

π

2
−

x

2
∈ [0 ; π/2] ⊂ [0 ; π].

➟

∀x ∈ R∗, x+
1

x
= ε

π

2
,

ε = −1 x < 0 ε = 1 x > 0

f : R∗ −→ R, x .−→ x+
1

x

]0 ; +∞[ x ∈ ]0 ; +∞[

f ′(x) =
1

1 + x2
+
(
−

1

x2

) 1

1 +
( 1
x

)2

=
1

1 + x2
−

1

x2 + 1
= 0,

f ]0 ; +∞[

f(1) = 2
π

4
=
π

2
,

∀x ∈ ]0 ; +∞[, f(x) =
π

2
.

f

∀x ∈ ]−∞ ; 0[, f(x) = −f(−x) = −
π

2
.

➟



x ∈ R

x+ (
√
15x) =

π

2
.

x ∈ R
√
15x ∈ [−1 ; 1]

x ∈ [−1/
√
15 ; 1/

√
15] x < 0

< 0 x " 0

x ∈ [0 ; 1/
√
15]

x+ (
√
15x) =

π

2

⇐⇒ (
√
15x)

︸ ︷︷ ︸
∈[0 ; π/2]

=
π

2
− x

︸ ︷︷ ︸
∈[0 ; π/2]

⇐⇒
(

(
√
15x)

)
=

(π
2
− x

)

⇐⇒
√
15x =

√
1− x2

⇐⇒
x#0

15x2 = 1− x2

⇐⇒ 16x2 = 1

⇐⇒ x2 =
1

16

⇐⇒
x#0

x =
1

4
,

1/4 ∈ [0 ; 1/
√
15]

S =
{1

4

}
.

x −→ +∞

( x)α

xβ
= 0, (α,β) ∈ R× R∗+

x −→ 0+
xβ | x|α = 0, (α,β) ∈ R× R∗+

x −→ +∞

λx

xα
= +∞, (λ,α) ∈ ]1 ; +∞[×R

x −→ −∞
λx|x|α = 0, (λ,α) ∈ ]1 ; +∞[×R



x −→ +∞

2x( x)3

x4

x −→ 0+
x2
(

(x3)
)3

x −→ −∞
x3 x

(
(−x)

)2

2x( x)3

x4
=

2x

x4
︸ ︷︷ ︸
−→ +∞

( x)3
︸ ︷︷ ︸
−→ +∞

−→
x −→ +∞

+∞.

x2( (x3)
)2

= x2(3 x)3 = 27x2( x)3 −→
x −→ 0

0.

x3 x
(

(−x)
)2

= x4 x
︸ ︷︷ ︸
−→ 0

(
(−x)

)2

x︸ ︷︷ ︸
−→ 0

−→
x −→ −∞

0.

]0 ; +∞[ 2x+ 4x+ 8x =
11

2
.

R2 ( )

⎧

⎨

⎩

x+ y = 4

x+ y = 1.

R 11 x− 11 x = 1.

R2

⎧

⎨

⎩

(x+ y) = 2x

(x− y) = 2y.

x ∈ R 5x− 5x = 1.

n ∈ N∗ An =
n−1
∏

k=0

2kπ

2n − 1
.



π

5

f : ]− π ; π[−{0} −→ R, x -−→ f(x) =
3x− 2x

x
.

f g ]−π ; π[ g
π

5
.

R 3x + 4x = 5x.

R2

⎧

⎨

⎩

x+ x = y + y

x2 + xy + y2 = 27.

f

f(x) = (2x2 − 1).

∀x ∈ [0 ; +∞[, ( x) =
( 1

x

)

.

R (1) x+
x

2
=

π

2
.

θ
1

θ
P ∈ R[ ].

P

∃Q ∈ R[ ], ∀θ ∈
]

−
π

2
;
π

2

[

, P ( θ) = Q
( 1

2 θ

)

.

(x, y) ∈ R2 0 < x < y
y − x

y − x
<

x+ y

2
.

n ∈ N∗
n
∑

k=1

k
(

1 +
1

k

) <
n(n+ 1)(4n+ 5)

12
.

∀x ∈ ]0 ; +∞[,
(

1 +
1

x

)

#
1

√

x(x+ 1)
.



R xx
1
2 =

1

2
.

(x, y) ∈ R2 f(x, y) =
1− xy

√
1 + x2

√

1 + y2
.

(a, b) ∈ [0 ; 1[2 a+ b =
a+ b

1− ab
.

S = 5
1

8
+ 2

1

18
+ 3

1

57
.

ax =
x

a
.

X = x, Y = y .

2 x+ 2 x = 1.

∀t ∈ R, | t| # |t|, 2 t # t2.

x " 0 2x− 2x = 1

a ∈ R− πZ a =
2a

2 a

3x 2x

x π/5

5x,

t .−→ t+ t x = y.

f(x)
2 2 t− 1 = 2t.

.

( ) =⇒ ( ),

2θ
1
2 θ

.

t =
y

x
,

(
1 +

1

k

)
= (k + 1)− k.

x > 0, t = x
1
2

1 + x2

1 + 2t.
t = x u = y

1− xy
√
1− x2

√
1− y2

t u.

t+ u.

[0 ; π/2[



x ∈ ]0 ; +∞[

2x+ 4x+ 8x =
11

2

⇐⇒
x

2
+

x

4
+

x

8
=

11

2

⇐⇒
x

2
+

x

2 2
+

x

3 2
=

11

2

⇐⇒
x

2

(
1 +

1

2
+

1

3

)
=

11

2

⇐⇒
x

2
=

11

2
·
6

11
= 3

⇐⇒ x = 3 2 = 8 ⇐⇒ x = 8.

8.

( ) ⇐⇒

⎧
⎨

⎩

x + y = 5

−x + −y = 3.

X = x, Y = y .

( ) ⇐⇒

⎧
⎪⎨

⎪⎩

X + Y = 5

1

X
+

1

Y
= 3

⇐⇒

⎧
⎨

⎩

X + Y = 5

X + Y = 3XY
⇐⇒

⎧
⎪⎨

⎪⎩

X + Y = 5

XY =
5

3
.

t2 − 5t+
5

3
= 0

∆ = 25− 4
5

3
=

55

3
,

t =
5±

√
55

3
2

=
15±

√
165

6
, > 0.

X Y x y

x = X, y = Y.

( 15−
√
165

6
,

15 +
√
165

6

)

x ∈ R t = −x.
11 t+ 11 t = 1.

2 t+ 2 t = 1,

( 2 t− 11 t)
︸ ︷︷ ︸

#0

+( 2 t− 11 t)
︸ ︷︷ ︸

#0

= 0,

⎧
⎨

⎩

2 t− 11 t = 0

2 t− 11 t = 0
,

⎧
⎨

⎩

t ∈ {0, 1}

t ∈ {0, 1}
,

t ≡ 0 [2π] t ≡
π

2
[2π],

x ≡ 0 [2π] x ≡ −
π

2
[2π].

S
S =

(
−
π

2
+ 2πZ

)
∪ 2πZ.

(x, y)
2(x+ y) + 2(x− y) = 4x2 + 4y2.

∀t ∈ R, | t| # |t|,

2(x+ y) + 2(x− y) # (x+ y)2 + (x− y)2 = 2x2 + 2y2.

4(x2 + y2) # 2(x2 + y2),

x2 + y2 = 0, x = y = 0.

(0, 0).

x = 0

x ∈ R x ̸= 0
5x = 5x− 1 > 0, x > 0 x > 0
⎧
⎨

⎩

5x− 5x = 1

2x− 2x = 1

5x− 2x = 5x− 2x,
2x( 3x− 1) = 2x( 3x− 1).

3x− 1 =
2x( 3x− 1)

2x
> 0.

⎧
⎨

⎩

2x > 2x > 0

3x− 1 > 3x− 1 > 0,

2x( 3x− 1) > 2x( 3x− 1),

S = {0}

a ∈ R 2a = 2 a a,

a ∈ R− πZ a =
2a

2 a
.

n ∈ N n " 2.

∀k ∈ {0, ..., n− 1},
2kπ

2n − 1
∈ ]0 ; π[⊂ R− πZ.



An =
n−1∏

k=0

2kπ

2n − 1
=

n−1∏

k=0

2k+1π

2n − 1

2
2kπ

2n − 1

=
1

2n

n−1∏

k=0

2k+1π

2n − 1
2kπ

2n − 1

=
1

2n

2nπ

2n − 1
π

2n − 1

.

2nπ

2n − 1
= π +

π

2n − 1
,

2nπ

2n − 1
= −

π

2n − 1
, An = −

1

2n
.

A1 = π = −1.

∀n ∈ N∗, An =

⎧
⎪⎨

⎪⎩

−1 n = 1

−
1

2n
n " 2.

2x = 2 x x, 2x = 2 2 x− 1,

3x = (2x+ x) = 2x x+ x 2x

= 2 x 2 x+ x(2 2 x− 1) = x(4 2 x− 1).

x ∈ ]− π ; π[−{0}

f(x) =
3x− 2x

x

=
x(4 2 x− 1)− 2 x x

x

= 4 2 x− 2 x− 1.

g : ]− π ; π[ −→ R, x .−→ g(x) = 4 2 x− 2 x− 1

f ]−π ; π[

a =
π

5
.

a ∈ ]− π ; π[−{0} f(a) =

3π

5
−

2π

5
π

5

= 0,

3π

5
=

(
π −

3π

5

)
=

2π

5
.

g(a) = f(a) = 0,

4 2 a− 2 a− 1 = 0.

∆ ∆ = 4 + 16 = 20, a =
2±
√
20

8
=

1±
√
5

4
.

a " 0,
π

5
=

1 +
√
5

4
≃ 0, 809...

2

32 + 42 = 9 + 16 = 25 = 52.

x ∈ R

3x + 4x = 5x ⇐⇒
(3
5

)x
+
(4
5

)x
= 1.

f : R −→ R
x ∈ R

f(x) =
(3
5

)x
+
(4
5

)x
− 1 = x 3

5 + x 4
5 − 1.

f R x ∈ R

f ′(x) =
( 3

5

)

︸ ︷︷ ︸
<0

x 3
5

︸ ︷︷ ︸
>0

+
( 4

5

)

︸ ︷︷ ︸
<0

x 4
5

︸ ︷︷ ︸
>0

< 0.

f R,

2.

f : R −→ R, t .−→ t+ t R
∀t ∈ R, f ′(t) = 1 + t > 0, f

x+ x = y + yy ⇐⇒ x = y.

x2+xy+y2 = 27 ⇐⇒ 3x2 = 27 ⇐⇒ x2 = 9 ⇐⇒ x = ±3.

{
(−3, −3), (3, 3)

}
.

x ∈ R

−1 # 2x2 − 1 # 1 ⇐⇒ 0 # 2x2 # 2

⇐⇒ x2 # 1 ⇐⇒ x ∈ [−1 ; 1],

(f) = [−1 ; 1].
f

x ∈ [0 ; 1].

f(x)

x ∈ [0 ; 1]. t = x ∈
[
0 ;

π

2

]
.

f(x) = (2x2−1) = (2 2 t−1) = ( 2t).

2t ∈ [0 ; π], f(x) = 2 x.

f

x ∈ [0 ; 1]
2

x′x y′y 2
y′y.



x

y

O

π

π
2

1−1

f, g : [0 ; +∞[ −→ R
x ∈ [0 ; +∞[

f(x) = ( x), g(x) =
( 1

x

)
.

f g [0 ; +∞[,
]0 ; +∞[, x ∈ ]0 ; +∞[

f ′(x) =
x

1 + 2x
=

x
2x

=
1

x
,

g(x) = −
1

√

1−
1
2x

·
− x

2x
=

x
√

2x− 1
·

x
2x

=
1

x
,

f ′ = g′.

C ∈ R ∀x ∈ [0 ; +∞[, f(x) = g(x)+C.

x 0 f(0) = 0 g(0) = 0,
C = 0 f = g.

x ∈ [−1 ; 1]

(1) ⇐⇒
x

2
=
π

2
− x.

[
−
π

2
;
π

2

]
[0 ; π],

(1) ⇐⇒

⎧
⎪⎪⎨

⎪⎪⎩

π

2
− x ∈

[
−
π

2
;
π

2

]
(2)

( x

2

)
=

(π
2
− x

)
(3).

(3) ⇐⇒
x

2
= ( x) ⇐⇒

x

2
=
√

1− x2

⇐⇒

⎧
⎨

⎩

x " 0

x2 = 4(1− x2)
⇐⇒

⎧
⎨

⎩

x " 0

5x2 = 4
⇐⇒ x =

2
√
5
.

x =
2
√
5
,

x

π

2
− x ∈

[
0 ;

π

2

]
⊂
[
−
π

2
;
π

2

]
,

x

2
√
5
.

( ) =⇒ ( )

P n ∈ N, a0, ..., an ∈ R

P =
n∑

k=0

ak
2k.

θ ∈
]
−
π

2
;
π

2

[

P ( θ) =
n∑

k=0

ak
2kθ =

n∑

k=0

ak(
2θ)k

=
n∑

k=0

ak

(1− 2 θ
2 θ

)k
=

n∑

k=0

ak

( 1
2 θ
− 1
)k

.

k ∈ {0, ..., n},
( 1

2 θ
− 1
)k

Qk

( 1
2 θ

)
, Qk R[ ].

Q =
n∑

k=0

akQk

P ( θ) =
n∑

k=0

akQk

( 1
2 θ

)
= Q

( 1
2 θ

)
.

( ) =⇒ ( )

Q ∈ R[ ]

∀θ ∈
]
−
π

2
;
π

2

[
, P ( θ) = Q

( 1
2 θ

)
.

x ∈ R. θ = x, x = θ

P (−x) = P (− θ) = P
(

(−θ)
)
= Q

( 1
2(−θ)

)

= Q
( 1

2 θ

)
= P ( θ) = P (x),

P

(1) ⇐⇒ 2(y − x) < (x+ y)( y − x)

⇐⇒ 2
( y
x
− 1
)
<
(
1 +

y

x

) y

x
.

t =
y

x
∈ ]1 ; +∞[,

(1) ⇐⇒ 2(t− 1) < (t+ 1) t ⇐⇒ t > 2
t− 1

t+ 1
.

f : [1 ; +∞[ −→ R, t .−→ f(t) = t− 2
t− 1

t+ 1
.

[1 ; +∞[ t ∈ [1 ; +∞[

f ′(t) =
1

t
− 2

(t+ 1)− (t− 1)

(t+ 1)2
=

1

t
−

4

(t+ 1)2

=
(t+ 1)2 − 4t

t(t+ 1)2
=

(t− 1)2

t(t+ 1)2
" 0 > 0 t ̸= 1.



f [1 ; +∞[.

f(1) = 0, ∀t ∈ ]1 ; +∞[, f(t) > 0,

n ∈ N∗
(k, k + 1) (x, y)

n∑

k=1

k
(
1 +

1

k

) =
n∑

k=1

k
(k + 1)− k

(k + 1)− k
<

n∑

k=1

k
k + (k + 1)

2

=
n∑

k=1

k2 +
1

2

n∑

k=1

k =
n(n+ 1)(2n+ 1)

6
+

1

2

n(n+ 1)

2

=
n(n+ 1)

12

(
2(2n+ 1) + 3

)
=

n(n+ 1)(4n+ 5)

12
.

t = 1 +
1

x
> 1, x =

1

t− 1
,

(1) ⇐⇒ t #
1

√
1

t− 1
·

t

t− 1

⇐⇒ t #
t− 1
√
t

.

u =
√
t > 1, t = u2

(1) ⇐⇒ (u2) #
u2 − 1

u
⇐⇒ 2 u # u−

1

u
.

f : [1 ; +∞[ −→ R, u .−→ f(u) = u−
1

u
− 2 u

[1 ; +∞[ u ∈ [1 ; +∞[

f ′(u) = 1 +
1

u2
−

2

u
=

u2 + 1− 2u

u2
=

(u− 1)2

u2
" 0.

f [1 ; +∞[.

f(1) = 0. f " 0,

x ∈ R x
1
2 x " 0.

0 00
1
2 = 00 = 1 ̸=

1

2
.

x " 1, x
1
2 " 1, xx

1
2 " 1,

x

x ∈ ]0 ; 1[.

t = x
1
2 > 0.

xx
1
2 =

1

2
⇐⇒ x

1
2 x =

1

2

⇐⇒ t (t2) = − 2 ⇐⇒ t t+
2

2
= 0.

f : ]0 ; 1] −→ R, t .−→ f(t) = t t+
2

2
.

f ]0 ; 1]

∀t ∈ ]0 ; 1], f ′(t) = 1 + t,

f

t

f ′(t)

f(t)

0 −1 1

− 0 +

2
2
2

2
2

2
2

2

f( −1) = − −1 +
2

2
≃ −0, 021 < 0.

f

f
(1
2

)
=

1

2

1

2
+

2

2
= 0, f

(1
4

)
=

1

4

1

4
+

2

2
= 0.

f(t) = 0 ⇐⇒ t ∈
{1

4
,
1

2

}
.

x = t2, { 1

16
,
1

4

}
.

x =
1

16
, x

1
2 =

( 1

16

) 1
2 =

1

4
, xx

1
2 =

( 1

16

) 1
4 =

1

2

x =
1

4
, x

1
2 =

(1
4

) 1
2 =

1

2
, xx

1
2 =

(1
4

) 1
2 =

1

2
.

(x, y) ∈ R2. t = x, u = y.

x = t, y = u, (t, u) ∈
]
−
π

2
;
π

2

[2
.

1− xy
√
1 + x2

√
1 + y2

=
1− t u

√
1 + 2t

√
1 + 2u

=
1− t u

1

| t|
1

| u|

=
1− t u

1

t

1

u

= t u− t u = (t+ u).

(t + u) ∈ [−1 ; 1]
[−1 ; 1], f R2.

t+ u ∈ ]− π ; π[.

t+ u ∈ [0 ; π[

f(x, y) =
(

(t+ u)
)
= t+ u = x+ y.

t+ u ∈ ]− π ; 0]

−(t+ u) ∈ [0 ; π[

f(x, y) =
(

(t+ u)
)
=

( (
− (t+ u)

))

= −(t+ u) = −( x+ y).

t+ u " 0 ⇐⇒ x " − y

⇐⇒ x " (−y) ⇐⇒ x " −y ⇐⇒ x+y " 0.



∀(x, y) ∈ R2, f(x, y) = (x+ y)( x+ y),

: R −→ R

∀a ∈ R, (a) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

−1 a < 0

0 a = 0

1 a > 0.

(a, b) ∈ [0 ; 1[2.

u = a, v = b.

(u+ v) =
u+ v

1− u v
=

a+ b

1− ab
.

(u, v) ∈
[
0 ;

π

4

[2
, u+ v ∈

[
0 ;

π

2

[

u+ v =
a+ b

1− ab
,

S = 2
( 1

8
+

1

18

)

+3
( 1

8
+

1

57

)

= 2

1

8
+

1

18

1−
1

8
·
1

18

+ 3

1

8
+

1

57

1−
1

8
·
1

57

= 2
2

11
+ 3

1

7

= 2
( 2

11
+

1

7

)
+

1

7

= 2

2

11
+

1

7

1−
2

11
·
1

7

+
1

7

= 2
1

3
+

1

7

=
( 1

3
+

1

7

)
+

1

3

=

1

3
+

1

7

1−
1

3
·
1

3

+
1

3

=
1

2
+

1

3

=

1

2
+

1

3

1−
1

2
·
1

3

= 1 =
π

4
.



∀x ∈ R, (2x) = 2 2x− 1

∀x ∈ R, (2x) = 2 2x− 1

: R −→ R

∀x ∈ R, | x| # |x|

(x+ x)√
x

−→
x −→ +∞

0.

( x)3x2 −x −→
x −→ +∞

0

[−1 ; 1] ] − 1 ; 1[ −1
1

∀x ∈ ]0 ; +∞[, x+
1

x
=

π

2

∀x ∈ [−1 ; 1], x+ x =
π

2

∀x ∈ R, ( x) = x



(2x) =
2x + −2x

2
=

( x + −x)2 − 2

2
= 2

( x + −x

2

)2
− 1 = 2 2x− 1.

x = 0 2x = 0 2 2x− 1 = −1
2x = 2 x x

−∞ −∞ +∞
+∞

f : x -−→ x− x g : x -−→ x+ x R+

x ∈ R+ f ′(x) = 1− x " 0 g′(x) = 1 + x " 0 f g
R+

f(0) = 0 g(0) = 0 f " 0 g " 0
∀x ∈ R+, | x| # x = |x|

x ∈ R− | x| = | (−x)| # −x = |x|

(x + x)
x

(x+ x)√
x

=

(
x(x −x + 1)

)

√
x

=
x+ (1 + x −x)√

x

=
√
x+

(1 + x −x)√
x

−→
x −→ +∞

+∞

( x)3x2 −x =
( x)3

x
︸ ︷︷ ︸

−→ 0

x3 −x
︸ ︷︷ ︸

−→ 0

−→
x −→ +∞

0

f : ]0 ; +∞[ −→ R, x -−→ x+
1

x
]0 ; +∞[

x ∈ ]0 ; +∞[

f ′(x) =
1

1 + x2
+
(

−
1

x2

) 1

1 +
( 1

x

)2 =
1

1 + x2
−

1

1 + x2
= 0,

f ]0 ; +∞[

f(1) = 2 (1) = 2
π

4
=

π

2
,

x ∈ [−1 ; 1], t = x
x = t t ∈ [−π/2 ;π/2] π/2 − t ∈ [0 ;π] (π/2 − t) = t

π

2
− t = x

x = π

∀x ∈ [−π/2 ;π/2], ( x) = x





I(x) =

∫

f(x)g(x) x,

f
g

∫

u′(x)v(x) x = u(x)v(x)−
∫

u(x)v′(x) x.

➟

I(x) =

∫
x

x3
x

x ∈ ]0 ; +∞[

⎧
⎪⎨

⎪⎩

u = x

v′ =
1

x3
= x−3

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

u′ =
1

1 + x2

v =
x−2

−2
= −

1

2x2

u, v C1 ]0 ; +∞[

I(x) = −
1

2x2
x−

∫
−

1

2x2

1

1 + x2
x

= −
x

2x2
+

1

2

∫
1

x2(1 + x2)
x

= −
x

2x2
+

1

2

∫ ( 1

x2
−

1

1 + x2

)
x

= −
x

2x2
+

1

2

(
−

1

x
− x

)
+ C,

C ]0 ; +∞[

I(x) =

∫

P (x) αx x,

P ∈ K[ ], α ∈ K∗

Q ∈ K[ ] P
I(x) = Q(x) αx + . Q

➟



x ∈ R

I(x) =

∫
x2 x

2 x

(a, b, c) ∈ R3

∀x ∈ R, I(x) = (ax2 + bx+ c)
x
2 + C,

C R

(a, b, c)

x2 x
2 =

(1
2
(ax2 + bx+ c) + (2ax+ b)

)
x
2

=
(1
2
ax2 +

(1
2
b+ 2a

)
x+

(1
2
c+ b

))
x
2 .

1

2
a = 1,

1

2
b+ 2a = 0,

1

2
c+ b = 0.

a = 2, b = −4a = −8, c = −2b = 16.

I(x) = (2x2 − 8x+ 16)
x
2 + C,

C R

I(x) =

∫

P (x) βx x,

J(x) =

∫

P (x) βx x,

P ∈ R[ ], β ∈ R∗

I(x) + J(x) =

∫

P (x) βx x

➟

x ∈ R

I(x) =

∫
x x x

A(x) =

∫
x x x.

A(x) + I(x) =

∫
x( x+ x) x =

∫
x x x.

(a, b) ∈ C2

∀x ∈ R, A(x) + I(x) = (ax+ b) x + C,

C R

∀x ∈ R, x x =
(

(ax+ b) + a
)

x



1 = a, 0 = b+ a,

a =
1

= − , b = −
a

= a = 1.

∫
x x x = (− x+ 1) x + C,

C R

A(x) + I(x) = (− x+ 1)( x+ x) + C

= ( x+ x x) + ( x− x x) + C,

I(x) = x− x x+ C1,

C1 R

∫

P (x) αx βx x,

∫

P (x) αx βx x,

P ∈ R[ ] α ∈ K∗

β ∈ R∗

I(x) =

∫

P (x) αx βx x,

J(x) =

∫

P (x) αx βx x,

I(x) + J(x) =

∫

P (x) (α+ β)x x,

➟

➟



I(x) =

∫
1

(x+ 1)(x+ 2)
x

x ∈ ]− 1 ; +∞[

I(x) =

∫ ( 1

x+ 1
−

1

x+ 2

)
x

=

∫
1

x+ 1
x−

∫
1

x+ 2
x

= (x+ 1)− (x+ 2) + C,

C ]− 1 ; +∞[

x
x
∫

R( x, x) x

R

ω(x) = R( x, x) x
x ω(x)

x, ω(−x) = ω(x),
t = x.

x ω(π − x) = ω(x),
t = x.

x ω(π + x) = ω(x),
t = x.

t =
x

2
.

➟

I(x) =

∫
2 x 2 x x

x ∈ R

2 x 2 x =
1

4
2 2x =

1

8
(1− 4x),

I(x) =
1

8

∫
(1− 4x) x =

1

8

(
x−

4x

4

)
+ C,

C R

I(x) =

∫ 3 x
2 x

x

x ∈ ]− π/2 ; π/2[

ω(x) =
3 x
2 x

x, ω(−x) = ω(x)

t = x

I(x) =

∫ 2 x x
2 x

x

=

∫
1− t2

t2
(− t) =

∫ (
1−

1

t2

)
t = t+

1

t
+ C

= x+
1

x
+ C,

C ]− π/2 ; π/2[



I(x) =

∫
x

x

x ∈ ]− π/2 ; π/2[

ω(x) =
x

x
, ω(π−x) = ω(x)

t = x

I(x) =

∫
1

x
x =

∫
x

2 x
x

= −
∫

t

1− t2
= −

1

2

∣∣∣
1 + t

1− t

∣∣∣+ C

= −
1

2

1 + x

1− x
+ C,

C ]− π/2 ; π/2[

I(x) =

∫
1

3 + 2 x
x

x ∈ ]− π/2 ; π/2[

ω(x) =
x

3 + 2 x
, ω(π+ x) = ω(x)

t = x

I(x) =

∫
1

3 +
1

1 + t2

t

1 + t2
=

∫
1

4 + 3t2
t

=
1

4

∫
1

1 +
(√

3
t

2

)2 t =
1

2
√
3

(√
3
t

2

)
+ C

=
1

2
√
3

(√
3

x

2

)
+ C,

C ]− π/2 ; π/2[

x x

I(x) =

∫

R( x, x) x

R

ω(x) = R( x, x) x,
x x x x

x ω(x).

x ω(−x) = ω(x),
t = x.

x ω(π − x) = ω(x),
t = x.

x ω(π + x) = ω(x),
t = x.

t =
x

2
,

u = x.

➟



x ∈ R

I(x) =

∫
x x

∫
x x, ω(x) = x x, ω(−x) =

ω(x)
t = x t = x

I(x) =

∫
x x =

∫
x

x
x =

∫
t

t
= |t|+ C = x+ C,

C R

I(x) =

∫

f(x) x,

ϕ(x)
f(x)

t = ϕ(x), ϕ′(x)
f(x).

➟

x.

x ∈ ]1 ; +∞[

I(x) =

∫
2 + x

x(1 + x)3
x

t = 1 + x, t =
x

x

I(x) =

∫
1 + t

t3
t =

∫ (
t−3 + t−2) t

=
t−2

−2
+

t−1

−1
+ C = −

1

2t2
−

1

t
+ C

= −
1

2(1 + x)2
−

1

1 + x
+ C = −

3 + 2 x

2(1 + x)2
+ C,

C ]1 ; +∞[

x

n

√

ax+ b

cx+ d
∫

R
(

x, n

√

ax+ b

cx+ d

)

x

t = n

√

ax+ b

cx+ d
,

t



I(x) =

∫ √
x

(1− x)3
x

x ∈ ]0 ; 1[

I(x) =

∫
1

1− x

√
x

1− x
x.

t =

√
x

1− x
, x =

t2

1 + t2
, x =

2t

(1 + t2)2
t,

I(x) =

∫
1

1−
t2

1 + t2

t
2t

(1 + t2)2
t =

∫
2t2

1 + t2
t

= 2

∫ (
1−

1

1 + t2

)
t = 2(t− t) + C

= 2

√
x

1− x
− 2

√
x

1− x
+ C,

C ]0 ; 1[

➟

I =

∫ π/2

0
x( 3 x+ 3 x) x.

t =
π

2
− x,

I =

∫ 0

π/2

(π
2
−t)( 3 t+ 3 t)(− t) =

∫ π/2

0

(π
2
−t
)
( 3 t+ 3 t) t

=
π

2

∫ π/2

0
( 3 t+ 3 t) t

︸ ︷︷ ︸
J

−
∫ π/2

0
t( 3 t+ 3 t) t

︸ ︷︷ ︸
I

,

2I =
π

2
J.

J

u =
π

2
− t

J =

∫ π/2

0

3 t t−
∫ π/2

0

3 t t =

∫ π/2

0

3 t t+

∫ 0

π/2

3 u u

= 2

∫ π/2

0

3 u u

︸ ︷︷ ︸
K

.

y = u

K =

∫ π/2

0

2 u u u =

∫ 1

0
(1− y2) y =

[
y −

y3

3

]1

0
= 1−

1

3
=

2

3
.

J = 2K =
4

3
, I =

π

4
J =

π

3
.



x

∫

x2 x x,
∫

x2 x x

∫

x2 x x,

∫

(−x3 + x2 − 2x+ 3) −x x.

x

∫
1

x(x+ 1)(x+ 2)
x

∫
x5 + x3 − x+ 1

x2(x2 + 1)
x

∫
x4

x10 + 1
x.

x x

x

∫

4 x x

∫

x 2x 3x x

∫ 3 x
8 x

x

∫ 3 x

(2 + x)2
x

∫
x− x

4 + x+ x
x

∫ π/4

0

x

x+ x
x.

x x

x

∫

4x x
∫

x 3x x

∫
1

x 3x
x.

∫

x x x x.



x

∫
3 + x

(4 + x)2
x

∫ 2x

√
x + 1

x

∫ √

x2
√
x+ x x.

x

∫ √
x

(1− x)
3
2

x

∫
x

x2
x.

x x

I =

∫ π/2

0

x

3 + x
.

x x
∫

1

3 + x
x

I =

∫ a

1/a

x

x
x, a ∈ [1 ; +∞[

I =

∫ π/4

0
(1 + x) x, J =

∫ 1

0

(1 + x)

1 + x2
x K =

∫ 1

0

x

1 + x
x.



x.

t = x5

(x5)2

x4 x.

t = x

t = x

t = x.

t = x

t = x

t =
√

x + 1.

t =
√
x,

u = t3 + 1.

√
x

t =
√
x.

t = x2

t =
x

2
.

t =
x

2
, u = x,

y =
1

x
.

t =
π

4
− x. J,

t = x. K



f : x .−→ x2 x
D = ]0 ; +∞[ f D

I(x) =

∫
f(x) x x ∈ D.

C1

⎧
⎨

⎩

u′(x) = x2

v(x) = x

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

u(x) =
x3

3

v′(x) =
1

x
,

I(x) =

∫
x2 x x =

x3

3
x−

∫
x3

3
·
1

x
x

=
x3

3
x−

1

3

∫
x2 x =

1

3
x3 x−

1

9
x3 + C,

C

f : x .−→ x2 x g : x .−→ x2 x
D = R

D I(x) =

∫
f(x) x J(x) =

∫
g(x) x

x ∈ D.

I(x) + J(x) =

∫
x2 x x.

(a, b, c) ∈ C3

∫
x2 x x = (ax2 + bx+ c) x.

x ∈ D

x2 x =
x

(
(ax2 + bx+ c) x

)

= (ax2 + bx+ c) x + (2ax+ b) x

=
(

ax2 + ( b+ 2a)x+ ( c+ b)
)

x.

a = 1, b+ 2a = 0, c+ b = 0.

a =
1

= − , b = −
2a

= 2, c = −
b
= 2 .

∫
x2 x x = (− x2 + 2x+ 2 ) x + C, C

I(x) + J(x) = (− x2 + 2x+ 2 )( x+ x) + C

= (x2 x+ 2x x− 2 x)

+ (−x2 x+ 2x x+ 2 x) + C,

⎧
⎨

⎩

I(x) = x2 x+ 2x x− 2 x+ C1

J(x) = −x2 x+ 2x x+ 2 x+ C2,

C1, C2

f : x .−→ (−x3 + x2 − 2x + 3) −x

D = R D,

I(x) =

∫
f(x) x x ∈ D.

(a, b, c, d) ∈ R4 x ∈ D

I(x) = (ax3 + bx2 + cx+ d) −x + C,

C

x ∈ R

I′(x) = (3ax2 + 2bx+ c) −x − (ax3 + bx2 + cx+ d) −x

=
(
− ax3 + (3a− b)x2 + (2b− c)x+ (c− d)

) −x.

(a, b, c, d)

−a = −1, 3a− b = 1, 2b− c = −2, c− d = 3.

a = 1, b = 3a− 1 = 2, c = 2b+ 2 = 6, d = c− 3 = 3.

I(x) = (x3 + 2x2 + 6x+ 3) −x + C,
C

f : x .−→
1

x(x+ 1)(x+ 2)
D = R − {−2, −1, 0} f D

I(x) =

∫
f(x) x x ∈ D.

1

( + 1)( + 2)
=

a
+

b

+ 1
+

c

+ 2
,

(a, b, c) ∈ R3

0,

a =
1

2
.

+ 1 −1
b = −1.

+ 2 −2
c =

1

2
.

1

( + 1)( + 2)
=

1

2

1
−

1

+ 1
+

1

2

1

+ 2
,



I(x) =

∫ (1
2

1

x
−

1

x+ 1
+

1

2

1

x+ 2

)
x

=
1

2

∫
1

x
x−

∫
1

x+ 1
x+

1

2

∫
1

x+ 2
x

=
1

2
|x|− |x+ 1|+

1

2
|x+ 2|+ C(x),

C : D −→ R
D,

C : D = R− {−2, −1, 0} −→ R,

x .−→ C(x) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

C1 x < −2

C2 − 2 < x < −1

C3 − 1 < x < 0

C4 0 < x,

(C1, C2, C3, C4) ∈ R4.

I(x) =

√
|x(x+ 2)|
(x+ 1)2

+ C(x).

f : x .−→
x5 + x3 − x+ 1

x2(x2 + 1)
D = R∗ D,

I(x) =

∫
f(x) x x ∈ D.

5 + 3 − + 1
2( 2 + 1)

= E +
a
2
+

b
+

c + d
2 + 1

,

E ∈ R[ ], (a, b, c, d) ∈ R4

E
5 + 3 − + 1 2( 2 + 1) E = .

2 0
a = 1.

2 + 1 ,

c + d =
5 + 3 − + 1

2
= −1 + , c = 1

d = −1
d 1

1 = 1 + 1 + b, b = −1.
5 + 3 − + 1

2( 2 + 1)
= +

1
2
−

1
+

− 1
2 + 1

.

I(x) =

∫ (
x+

1

x2
−

1

x
+

x

x2 + 1
−

1

x2 + 1

)
x

=
x2

2
−

1

x
− |x|+

1

2
(x2 + 1)− x+ C(x),

C
R∗

C : R∗ −→ R,

x .−→ C(x) =

⎧
⎨

⎩

C1 x < 0

C2 x > 0
(C1, C2) ∈ R2.

f : x .−→
x4

x10 + 1

R R, I(x) =

∫
f(x) x

x ∈ R.

t = x5

I(x) =

∫
x4 x

x10 + 1
=

1

5

∫
t

t2 + 1

=
1

5
t+ C =

1

5
(x5) + C,

C

f : x .−→ 4 x

R R, I(x) =

∫
f(x) x

x ∈ R.

4 x = ( 2 x)2 =
(1 + 2x

2

)2

=
1

4
(1 + 2 2x+ 2 2x)

=
1

4
+

1

2
2x+

1

8
(1 + 4x)

=
3

8
+

1

4
2x+

1

8
4x.

∫
4 x x =

∫ (3
8
+

1

4
2x+

1

8
4x
)

x

=
3

8
x+

1

8
2x+

1

32
4x+ C,

C

f : x .−→ x 2x 3x

R R, I(x) =

∫
f(x) x

x ∈ R.

x 2x 3x = 2x( x 3x)

= 2x
(1
2
( 2x− 4x)

)

=
1

2
2x 2x−

1

2
2x 4x

=
1

4
4x−

1

4
( 6x− 2x)

=
1

4
2x+

1

4
4x−

1

4
6x.

I(x) =

∫ (1
4

2x+
1

4
4x−

1

4
6x
)

x

= −
1

8
2x−

1

16
4x+

1

24
6x+ C,

C



f : x .−→
3 x
8 x

D = R−
(π
2
+ πZ

)
D,

I(x) =

∫
f(x) x x ∈ D.

ω(x) = f(x) x =
3 x
8 x

x,

ω(−x) = ω(x),
t = x

I(x) =

∫ 2 x
8 x

x x

= −
∫

1− t2

t8
t =

∫
(−t−8 + t−6) t

=
t−7

7
−

t−5

5
+ C1(t) =

1

7 7 x
−

1

5 5 x
+ C(x),

C : D −→ R
D, C(x) = Cn

x ∈]− π/2 + nπ ; π/2 + nπ[, n ∈ Z, Cn ∈ R.

f : x .−→
3 x

(2 + x)2

R R, I(x) =

∫
f(x) x

x ∈ R.

ω(x) = f(x) x =
3 x

(2 + x)2
x,

ω(π − x) = ω(x),
t = x

I(x) =

∫ 2 x

(2 + x)2
x x =

∫
1− t2

(2 + t)2
t.

u = 2 + t, t = u− 2

I(x) =

∫
1− (u− 2)2

u2
u

=

∫ −u2 + 4u− 3

u2
u

=

∫ (
− 1 +

4

u
−

3

u2

)
u

= −u+ 4 |u|+
3

u
+ C1

= −(2 + t) + 4 |2 + t|+
3

2 + t
+ C1

= − x+ 4 (2 + x) +
3

2 + x
+ C,

C

f : x .−→
x− x

4 + x+ x

R, R, I(x) =

∫
f(x) x

x ∈ R.

∫
x− x

4 + x+ x
x = − (4 + x+ x) + C,

C

f : x .−→
x

x+ x[
0 ;

π

4

]
, > 0,

I =

∫ π/4

0
f(x) x

ω(x) =
x

x+ x
x,

ω(π + x) = ω(x),

t = x, x = t, x =
t

1 + t2

I =

∫ π/4

0

x

x+ x
x

=

∫ π/4

0

x

x+ 1
x =

∫ 1

0

t

(t+ 1)(t2 + 1)
t.

( + 1)( 2 + 1)
=

a

+ 1
+

b + c
2 + 1

,

(a, b, c) ∈ R3

+ 1 −1
a = −

1

2
.

2 + 1 ,

b + c =
+ 1

=
1 +

2
, b =

1

2
, c =

1

2
.

( + 1)( 2 + 1)
= −

1

2

1

+ 1
+

1

2

+ 1
2 + 1

,

I =
1

2

∫ 1

0

(
−

1

t+ 1
+

t+ 1

t2 + 1

)
t

=
1

2

[
− (t+ 1) +

1

2
(t2 + 1) + t

]1

0

=
1

2

(
− 2 +

1

2
2 +

π

4

)
=
π

8
−

1

4
2 =

π − 2 2

8
.

I

J =

∫ π/4

0

x

x+ x
x.

I + J =

∫ π/4

0

x+ x

x+ x
x =

∫ π/4

0
x =

π

4



J − I =

∫ π/4

0

x− x

x+ x
x

=
[

| x+ x|
]π/4
0

=
√
2 =

1

2
2.

I =
1

2

(
(I + J)− (J − I)

)
=

1

2

(π
4
−

1

2
2
)
=
π − 2 2

8
.

f : x .−→ 4x

R R, I(x) =

∫
f(x) x

x ∈ R.

4x = ( 2x)2 =
( 2x− 1

2

)2

=
1

4

( 22x− 2 2x+ 1
)

=
1

4

4x+ 1

2
−

1

2
2x+

1

4

=
1

8
4x−

1

2
2x+

3

8
.

I(x) =

∫
4x x =

∫ (1
8

4x−
1

2
2x+

3

8

)
x

=
1

32
4x−

1

4
2x+

3x

8
+ C,

C

f : x .−→ x 3x

R R, I(x) =

∫
f(x) x

x ∈ R.

a b =
1

2

(
(a+ b) + (a− b)

)
.

a b =
1

2

(
(a+ b) + (a− b)

)
.

I(x) =

∫
x 3x x =

1

2

∫
( 4x+ 2x) x

=
1

8
4x+

1

4
2x+ C,

C

f : x .−→
1

x 3x

R∗ R∗, I(x) =

∫
f(x) x

x ∈ R∗.

ω(x) =
1

x 3 x
x, ω(−x) = ω(x),

t = x

I(x) =

∫
1

x 3x
x =

∫
x

2x 3x
x

=

∫
t

(t2 − 1)t3
.

u = t2

I(x) =

∫
t t

(t2 − 1)t4
=

1

2

∫
u

(u− 1)u2
.

1

( − 1) 2
=

a

− 1
+

b
2
+

c
,

(a, b, c) ∈ R3

− 1 1
a = 1.

2 0
b = −1.

a+ c = 0, c = −a = −1.
1

( − 1) 2
=

1

− 1
−

1
2
−

1
,

I(x) =

∫ ( 1

u− 1
−

1

u2
−

1

u

)
u

=
1

2

(
|u− 1|+

1

u
− |u|

)
+ C1(u)

=
1

2

(
|t2 − 1|− |t2|+

1

t2

)
+ C2(t)

=
1

2

(
| 2x− 1|− ( 2x) +

1
2x

)
+ C(x)

= | x|+
1

2 2x
+ C(x),

C : R∗ −→ R R∗,

C : R∗ −→ R,

x .−→ C(x) =

⎧
⎨

⎩

C1 x < 0

C2 x > 0
(C1, C2) ∈ R2.

f : x .−→ x x x

R R, I(x) =

∫
f(x) x

x ∈ R.

f(x)



J(x) =

∫
x x x x

I(x) + J(x) =

∫
x x( x+ x) x

=

∫
x x x x =

∫
x (1+ )x x.

C1

⎧
⎨

⎩

u(x) = x

v′(x) = (1+ )x

⎧
⎪⎪⎨

⎪⎪⎩

u′(x) = 1

v(x) =
(1+ )x

1 +

I(x) + J(x) = x
(1+ )x

1 +
−
∫ (1+ )x

1 +
x

= x
(1+ )x

1 +
−

(1+ )x

(1 + )2
+ C,

C

I(x) + J(x) = x
1−
2

(1+ )x −
(1− )2

4
(1+ )x + C

=
x

2
(1− ) x( x+ x)

+
2

x( x+ x) + C

=
x

2
x
(
( x+ x) + ( x− x)

)

+
1

2
x(− x+ x) + C.

⎧
⎪⎪⎨

⎪⎪⎩

I(x) =
x

2
x( x+ x)−

1

2
x x+ C1

J(x) =
x

2
x( x− x) +

1

2
x x+ C2,

C1, C2

f : x .−→
3 + x

(4 + x)2

D = ]0 ; +∞[−{ −4} =]0 ; −4[∪ ] −4 ; +∞[

D, I(x) =

∫
f(x) x

x ∈ D.

t = x, x = t, x = t t

I(x) =

∫
3 + t

(4 + t)2
t t.

t

( t

4 + t

)
=
( 1

4 + t
−

1

(4 + t)2

)
t =

3 + t

(4 + t)2
t.

I(x) =
t

4 + t
+ C1(t) =

x

4 + x
+ C(x),

C : D −→ R
D,

C : D −→ R, x .−→ C(x) =

⎧
⎨

⎩

C1 x ∈ ]0 ; −4[

C2 x ∈ ] −4 ; +∞[.

f : x .−→
2x

√
x + 1

R R, I(x) =

∫
f(x) x

x ∈ R.

t =
√

x + 1, x = t2 − 1, x = (t2 − 1), x =
2t t

t2 − 1

I(x) =

∫
(t2 − 1)2

t

2t

t2 − 1
t = 2

∫
(t2 − 1) t

= 2
( t3

3
− t
)
+ C =

2

3
t(t2 − 3) + C

=
2

3
( x − 2)

√
x + 1 + C,

C

f : x .−→
√

x2
√
x+ x

D = [0 ; +∞[ D,

I(x) =

∫
f(x) x x ∈ D.

x ∈ ]0 ; +∞[

t =
√
x, x = t2, x = 2t t

I(x) =

∫ √
t5 + t2 2t t = 2

∫
t2
√

t3 + 1 t.

u = t3 + 1, 3t2 t = u

I(x) =
2

3

∫ √
u u =

4

9
u

3
2 + C

=
4

9
(t3 + 1)

3
2 + C =

4

9

(
x

3
2 + 1

) 3
2 + C,

C

x = 0,
I 0.

f : x .−→
√
x

(1− x)
3
2

D = [0 ; 1[ D, I(x) =

∫
f(x) x

x ∈ D.

√
x

⎧
⎨

⎩

u(x) =
√
x

v′(x) = (1− x)−
3
2

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

u′(x) =
1

2
√
x

1
√
1− x

v(x) = 2(1− x)−
1
2 =

2
√
1− x



I(x) =
2

√
1− x

√
x−

∫
1

√
x(1− x)

x

︸ ︷︷ ︸
J(x)

.

y =
√
x, x = y2, x = 2y y

J(x) =

∫
1

y(1− y2)
2y y = 2

∫
1

1− y2
y

=
∣∣∣
1 + y

1− y

∣∣∣+ C1 =
1 +
√
x

1−
√
x
+ C1,

C1

I(x) =
2

√
x

√
1− x

−
1 +
√
x

1−
√
x
+ C,

C [0 ; 1[.

f : x .−→
x

x2

D = R∗ D, I(x) =

∫
f(x) x

x ∈ D.

x

⎧
⎪⎨

⎪⎩

u(x) = x

v′(x) =
1

x2

⎧
⎪⎪⎨

⎪⎪⎩

u′(x) =
1

1 + x2

v(x) = −
1

x

I(x) = −
x

x
+

∫
1

x(1 + x2)
x

︸ ︷︷ ︸
J(x)

.

y = x2

J(x) =

∫
x x

x2(1 + x2)
=

1

2

∫
y

y(1 + y)
=

1

2

∫ ( 1
y
−

1

1 + y

)
y

=
1

2

(
|y|− |1+y|

)
+C1(y) =

1

2

(
(x2)− (1+x2)

)
+C(x),

I(x) = −
x

x
+ |x|−

1

2
(1 + x2) + C(x),

C
D

C : R∗ −→ R, x .−→ C(x) =

⎧
⎨

⎩

C1 x < 0

C2 x > 0.

f : x .−→
1

3 + x[
0 ;

π

2

]
I

ω(x) =
1

3 + x
x, x

ω(−x) = ω(x), ω(π − x) = ω(x), ω(π + x) = ω(x).

t =
x

2
, x = 2 t, x =

2 t

1 + t2

I =

∫ π/2

0

x

3 + x
=

∫ 1

0

2 t

1 + t2

3 +
1− t2

1 + t2

=

∫ 1

0

2 t

4 + 2t2

=

∫ 1

0

t

2 + t2
=

1

2

∫ 1

0

1

1 +
( t
√
2

)2 t

=
1

2

[√
2

t
√
2

]1
0
=

1
√
2

1
√
2
.

f : x .−→
1

3 + x

R R, I(x) =

∫
f(x) x

x ∈ R.

t = x, x = t, x =
t

t

I(x) =

∫
1

3 +
t+ 1

t

2

t

t
=

∫
2

t2 + 6t+ 1
t.

t2+6t+1 ∆ = 32 > 0,

t1 =
−6−

√
32

2
= −3− 2

√
2, t2 = −3 + 2

√
2.

R( )
(a, b) ∈ R2

2
2 + 6 + 1

=
2

( − t1)( − t2)
=

a

− t1
+

b

− t2
.

− t1 t1

a =
2

t1 − t2
=

2

−4
√
2
= −
√
2

4
.

b =

√
2

4
.

2
2 + 6 + 1

= −
√
2

4

1

− t1
+

√
2

4

1

− t2
,

I(x) = −
√
2

4

∫
1

t− t1
, t+

√
2

4

∫
1

t− t2
t

= −
√
2

4
|t− t1|+

√
2

4
|t− t2|+ C

=

√
2

4

x + 3− 2
√
2

x + 3 + 2
√
2
+ C,

C



f : x .−→
x

x[ 1
a
; a
]
, I

t =
1

x
, x =

1

t
, x = −

t

t2

I =

∫ 1/a

a

1

t
1

t

(
−

t

t2

)
=

∫ a

1/a

1

t

1

t
t.

2I =

∫ a

1/a

1

x

(
x+

1

x

)
x =

∫ a

1/a

π

2x
x

=
π

2
[ x]a1/a =

π

2

(
a−

1

a

)
= π a.

I =
π

2
a.

f : x .−→ (1 + x)[
0 ;

π

4

]
, I

t =
π

4
− x, x =

π

4
− t

I =

∫ 0

π/4

(
1 +

(π
4
− t
))

(− t)

=

∫ π/4

0

(
1 +

1− t

1 + t

)
t

=

∫ π/4

0

( 2

1 + t

)
t

=

∫ π/4

0

(
2− (1 + t)

)
t

=
π

4
2− I.

2I =
π

4
2, I =

π

8
2.

I

u = x, x = u, x =
u

1 + u2
,

I =

∫ 1

0
(1 + u)

u

1 + u2
= J,

J =
π

8
2.

C1

K =

∫ 1

0
x

1

1 + x
x

=
[

x (1 + x)
]1
0
−
∫ 1

0

1

1 + x2
(1 + x) x

=
π

4
2− J =

π

8
2.



x ∈ R∗
∫

1

x
x = x+ C C R∗

x ∈ R
∫

x x x = (x− 1) x + C C R

x ∈ ]− 1 ; 1[

∫
1

1− x2
x =

1

2

1 + x

1− x
+ C C ]− 1 ; 1[

a ∈ ]0 ; +∞[ x ∈ R
∫

1

1 + ax2
x = (

√
a x) + C

C R

x ∈ ]− 1 ; 1[

∫
1√

1− x2
x = x+ C, C ]− 1 ; 1[

α ∈ C x ∈ R
∫

αx x =
αx

α
+ C, C

R

x ∈ R
∫

1

1 + 2 x
x = ( x) + C, C R

x ∈ ]0 ; +∞[

∫
1

x
(3 + x)3 x =

1

4
(3 + x)4 + C, C

]0 ; +∞[

x ∈ R
∫

2 x x =
x

2
−

2x

4
+ C, C R

t = x
∫ 1

0

x

2 + x2
x =

∫ π/4

0

t

2 + 2t
t.



x C R∗
∫

1

x
x = |x|+ C(x),

C : R∗ −→ R, x -−→

⎧

⎨

⎩

C1 x < 0

C2 x > 0
(C1, C2) ∈ R2.

1

1− x2

1

2

( 1

1 + x
+

1

1− x

)

1√
a

∫
1

1 + ax2
x =

1√
a

(
√
a x) + C.

α = 0 α ̸= 0

x -−→ ( x) x -−→
− x

1 + 2 x
,

x -−→
1

1 + 2 x
.

t = x

x -−→
1

4
(3 + x)4 x -−→

1

x
(3 + x)3,

2 x

∫

2 x x =

∫
1− 2x

2
x =

x

2
−

2x

4
+ C.

t = x, x
∫ 1

0

x

2 + x2
x =

∫ π/4

0

t

2 + 2t
(1 + 2t) t.





( 0) y′ + ay = 0

y : x -−→ λ
(

−
∫

a(x) x
)

, λ ∈ R.

( 0) y′ − xy = 0,

y : R −→ R, x .−→ y(x)

( 0)

y : R −→ R, x .−→ λ
(∫

x x
)
= λ

x2

2 , λ ∈ R.

( ) y′ + ay = b

( 0) y′ + ay = 0.

( )

∗
∗
∗

( )
( ) ( 0).

➟

( ) y′ +
2

x
y =

1

x3
,

y : ]0 ; +∞[ −→ R

( 0) y′ +
2

x
y = 0

( )

y : x .−→ λ
(
−
∫

2

x
x
)
= λ (−2 x) =

λ

x2
, λ ∈ R.

( )

y(x) =
λ(x)

x2
, λ



∀x ∈ ]0 ; +∞[, y′(x) +
2

x
y(x) =

1

x3

⇐⇒ ∀x ∈ ]0 ; +∞[,
λ′(x)

x2
=

1

x3

⇐⇒ ∀x ∈ ]0 ; +∞[, λ′(x) =
1

x

⇐= ∀x ∈ ]0 ; +∞[, λ(x) = x.

( ) y : x .−→
x

x2

( )

y : x .−→
x

x2
+

λ

x2
, λ ∈ R.

( ) αy′ + βy = γ

α(x) = 0, x

α ( )

α
➟

( ) xy′−y = 0,

y : R −→ R.

( )

I1 = ]−∞ ; 0[, I2 = ]0 ; +∞[ ( ) y′ −
1

x
y = 0.

( ) I = I1 I2

y : x .−→ λ
(∫ 1

x
x
)
= λ

(
|x|
)
= λ|x|, λ ∈ R.

( ) I1 y1 : x .−→ λ1x, λ1 ∈ R

( ) I2 y2 : x .−→ λ2x, λ2 ∈ R.

(λ1, λ2) ∈ R2 y : R∗ −→ R, x .−→

⎧
⎨

⎩

λ1x x < 0

λ2x x > 0.

(λ1, λ2) ∈ R2 y(x) −→
x −→ 0±

0.

y : R −→ R, x .−→

⎧
⎪⎪⎨

⎪⎪⎩

λ1x x < 0

0 x = 0

λ2x x > 0,
0

y(x)− y(0)

x− 0
=

⎧
⎨

⎩

λ1 −→
x −→ 0−

λ1

λ2 −→
x −→ 0+

λ2.

y 0 λ1 = λ2

y : R −→ R, x .−→ λ1x.
y R ( ) R

S =
{
y : R −→ R, x .−→ λx ; λ ∈ R

}
.



( 0) y′′ + ay′ + by = 0

r2 + ar + b = 0 r ∈ K,
∆ = a2 − 4b.

K
r1, r2

(K = R ∆ > 0) (K = C ∆ ̸= 0),

( 0) R

y : x -−→ λ1
r1x + λ2

r2x, (λ1,λ2) ∈ K2.

K
r0 = −

a

2
, ∆ = 0, ( 0) R

y : x -−→ (λx+ µ) − a
2 x, (λ, µ) ∈ K2.

K,
K = R ∆ < 0, ( 0) R

y : x -−→ − a
2 x
(

A
(
√
−∆
2

x
)

+B
(
√
−∆
2

x
))

, (A,B) ∈ R2.

➟

y : R −→ R

y′′ − 3y′ + 2y = 0

y′′ − 4y′ + 4y = 0

y′′ + 2y′ + 2y = 0.

r2 − 3r + 2 = 0
r1 = 1, r2 = 2

y : x .−→ λ x + µ 2x, (λ, µ) ∈ R2.

r2−4r+4 = 0
r0 = 2

y : x .−→ (λx+ µ) 2x, (λ, µ) ∈ R2.

r2 + 2r + 2 = 0
r1 = −1 − , r2 = −1 + ,

y : x .−→ −x(A x+B x), (A,B) ∈ R2.



( ) y′′ + ay′ + by = g,

g

( 0) y′′ = ay′ + by = 0.

( )
g ( )

g : x -−→
n
∑

k=1

mkxPk(x), n ∈ N∗

m1, ..., ,mn ∈ K P1, ..., Pn ∈ K[ ]

( ) y : x -−→
n
∑

k=1

mkxQk(x), Q1, ..., Qn ∈ K[ ]

Qk

(Pk) mk

(Pk)+ 1 mk

(Pk)+2 mk

( )
( ) ( 0).

➟

( ) y′′ − 3y′ + 2y = x x,

y : R −→ R

( 0) y′′− 3y′+2y = 0
y0 : x .−→ λ x + µ 2x, (λ, µ) ∈ R2

x

1 ( 0)

y : x .−→ (ax2 + bx+ c) x, (a, b, c) ∈ R3.

y′ =
(
(ax2 + bx+ c) + (2ax+ b)

)
x =

(
ax2 + (b+ 2a)x+ (c+ b)

)
x,

y′′ =
((

ax2 + (b+ 2a)x+ (c+ b)
)
+ 2ax+ (b+ 2a)

)
x

=
(
ax2 + (b+ 4a)x+ (c+ 2b+ 2a)

)
x,

y′′ − 3y′ + 2y =
((

ax2 + (b+ 4a)x+ (c+ 2b+ 2a)
)

− 3
(
ax2 + (b+ 2a)x+ (c+ b)

)
+ 2(ax2 + bx+ c)

)
x

=
(
− 2ax+ (−b+ 2a)

)
x.

y

{
−2a = 1

−b+ 2a = 0

a = −
1

2
b = −1

y : x .−→
(
−

1

2
x2 − x

)
x.

y : x .−→ −
(1
2
x2 + x

)
x + λ x + µ 2x, (λ, µ) ∈ R2.



f : R −→ R

f ′′ + f = 0, f(0) = 0, f ′(π) = 1.

f ′′ + f = 0

f : R −→ R, x .−→ A x+B x, (A,B) ∈ R2.

⎧
⎨

⎩

f(0) = 0

f ′(π) = 1
⇐⇒

⎧
⎨

⎩

A = 0

−B = 1
⇐⇒

⎧
⎨

⎩

A = 0

B = −1.

S =
{
f : R −→ R, x .−→ − x

}
.

x

−x x
1

x
,

➟

f : R −→ R

∀x ∈ R,
∫ x

0
f(t) t = f(x) + x.

f f R

x .−→
∫ x

0
f(t) t C1 R x .−→ f(x) + x

C1 R f C1 R

0

(
∀x ∈ R,

∫ x

0
f(t) t = f(x) + x

)
⇐⇒

⎧
⎨

⎩

∀x ∈ R, f(x) = f ′(x) + 1

0 = f(0).

y′ = y

y : x .−→ λ x, λ ∈ R.

y′ = y − 1

y : x .−→ 1.

y′ = y − 1 y : x .−→ 1 + λ x, λ ∈ R.
y(0) = 0 ⇐⇒ 1 + λ = 0 ⇐⇒ λ = −1.

S =
{
f : R −→ R, x .−→ 1− x

}
.



f : R −→ R

∀x ∈ R, f ′(x) = f(−x).

f

f R
x .−→ f(−x) R f ′ R f

R

∀x ∈ R, f ′′(x) = −f ′(−x).
x −x

∀x ∈ R, f ′(−x) = f(x),

∀x ∈ R, f ′′(x) = −f(x).

f ′′ + f = 0.

(A,B) ∈ R2

∀x ∈ R, f(x) = A x+B x.

(A,B) ∈ R2

f : R −→ R, x .−→ A x+B x.

f R

∀x ∈ R, f ′(x) = f(−x)
⇐⇒ ∀x ∈ R, −A x+B x = A x−B x

⇐⇒ ∀x ∈ R, (A−B)( x+ x) = 0

⇐⇒ A−B = 0

⇐⇒ A = B.

S =
{
f : R −→ R, x .−→ A( x+ x) ; A ∈ R

}
.



y : I −→ R

y′ − xy = x, I = R

y′ + 2y = 4 x + x+ x, I = R

y : R −→ R

y′′ − 4y′ + 3y = 0,

y′′ − 6y′ + 9y = 0,

y′′ + y′ + y = 0.

y : R −→ R

y′′ + y = x

y′′ − 5y′ + 6y = (2x2 − 4x+ 1) x

y′′ − 4y′ + 4y = 7 x− x

y′′ − 3y′ + 2y = x( x + −2x).

y : I −→ R

y′ = y x+ x, I =
]

−
π

2
;
π

2

[

xy′ − 2y = − x, I = ]0 ; +∞[.

(x3−x)y′− (x2−x+1)y = 0, y : I −→ R,
I R.

xy′+(1−x)y = 2x, y : I −→ R, I
R.

S f : ]−∞ ; 1[ −→ R

∀x ∈ ]−∞ ; 1[, x(x− 1)f ′(x)− (x− 2)f(x) = 0

R



f : R −→ R R
⎧

⎪
⎪
⎨

⎪
⎪
⎩

∀x ∈ R, 2

∫ 1

0
f(tx) t = f(x)

f(−1) = 0, f(1) = 1.

f : R −→ R R

∀x ∈ R, f ′(x) =
1

2

(

f(x) + f(−x)
)

.

(a, b) ∈ K2, I R I ⊂ R∗+ I ⊂ R∗−, k : I −→ K

( ) x2y′′ + axy′ + by = k

t = |x|,
( ) x2y′′+xy′+y = x2+x+1, y : ]0 ; +∞[ −→ R,

f : R −→ R

( ) ∀x ∈ R,
∫ x

0
f(t) t = f ′(x) + 1.

f : ]0 ; +∞[ −→ R

∀x ∈ ]0 ; +∞[, f ′(x) = f
( 1

4x

)

.

f : [0 ; +∞[ −→ R

∀x ∈ [0 ; +∞[,

∫ x

0
(x− 3t)f(t) t =

x2

2
.

y′′ + 2y′ + y =
−x

x
, y : ]0 ; +∞[ −→ R.



( 0)

( 0)

( 0)
( 0) y′ + ay = 0

y : x .−→ λ
(
−
∫

a(x) x
)
, λ ∈ K.

( 0)

( 0)

( 0).

( 0).

( 0)

( 0)

( 0)
( 0) y′ + ay = 0

y : x .−→ λ
(
−
∫

a(x) x
)
, λ ∈ K.

x3 − x y′

R
−1, 0, 1

x y′

R
0

( 0) x(x− 1)y′ − (x− 2)y = 0

( 0) ]−∞ ; 0[ ]0 ; 1[
0.

f
f C1 R

f
f

f f
f ′′ = 0. f

ε = (x), t = |x| = (εx), z(t) = y(x).
y

z
y

f f C2

f f

t = x, g(t) = f(x)
g

f(x) x ∈ ]0 ; +∞[

f
f C1 ]0 ; +∞[

f
f = −1.



x

(
x(y′ + y)

)
= x(y′′ + 2y′ + y)

x
( xy) = x(y′ + y).

( 0) y′ − xy = 0 R

y0 : x .−→ λ
(∫

x x
)
= λ

x2

2 , λ ∈ R.

R

y : x .−→ − 1.

R

y : x .−→ − 1 + λ
x2

2 , λ ∈ R.

( 0) y′ + 2y = 0 R

y0 : x .−→ λ
(
−
∫

2 x
)
= λ −2x, λ ∈ R.

y : x .−→ a x + b x+ c x, (a, b, c) ∈ R3.

y′+2y = (a x− b x+ c x)+2(a x + b x+ c x)

= 3a x + (2c− b) x+ (c+ 2b) x.

y

3a = 4, 2c− b = 1, c+ 2b = 1,

a =
4

3
, b =

1

5
, c =

3

5
.

y : x .−→
4

3
x +

1

5
x+

3

5
x.

y : x .−→
4

3
x +

1

5
x+

3

5
x+ λ −2x, λ ∈ R.

r2 − 4r + 3 = 0
r1 = 1 r2 = 3,

y : x .−→ λ x + µ 3x, (λ, µ) ∈ R2.

r2 − 6r + 9 = 0
r0 = 3,

y : x .−→ (λx+ µ) 3x, (λ, µ) ∈ R2.

r2 + r + 1 = 0

r1 =
−1 +

√
3

2
, r2 =

−1−
√
3

2
,

y : x .−→ − x
2

(
A

(√3
2

x
)
+B

(√3
2

x
))

, (A,B) ∈ R2.

r2 + 1 = 0
r1 = − , r2 = ,

( 0)

y : x .−→ A x+B x, (A,B) ∈ R2.

y : x .−→
1

2
x.

y : x .−→
1

2
x +A x+B x, (A,B) ∈ R2.

r2 − 5r + 6 = 0
r1 = 2, r2 = 3.

( 0)

y : x .−→ λ 2x + µ 3x, (λ, µ) ∈ R2.

P (x) mx

P ∈ R[ ] m = 1 m ̸= 2 m ̸= 3
y : x .−→ Q(x) x,

Q ∈ R[ ] (Q) = (P ). Q = a 2 + b + c,
(a, b, c) ∈ R3

y(x) = (ax2 + bx+ c) x,

y′(x) =
(
(ax2 + bx+ c) + (2ax+ b)

)
x

=
(
ax2 + (b+ 2a)x+ (c+ b)

)
x,



y′′(x) =
((

ax2 + (b+ 2a)x+ (c+ b)
)
+
(
2ax+ (b+ 2a)

))
x

=
(
ax2 + (b+ 4a)x+ (c+ 2b+ 2a)

)
x,

y′′(x)− 5y′(x) + 6y(x)

=
(
2ax2 + (2b− 6a)x+ (2c− 3b+ 2a)

)
x.

y

2a = 2, 2b− 6a = −4, 2c− 3b+ 2a = 1.

a = 1, b = 1, c = 1.

y : x .−→ (x2 + x+ 1) x

y : R −→ R, x .−→ (x2 + x+ 1) x + λ 2x + µ 3x,

(λ, µ) ∈ R2.

r2 − 4r + 4 = 0
r0 = 2. ( 0)

y : x .−→ (λx+ µ) 2x, (λ, µ) ∈ R2.

y : x .−→ a x+ b x, (a, b) ∈ R2

y′′ − 4y′ + 4y = (3a+ 4b) x+ (3b− 4a) x.

y
⎧
⎨

⎩

3a+ 4b = 7

3b− 4a = −1

⎧
⎨

⎩

a = 1

b = 1.

y : x .−→ x+ x.

y : x .−→ x+ x+ (λx+ µ) 2x, (λ, µ) ∈ R2.

r2 − 3r + 2 = 0
r1 = 1, r2 = 2.

( 0)

y : x .−→ λ x + µ 2x, (λ, µ) ∈ R2.

x .−→ x x+x −2x,
1 x x

−2
x −2x

y : x .−→ (ax2 + bx+ c) x + (ux+ v) −2x,

(a, b, c, u, v) ∈ R5

y′(x) =
(
ax2 + (b+ 2a)x+ (c+ b)

)
x

+
(
− 2ux+ (u− 2v)

) −2x,

y′′(x) =
(
ax2 + (b+ 4a)x+ (c+ 2b+ 2a)

)
x

+
(
4ux+ (4v − 4u)

) −2x,

y′′ − 3y′ + 2y

=
(
− 2ax+ (2a− b)

)
x +

(
12ux+ (12v − 7u)

) −2x.

y

−2a = 1, 2a− b = 0 12u = 1 12v − 7u = 0,

a = −
1

2
, b = −1, u =

1

12
, v =

7

144
.

y : x .−→
(
−

1

2
x2 − x

)
x +

( 1

12
x+

7

144

)
−2x.

y : x .−→
(
−

1

2
x2 − x

)
x +

( 1

12
x+

7

144

)
−2x

+λ x + µ 2x, (λ, µ) ∈ R2.

( 0) y′ − y x = 0]
−
π

2
;
π

2

[

y : x .−→ λ
(
−
∫
− x x

)
= λ − | x|

= λ − x =
λ

x
, λ ∈ R.

y : x .−→ λ(x)
1

x
,

λ : I −→ R

∀x ∈ I, y′(x) = y(x) x+ x

⇐⇒ ∀x ∈ I,
λ′(x)

x
= x

⇐⇒ ∀x ∈ I, λ′(x) = x x

⇐= ∀x ∈ I, λ(x) =
1

2
2 x.

y : x .−→
λ(x)

x
=

1

2

2 x

x
.

y : x .−→
2 x

2 x
+

λ

x
, λ ∈ R.



( 0) y′ −
2

x
y = 0 ]0 ; +∞[

y : x .−→ λ
(∫ 2

x
x
)
= λ 2 |x| = λx2, λ ∈ R.

y : x .−→ λ(x)x2,
λ : I −→ R

∀x ∈ I, xy′ − 2y = − x

⇐⇒ ∀x ∈ I, λ′(x)x3 = − x

⇐⇒ ∀x ∈ I, λ′(x) = −
x

x3

⇐⇒ ∀x ∈ I, λ(x) =

∫
−

x

x3
x.

∫
−x−3 x x =

x−2

2
x−

∫
x−2

2

1

x
x

=
x

2x2
−

1

2

∫
1

x3
x =

x

2x2
+

1

2

x−2

2
=

x

2x2
+

1

4x2
+ .

y : x .−→ λ(x)x2 =
1

2
x+

1

4
,

y : x .−→
1

2
x+

1

4
+ λx2, λ ∈ R2.

x ∈ R

x3−x = x(x2−1) = x(x−1)(x+1) = 0 ⇐⇒ x ∈ {−1, 0, 1}.

−1, 0, 1

I R −1 0
1

I ⊂ ]−∞ ; −1[ I ⊂ ]− 1 ; 0[ I ⊂ ]0 ; +∞[.

( ) ⇐⇒ ( ) y′ −
x2 − x+ 1

x3 − x
y = 0.

I

y : x .−→ λ
(∫ x2 − x+ 1

x3 − x
x
)
, λ ∈ R.

2 − + 1
3 −

=
2 − + 1

( + 1) ( − 1)
=

a

+ 1
+

b
+

c

− 1
,

(a, b, c) ∈ R3

+ 1 −1

a =
3

2
.

0,
b = −1.

− 1 1,

c =
1

2
.

2 − + 1
3 −

=
3

2

1

+ 1
−

1
+

1

2

1

− 1
,

x ∈ I

y(x) = λ
(3
2

∫
1

x+ 1
x−

∫
1

x
x+

1

2

∫
1

x− 1
x
)

= λ
(3
2

|x+1|− |x|+
1

2
|x−1|

)
= λ

|x+ 1|
3
2 |x− 1|

1
2

|x|
.

−1

I R −1
0 1.

I − {−1}

y : I−{−1} −→ R, x .−→

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

λ1
|x+ 1|

3
2 |x− 1|

1
2

|x|
x < −1

λ2
|x+ 1|

3
2 |x− 1|

1
2

|x|
x > −1

(λ1,λ2) ∈ R2.

(λ1,λ2) ∈ R2

y(x) −→
x −→ −1−

0 y(x) −→
x −→ −1+

0.

y −1
y(−1) = 0

3

2
|x+ 1| y(x),

y(x)− y(−1)
x− (−1)

−→
x −→ −1±

0,

y −1 y′(−1) = 0.

x = −1.

0

I R 0
−1 1.

I − {0}

y : x .−→

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

λ1
|x+ 1|

3
2 |x− 1|

1
2

|x|
x < 0

λ2
|x+ 1|

3
2 |x− 1|

1
2

|x|
x > 0

(λ1,λ2) ∈ R2.

y 0
λ1 = λ2 = 0, y = 0,



1

I R 1
−1 0.

I − {1}

y : x .−→

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

λ1
|x+ 1|

3
2 |x− 1|

1
2

|x|
x < 1

λ2
|x+ 1|

3
2 |x− 1|

1
2

|x|
x > 1

(λ1,λ2) ∈ R2.

(λ1,λ2) ∈ R2 y(x) −→
x −→ 1±

0.

y 1 y(1) = 0.

1

2
|x− 1| y(x),

λ1 ̸= 0 λ2 ̸= 0
y(x)− y(1)

x− 1
−→

x −→ 1±
±∞,

y 1.

λ1 = λ2 = 0, y = 0,

I R

{
y : I −→ R, x .−→ λ

|x+ 1|
3
2 |x− 1|

1
2

|x|
; λ ∈ R

}
,

0 /∈ I 1 /∈ I

{0} 0 ∈ I 1 ∈ I.

I R 0 /∈ I.

( 0) y′ +
1− x

x
y = 0 I

y : x .−→ λ
(
−
∫

1− x

x
x
)
= λ

(∫ (
−

1

x
+1
)

x
)

= λ (− |x|+ x) =
λ x

|x|
.

0 /∈ I, x I,
λ −λ, ( 0) I

y : x .−→ λ
x

x
, λ ∈ R.

y : x .−→ λ(x)
x

x
,

λ : I −→ R

x ∈ I

xy′(x) + (1− x)y(x) = 2x

⇐⇒ xλ′(x)
x

x
= 2x ⇐⇒ λ′(x) = x.

λ : x .−→ x.

I

y : x .−→
λ(x) x

x
=

2x

x
.

I

y : x .−→
2x

x
+ λ

x

x
, λ ∈ R.

0

I R 0 ∈ I.

I − {0}

y : I − {0} −→ R, x .−→

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

2x

x
+ λ1

x

x
x < 0

2x

x
+ λ2

x

x
x > 0

(λ1,λ2) ∈ R2.

2x + λ1 x −→
x −→ 0−

1 + λ1,

λ1 ̸= −1 y(x) −→
x −→ 0−

±∞.

λ2 ̸= −1, y 0+.

λ1 = λ2 = −1.

y(x) =
2x − x

x
=

x( x − 1)

x
∼

x −→ 0

1 · x
x

= 1,

y(x) −→
x −→ 0

1.

y 0
y(0) = 1.

y : I −→ R, x .−→

⎧
⎪⎪⎨

⎪⎪⎩

2x − x

x
x ̸= 0

1 x = 0
y 0.

y 0

y(x)− y(0)

x
=

1

x

( 2x − x

x
− 1
)
=

2x − x − x

x2
.

x −→ 0,

2x − x − x

x2

=
1

x2

[(
1 + 2x+

1

2!
(2x)2 + o(x2)

)

−
(
1 + x+

1

2!
x2 + o(x2)

)
− x
]

=
1

x2

(3
2
x2 + o(x2)

)
=

3

2
+ o(1) −→

x −→ 0

3

2
.

y 0 y′(0) =
3

2
.

y
0.



SI

I R
∣∣∣∣∣∣∣∣∣∣∣∣

{
y : I −→ R, x .−→

2x + λ x

x
; λ ∈ R

}
0 /∈ I

{
y : I −→ R, x .−→

⎧
⎪⎨

⎪⎩

2x − x

x
x ̸= 0

1 x = 0

}
0 ∈ I.

S
] −∞ ; 1[
( 0) x(x− 1)y′ − (x− 2)y = 0, S

R

I = ]−∞ ; 0[ I = ]0 ; 1[.

( 0) I I

( 0) y′ −
x− 2

x(x− 1)
y = 0.

( 0) I

y : x .−→ λ
(∫ x− 2

x(x− 1)
x
)
, λ ∈ R.

− 2

( − 1)
=

a
+

b

− 1
, (a, b) ∈ R2.

0,
a = 2.

− 1 1,
b = −1.

− 2

( − 1)
=

2
−

1

− 1
,

y(x) = λ
(∫ ( 2

x
−

1

x− 1

)
x
)

= λ
(
2 |x|− |x− 1|

)
= λ

x2

|x− 1|
= λ

x2

1− x
.

λ −λ, ( 0)

I y : x .−→ λ
x2

x− 1
, λ ∈ R.

0

( 0) ]−∞ ; 0[∪ ]0 ; 1[

y : .−→

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

λ1
x2

x− 1
x < 0

λ2
x2

x− 1
x > 0

(λ1,λ2) ∈ R2.

(λ1,λ2) ∈ R2, y(x) −→
x −→ 0

0.

y 0 y(0) = 0.

y(x)− y(0)

x
= λ1,2

x

x− 1
−→

x −→ 0±
0,

y 0 y′(0) = 0.

y 0.

S =
{
y : ]−∞ ; 1[ −→ R,

x .−→

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

λ1
x2

x− 1
x < 0

0 x = 0

λ2
x2

x− 1
x > 0

(λ1,λ2) ∈ R2
}
.

f1 : ]−∞ ; 1[ −→ R, x .−→

⎧
⎪⎪⎨

⎪⎪⎩

x2

x− 1
x < 0

0 x " 0

f2 : ]−∞ ; 1[ −→ R, x .−→

⎧
⎪⎪⎨

⎪⎪⎩

0 x < 0

x2

x− 1
x " 0,

S =
{
λ1f1 + λ2f2 ; (λ1,λ2) ∈ R2} = (f1, f2).

(f1, f2)
(λ1,λ2) ∈ R2

λ1f1 + λ2f2 = 0

=⇒

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∀x ∈ ]−∞ ; 0[, λ1
x2

x− 1
= 0

∀x ∈ ]0 ; 1[, λ2
x2

x− 1
= 0

=⇒

⎧
⎨

⎩

λ1 = 0

λ2 = 0.

S R S
(f1, f2) (S) = 2.

f

x ∈ R∗
u = tx
∫ 1

0
f(tx) t =

1

x

∫ x

0
f(u) u, f(x) =

2

x

∫ x

0
f(u) u.

f C0 R x .−→
∫ x

0
f(u) u

C1 R x .−→
2

x
,

f C1 R∗. ∀x ∈ R∗, xf(x) = 2

∫ x

0
f,

∀x ∈ R∗, xf ′(x) + f(x) = 2f(x).

f R∗ xy′ − y = 0.

(λ, µ) ∈ R2

⎧
⎨

⎩

∀x ∈ ]−∞ ; 0[, f(x) = λx

∀x ∈ ]0 ; +∞[, f(x) = µx.



f 0,
x 0 f(0) = 0.
⎧
⎨

⎩

f(−1) = 0

f(1) = 1
⇐⇒

⎧
⎨

⎩

−λ = 0

µ = 1
⇐⇒

⎧
⎨

⎩

λ = 0

µ = 1.

f : R −→ R, x .−→

⎧
⎨

⎩

0 x # 0

x x > 0.

f

f R f(−1) = 0
f(1) = 1.

x ∈ R,
x

2

∫ 1

0
f(tx) t

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

=
x"0

2

∫ 1

0
0 t = 0 = f(x)

=
x>0

2

∫ 1

0
tx t = 2x

[ t2

2

]1

0
= x = f(x).

f

f

f : R −→ R, x .−→

⎧
⎨

⎩

0 x # 0

x x > 0.

f

x ∈ R, x
−x

f ′(x) =
1

2

(
f(x)+f(−x)

)
f ′(−x) =

1

2

(
f(−x)+f(x)

)
,

∀x ∈ R, f ′(−x) = f ′(x).

f R

f ′ : x .−→
1

2

(
f(x) + f(−x)

)
R, f

R.

∀x ∈ R, f ′′(x) =
1

2

(
f ′(x)− f ′(−x)

)
= 0.

(a, b) ∈ R2 ∀x ∈ R, f(x) = ax+ b.

(a, b) ∈ R2

f : R −→ R, x .−→ ax+ b R
x ∈ R

f ′(x) =
1

2

(
f(x) + f(−x)

)

⇐⇒ a =
1

2

(
(ax+ b) + (−ax+ b)

)
⇐⇒ a = b.

f
{
f : R −→ R, x .−→ a(x+ 1) ; a ∈ R

}
.

t = |x|

t = |x|, J = { |x| ; x ∈ I}, ε = (x), z(t) = y(x).

x = ε t z J
x ∈ I

y(x) = z(t), y′(x) =
y

x
=

z

t

t

x
= z′(t)

1

x
,

y′′(x) =
x

(
y′(x)

)
=

x

(
z′(t)

1

x

)

=
x

(
z′(t)

) 1
x
+ z′(t)

x

( 1
x

)

=
(

t

(
z′(t)

) t

x

) 1
x
+ z′(t)

(
−

1

x2

)
= z′′(t)

1

x2
− z′(t)

1

x2
.

( ) ⇐⇒ x2
( z′′(t)

x2
−

z′(t)

x2

)
+ ax

z′(t)

x
+ bz(t) = k(x)

⇐⇒ z′′(t) + (a− 1)z′(t) + bz(t) = k(ε t).

t = x, x = t, z(t) = y(x).

y(x) = z(t), y′(x) = z′(t)
1

x
, y′′(x) = z′′(t)

1

x2
− z′(t)

1

x2
,

( ) x2y′′ + xy′ + y = x2 + x+ 1

⇐⇒ (z′′ − z′) + z′ + z = 2t + t + 1

⇐⇒ z′′ + z = 2t + t + 1 ( ).

( 0) z′′ + z = 0 x .−→ A t+B t, (A,B) ∈ R2.

2, 1, 0
r2 + 1 = 0,

z : t .−→ a 2t + b t + c, (a, b, c) ∈ R3

∀t ∈ R, z′′(t) + z(t) = 2t + t + 1

⇐⇒ ∀t ∈ R, (4a 2t + b t) + (a 2t

+ b t + c) = 2t + t + 1

⇐⇒ ∀t ∈ R, (5a− 1) 2t

+(2b− 1) t + (c− 1) = 0

⇐=
(
5a− 1 = 0, 2b− 1 = 0, c− 1 = 0

)

⇐⇒
(
a =

1

5
, b =

1

2
, c = 1

)
.

t .−→
1

5
2t +

1

2
t + 1.



z : R −→ R, t .−→
1

5
2t +

1

2
t + 1 +A t+B t,

(A,B) ∈ R2.

y : ]0 ; +∞[ −→ R, (A,B) ∈ R2

x .−→
1

5
x2 +

1

2
x+ 1 +A ( x) +B ( x).

f f

x .−→
∫ x

0
f C1

f ′(x) = −1 +

∫ x

0
f(t) t, f ′ C1 f C2 R.

f : R −→ R C2

( ) ∀x ∈ R,
∫ x

0
f(t) t = f ′(x) + 1

⇐⇒

⎧
⎨

⎩

∀x ∈ R, f(x) = f ′′(x)

0 = f ′(0) + 1.

f

f : R −→ R, x .−→ A x+B x, (A,B) ∈ R2.

∀x ∈ R, f ′(x) = A x+B x,

f ′(0) + 1 = 0 ⇐⇒ B + 1 = 0 ⇐⇒ B = −1.

{
f : R −→ R, x .−→ A x− x ; A ∈ R

}
.

f

f x .−→ f
( 1

4x

)

f ′ x ∈ ]0 ; +∞[

f ′′(x) = −
1

4x2
f ′
( 1

4x

)
= −

1

4x2
f
( 1

4
1

4x

)
= −

1

4x2
f(x).

f ( ) 4x2y′′+ y = 0.

t = x,
g(t) = f(x).

f(x) = g(t) f ′(x) = g′(t)
1

x
, f ′′(x) = g′′(t)

1

x2
−g′(t)

1

x2
.

( ) ⇐⇒ ∀t ∈ R, 4
(
g′′(t)− g′(t)

)
+ g(t) = 0.

4r2 − 4r + 1 = 0

r0 =
1

2
. (λ, µ) ∈ R2

∀t ∈ R, g(t) = (λt+ µ)
1
2 t.

∀x ∈ ]0 ; +∞[, f(x) = g(t) = (λ x+ µ)
√
x.

(λ, µ) ∈ R2

f : ]0 ; +∞[ −→ R, x .−→ (λ x+ µ)
√
x.

f ]0 ; +∞[
x ∈ ]0 ; +∞[

f ′(x) = f
( 1

4x

)

⇐⇒
λ

x

√
x+ (λ x+ µ)

1

2
√
x

=
(
λ

1

4x
+ µ

)√ 1

4x

⇐⇒ λ+ λ x+ λ 2 = 0.
(
∀x ∈ ]0 ; +∞[, f ′(x) = f

( 1

4x

))
⇐⇒ λ = 0.

f
{
f : [0 ; +∞[ −→ R, x .−→ µ

√
x ; µ ∈ R

}
,

f

∀x ∈ [0 ; +∞[, x

∫ x

0
f(t) t− 3

∫ x

0
tf(t) t =

x2

2
.

f f t .−→ tf(t)

x .−→
∫ x

0
f(t) t

t .−→
∫ x

0
tf(t) t C1

∀x ∈ [0 ; +∞[,

∫ x

0
f(t) t+ xf(x)− 3xf(x) = x,

∀x ∈ [0 ; +∞[, −2xf(x) +
∫ x

0
f(t) t = x.

∀x ∈ ]0 ; +∞[, f(x) =
1

2x

∫ x

0
f(t) t−

1

2
.

C1 ]0 ; +∞[, f C1

]0 ; +∞[.

∀x ∈ ]0 ; +∞[, −2xf ′(x)− 2f(x) + f(x) = 1,

∀x ∈ ]0 ; +∞[, 2xf ′(x) + f(x) = −1.
f ]0 ; +∞[,

2xy′ + y = 0,

x .−→ λ
(∫
−

1

2x
x
)
=

λ
√
x
, λ ∈ R.

x .−→ − 1.

y : x .−→ − 1 +
λ
√
x
, λ ∈ R.

λ ∈ R ∀x ∈ ]0 ; +∞[, f(x) = −1 +
λ
√
x
.

f 0 λ = 0
f = −1.



f = −1
−1 x ∈ [0 ; +∞[

∫ x

0
(x− 3t)f(t) t =

∫ x

0
(−x+ 3t) t

=
[
− xt+

3

2
t2
]x

0
= −x2 +

3

2
x2 =

x2

2
,

f

f
−1.

∀x ∈ ]0 ; +∞[, y′′ + 2y′ + y =
−x

x

⇐⇒ ∀x ∈ ]0 ; +∞[, x(y′′ + 2y′ + y) =
1

x

⇐⇒ ∀x ∈ ]0 ; +∞[,
x

(
x(y′ + y)

)
=

1

x

⇐⇒ ∃λ ∈ R, ∀x ∈ ]0 ; +∞[, x(y′ + y) = x+ λ

⇐⇒ ∃λ ∈ R, ∀x ∈ ]0 ; +∞[,
x
( xy) = x+ λ

⇐⇒ ∃λ ∈ R, ∃µ ∈ R, ∀x ∈ ]0 ; +∞[,
xy =

∫
( x+ λ) x = x x− x+ λx+ µ.

α = λ − 1, β = µ,

{
y : ]0 ; +∞[ −→ R, x .−→ (x x+αx+β) −x, (α,β)∈R2}.



y′ −
1

x
y = 0, y : ]0 ; +∞[ −→ R

y : x -−→ λx, λ ∈ R

xy′ − 2y = 0 y : R −→ R
y : x -−→ λx2, λ ∈ R

S xy′ − 3y = 0 y : R −→ R
R 1

y′ −
2

x
y = x2, y : ]0 ; +∞[ −→ R

y : x -−→ x3

y′′ − 3y′ + 2y = 0 y : R −→ R
y : x -−→ λ1

x + λ2
2x, (λ1, λ2) ∈ R2

y′′ + y′ = 0 y : R −→ R
y : R −→ R, x -−→ A x+B x, (A,B) ∈ R2

y′′ − 5y′ + 6y = x2 y : R −→ R
y : x -−→ x+ λ1

2x + λ2
3x, (λ1, λ2) ∈ R2

I R x0 ∈ I, y0 ∈ K a, b : I −→ K I
y : I −→ K

{

∀x ∈ I, y′(x) + a(x)y(x) = b(x)

y(x0) = y0.

I R x0 ∈ I, (y0, z0) ∈ K2 a, b ∈ K, g : I −→ K I
y : I −→ K

⎧

⎪
⎪
⎨

⎪
⎪
⎩

∀x ∈ I, y′′(x) + ay′(x) + by(x) = g(x)

y(x0) = y0

y′(x0) = z0.

y′′ + y = x y : R −→ R
y : x -−→ A x+B x, (A,B) ∈ R2



y : x -−→ λ
(∫

1

x
x
)

= λ ( x) = λx, λ ∈ R.

xy′ − 2y = 0
]−∞ ; 0[ y1 : x -−→ λ1x

2, λ1 ∈ R
]0 ; +∞[ y2 : x -−→ λ2x

2, λ2 ∈ R

(λ1,λ2) ∈ R2 y : x -−→

⎧

⎪
⎪
⎨

⎪
⎪
⎩

λ1x
2 x < 0

0 x = 0

λ2x
2 x > 0

R R

S R 2 1

R y : x -−→

⎧

⎪
⎪
⎨

⎪
⎪
⎩

λ1x
3 x < 0

0 x = 0

λ2x
3 x > 0

(λ1,λ2) ∈ R2

y : x -−→ x3 y′ −
2

x
y = 3x2 −

2

x
x3 = 3x2 − 2x2 = x2.

r2 − 3r + 2 = 0
1 2

R y : x -−→ λ1
x + λ2

2x, (λ1,λ2) ∈ R2.

r2 + r = 0 0
−1

R y : x -−→ λ1 + λ2
−x, (λ1,λ2) ∈ R2.

y′′ + y = 0

y : x -−→ x

x -−→ A x + B x y′′ + y = 0
y′′ + y = x

x -−→
1

2
x



un+1 = f(un)

R
R

R

un+1 = f(un)



⌊x⌋
x

⌊x⌋ ∈ Z ⌊x⌋ # x < ⌊x⌋+ 1,

⌊x⌋ ∈ Z x− 1 < ⌊x⌋ # x.
➟

∀x ∈ R, ∀α ∈ Z, ⌊x+ α⌋ = ⌊x⌋+ α.

x ∈ R, α ∈ Z

⌊x⌋ ⌊x⌋ ∈ Z ⌊x⌋ # x < ⌊x⌋+ 1.

α ∈ Z

⌊x⌋+ α ∈ Z ⌊x⌋+ α # x+ α <
(
⌊x⌋+ α

)
+ 1.

⌊x+ α⌋, ⌊x+ α⌋ = ⌊x⌋+ α.

n

n
n+1
n

➟

n ∈ N− {0, 1}

(2n)!

22n(n!)2
>

1

n+ 1
.

n

n = 2
(2n)!

22n(n!)2
=

4!

24(2!)2
=

3

8

1

n+ 1
=

1

3
,

3

8
>

1

3
.

n " 2
(
2(n+ 1)

)
!

22(n+1)
(
(n+ 1)!

)2 =
(2n)!(2n+ 1)(2n+ 2)

22n4(n!)2(n+ 1)2

=
(2n)!

22n(n!)2
·
2n+ 1

2n+ 2
>

1

n+ 1

2n+ 1

2n+ 2

1

n+ 1

2n+ 1

2n+ 2
"

1

n+ 2
⇐⇒ (2n+ 1)(n+ 2) " (n+ 1)(2n+ 2)

⇐⇒ 2n2 + 5n+ 2 " 2n2 + 4n+ 2,

n+ 1

n



α

α ∈ Q

➟

√
2

√
2 ∈ Q

(p, q) ∈ (N∗)2
√
2 = p

q
(p, q) = 1.

2q2 = p2

2 2q2

2 p2

√
2

un

➟

n∞

n∑

k=1

k + n2

k2 + n3
.

n ∈ N∗ k ∈ {1, ..., n}

0 + n2

n2 + n3
#

k + n2

k2 + n3
#

n+ n2

0 + n3
,

k = 1 k = n

n
1

1 + n
#

n∑

k=1

k + n2

k2 + n3
# n

1 + n

n2
,

n

n+ 1
#

n∑

k=1

k + n2

k2 + n3
#

n+ 1

n
.

n

n+ 1
−→
n∞

1
n+ 1

n
−→
n∞

1,

n∞

n∑

k=1

k + n2

k2 + n3
= 1.

➟



(un)n∈N, (vn)n∈N
u2
n + v2n −→

n∞
0.

un −→
n∞

0 vn −→
n∞

0.

∀n ∈ N, 0 # u2
n # u2

n + v2n.

u2
n + v2n −→

n∞
0,

u2
n −→

n∞
0, un −→

n∞
0.

vn −→
n∞

0.

(un)n∈N
(a, b) ∈ R2

u2p −→
p∞

a u2p+1 −→
p∞

b.

un + un+1 −→
n∞

a+ b.

n ∈ N vn = un + un+1.
⎧
⎪⎨

⎪⎩

v2p = u2p + u2p+1 −→
p∞

a+ b

v2p+1 = u2p+1 + u2p+2 −→
p∞

b+ a.

vn −→
n∞

a+ b,

un + un+1 −→
n∞

a+ b.

+∞ −∞

➟

(un)n∈N

∀n ∈ N, un =

(
2 + (−1)n

)
(n+ 3)

(
3 + (−1)n

)
(n+ 2)

.

u2p =
3(2p+ 3)

4(2p+ 2)
−→
p∞

3

4
u2p+1 =

1(2p+ 4)

2(2p+ 3)
−→
p∞

1

2
.

3

4
̸=

1

2
, (un)n∈N



(un)n∈N
u0 " 0

∀n ∈ N, un+1 =
√

u2
n + un + 1.

un −→
n∞

+∞.

n ∈ N un un " 0

∀n ∈ N, un+1 =
√

u2
n + (un + 1) "

√
u2
n = un,

(un)n∈N

(un)n∈N ℓ
ℓ " 0

(un)n∈N ℓ =
√
ℓ2 + ℓ+ 1, ℓ + 1 = 0, ℓ = −1

(un)n∈N

un −→
n∞

+∞.

➟

(un)n∈N
u0 ∈ [0 ; 2]

∀n ∈ N, un+1 =
√

2 + (−1)nun

n n ∈ N un

un ∈ [0 ; 2]

n = 0

n ∈ N un un ∈ [0 ; 2]
un+1 =

√
2− un un =

√
2 + un un+1 un+1 " 0

un+1 #
√
2 + 2 = 2 un+1 ∈ [0 ; 2]

(un)n∈N

ℓ ∈ R un −→
n∞

ℓ.

u2p −→
p∞

ℓ u2p+1 −→
p∞

ℓ.

⎧
⎪⎨

⎪⎩

u2p+2 =
√

2− u2p+1 −→
p∞

√
2− ℓ

u2p+3 =
√

2 + u2p+2 −→
p∞

√
2 + ℓ.

√
2− ℓ = ℓ

√
2 + ℓ = ℓ,

√
2− ℓ =

√
2 + ℓ, ℓ = 0

√
2 = 0

(un)n∈N

(un)n, (vn)n vn − un 0 n −→ +∞
➟



(un)n∈N∗ , (vn)n∈N∗

n ∈ N∗

un =
n∑

k=1

1

k2
, vn = un +

1

n

n ∈ N∗ un+1 − un =
1

(n+ 1)2
" 0,

(un)n∈N∗

n ∈ N∗

vn+1 − vn = un+1 +
1

n+ 1
− un −

1

n
=

1

(n+ 1)2
+

1

n+ 1
−

1

n

=
n+ n(n+ 1)− (n+ 1)2

n(n+ 1)2
= −

1

n(n+ 1)2
# 0,

(vn)n∈N∗

vn − un =
1

n
−→
n∞

0.

(un)n∈N∗ (vn)n∈N∗

➟

un n ∈ N
⎧
⎨

⎩

u0 = 0, u1 = 1

∀n ∈ N, un+2 = 3un+1 − 2un

r2− 3r+2 = 0
r1 = 1, r2 = 2, (λ1, λ2) ∈ R2

∀n ∈ N, un = λ11
n + λ22

n.
⎧
⎨

⎩

u0 = 0

u1 = 1
⇐⇒

⎧
⎨

⎩

λ1 + λ2 = 0

λ1 + 2λ2 = 1
⇐⇒

{
λ1 = −1
λ2 = 1.

∀n ∈ N, un = (−1)1n + 1 · 2n = 2n − 1.

un n ∈ N
⎧
⎨

⎩

u0 = −1, u1 = 0

∀n ∈ N, un+2 = 4un+1 − 4un

r2 − 4r + 4 = 0
r0 = 2 (λ, µ) ∈ R2

∀n ∈ N, un = (λn+ µ)2n.

{
u0 = −1
u1 = 0

⇐⇒

⎧
⎨

⎩

µ = −1

(λ+ µ)2 = 0
⇐⇒

⎧
⎨

⎩

µ = −1

λ = 1.

∀n ∈ N, un = (n− 1)2n.



un n ∈ N
⎧
⎨

⎩

u0 = 1, u1 = 1

∀n ∈ N, un+2 = −2un+1 − 2un.

r2 + 2r + 2 = 0

r1 = −1− =
√
2 −3 π/4, r2 = −1 + =

√
2 3 π/4,

(A,B) ∈ R2

∀n ∈ N, un = (
√
2)n
(
A

3nπ

4
+B

3nπ

4

)
.

⎧
⎨

⎩

u0 = 1

u1 = 1
⇐⇒

⎧
⎪⎨

⎪⎩

A = 1

√
2
(
−

A
√
2
+

B
√
2

)
= 1
⇐⇒

⎧
⎨

⎩

A = 1

B = 2.

∀n ∈ N, un =
√
2 n
( 3nπ

4
+ 2

3nπ

4

)
.

un

(vn)n
(un)n
wn = un − vn

wn un

un = vn + wn.
➟

un n ∈ N
⎧
⎨

⎩

u0 = 1, u1 = 2,

∀n ∈ N, un+2 = 5un+1 − 6un + 2.

(vn)n∈N
(un)n∈N

vn = λ ∈ R λ = 5λ− 6λ+ 2 ⇐⇒ λ = 1.

n ∈ N wn = un − vn = un − 1.

n ∈ N

wn+2 = un+2 − vn+2 = (5un+1 − 6un + 2)− (5vn+1 − 6vn + 2)

= 5(un+1 − vn+1)− 6(un − vn) = 5wn+1 − 6wn.

(wn)n∈N

r2 − 5r + 6 = 0
r1 = 2, r2 = 3 (λ1, λ2) ∈ R2

∀n ∈ N, wn = λ12
n + λ23

n.

∀n ∈ N, un = λ12
n + λ23

n + 1.
{
u0 = 1

u1 = 2
⇐⇒

⎧
⎨

⎩

λ1 + λ2 + 1 = 1

2λ1 + 3λ2 + 1 = 2
⇐⇒

⎧
⎨

⎩

λ1 = −1

λ2 = 1.

∀n ∈ N, un = −2n+1 + 3n + 1.



un+1 = f(un)

ℓ (un)n. un −→
n∞

ℓ

f ℓ, f(ℓ) = ℓ.

(un)n
f

f (un)n

(un)n

u0

f
(un)n.

➟

(un)n∈N
⎧
⎪⎪⎨

⎪⎪⎩

u0 = 1

∀n ∈ N, un+1 =
2u2

n + 2

3un
.

f : [1 ; +∞[ −→ R, x .−→
2x2 + 2

3x
.

f [1 ; +∞[

∀x ∈ [1 ; +∞[, f ′(x) =
4x · 3x− (2x2 + 2)3

(3x)2
=

2(x2 − 1)

3x2
" 0,

f [1 ; +∞[

f(1) =
4

3
. f([1 ; +∞[) ⊂ [4/3 ; +∞[⊂ [1 ; +∞[.

[1 ; +∞[ f

u0 = 1 ∈ [1 ; +∞[ [1 ; +∞[ f
(un)n∈N ∀n ∈ N, un ∈ [1 ; +∞[.

(un)n∈N ℓ ℓ ∈ [1 ; +∞[

f ℓ ℓ = f(ℓ)
2ℓ2 + 2

3ℓ
= ℓ, ℓ2 = 2

ℓ =
√
2

f f(1) =
4

3
" 1 f(

√
2) =

√
2

[1 ;
√
2] f

u0 = 1 ∈ [1 ;
√
2] [1 ;

√
2] f

∀n ∈ N, un ∈ [1 ;
√
2].

(un)n∈N
√
2

∀n ∈ N, un+1 − un =
2u2

n + 2

3un
− un =

2− u2
n

3un
" 0,

(un)n∈N

(un)n∈N
√
2 (un)n∈N

(un)n∈N
√
2

(un)n∈N
√
2



(un)n, (vn)n

un vn

(un)n, (vn)n

➟

(un)n∈N, (vn)n∈N

u0 =
1

2
, v0 =

1

3

∀n ∈ N,

⎧
⎨

⎩

un+1 = u2
nvn

vn+1 = unv2n.

n n ∈ N un vn
(un, vn) ∈ ]0 ; 1[2

n = 0

n ∈ N

un+1 = u2
nvn ∈ ]0 ; 1[ vn+1 = unv

2
n ∈ ]0 ; 1[2

n+ 1

n n ∈ N un vn
(un, vn) ∈ ]0 ; 1[2

∀n ∈ N,

⎧
⎨

⎩

0 # un+1 = u2
nvn = un(unvn) # un

0 # vn+1 = u2
nvn # vn,

(un)n∈N (vn)n∈N

0
λ µ λ " 0 µ " 0

∀n ∈ N, 0 # un # u0 =
1

2
,

n 0 # λ #
1

2
.

0 # µ #
1

3
.

n
(un)n∈N (vn)n∈N λ = λ2µ µ = λµ2,

λ(1− λµ) = 0 µ(1− λµ) = 0.

1− λµ " 1−
1

2

1

3
> 0, λ = 0 µ = 0

(un)n∈N (vn)n∈N 0

un

nun, un,
➟



un n ∈ N
u0 = 0

∀n ∈ N, un+1 = (n+ 1)un + (n+ 1)!.

(n+ 1)! ∀n ∈ N,
un+1

(n+ 1)!
=

un

n!
+ 1.

n ∈ N, vn =
un

n!
,

∀n ∈ N, vn+1 = vn + 1.

(vn)n∈N

∀n ∈ N, vn = v0 + n = n,

∀n ∈ N, un = n! vn = n · n! .

un

1

n2

n
∑

k=1

⌊kx⌋, x ∈ R
2n
∑

k=0

k

k + n2

n
∑

k=0

(

n
k

)−1

.

(un)n∈N u0 ∈ C

∀n ∈ N, un+1 =
2un − un

3
.

n ∈ N∗
n
∑

k=1

1√
k
<
√
n+
√
n+ 1− 1.

∀n ∈ Z,
⌊n− 1

2

⌋

+
⌊n+ 2

4

⌋

+
⌊n+ 4

4

⌋

= n.

(un)n∈N∗ , (vn)n∈N∗ R∗+.

n ∈ N wn =
u3
n + v3n

u2
n + v2n

.

⎧

⎪
⎨

⎪
⎩

un −→
n∞

0

vn −→
n∞

0
⇐⇒ wn −→

n∞
0.



(un)n, (vn)n, (wn)n a ∈ R.

un + vn + wn −→
n∞

3a u2
n + v2n + w2

n −→
n∞

3a2.

un −→
n∞

a, vn −→
n∞

a, wn −→
n∞

a.

(xn)n∈N, (yn)n∈N

xn + yn −→
n∞

S ∈ R xnyn −→
n∞

P ∈ R.

S2 − 4P " 0.

S2−4P > 0, (xn)n∈N (yn)n∈N

S2−4P = 0, (xn)n∈N (yn)n∈N

n " 1 un =
n
∏

k=1

(

1 +
1

k k!

)

vn =
(

1 +
1

nn!

)

un,

(un)n#1 (vn)n#1

λ ∈ C (un)n∈N u0 = 0, u1 = λ

∀n ∈ N, un+2 = un+1 −
1

4
un,

∀n ∈ N, |un| # 1.

(φn)n∈N φ0 = 0, φ1 = 1 ∀n ∈ N, φn+2 = φn+1 + φn.

φn n n ∈ N

∀n ∈ N, φ2
n+1 − φnφn+2 = (−1)n.

(φn+1

φn

)

n#1

∀n ∈ N,
n
∑

k=0

(

n
k

)

φk = φ2n ∀n ∈ N,
n
∑

k=0

(−1)k
(

n
k

)

φk = −φn.

un n ∈ N u0 = 0, u1 = 1

∀n ∈ N, un+2 = 10un+1 − 21un + 12n.



un+1 = f(un)

(un)n∈N

⎧

⎪
⎨

⎪
⎩

u0 = 1

un+1 =
un

u2
n + 1

⎧

⎨

⎩

u0 = 2

un+1 =
√
1 + un

⎧

⎪
⎪
⎨

⎪
⎪
⎩

u0 ∈
[1

3
; +∞

[

un+1 =

√

un −
2

9
.

un+1 un n

(un)n∈N∗ u1 > 0 ∀n ∈ N∗, un+1 =

√
nun

n+ 1
.

A =
3
√

54
√
3 + 41

√
5√

3
+

3
√

54
√
3− 41

√
5√

3

x, y ∈ Q+
√
x

√
y

√
x+
√
y

n ∈ N∗ n
√
n /∈ Q

√
2 +
√
3 /∈ Q

(un)n∈N (u2p)p∈N, (u2p+1)p∈N,
(u3p)p∈N (un)n∈N

Z
(un)n∈N Z (un)n∈N

N ∈ N (un)n#N

(un)n#0, (vn)n#0 u0 > 0, v0 > 0

n ∈ N un+1 =
un + vn

2
, vn+1 =

un +
√
unvn + vn
3

.

ℓ v1 # ℓ # u1.

(a, b) ∈ (R+ −Q)2 ab ∈ Q.

nα, nα, α ∈ R− πZ
α ∈ R − πZ

n∞
nα,

n∞
nα



(un)n∈N∗ C (vn)n∈N∗

∀n ∈ N∗, vn =
u1 + · · ·+ un

n
.

(un)n∈N∗ ℓ (vn)n∈N∗ ℓ.

(un)n∈N∗ C un+1 − un −→
n∞

ℓ ∈ C
un

n
−→
n∞

ℓ

(un)n∈N∗ R∗+
(un+1

un

)

n∈N∗

ℓ > 0 ( n
√
un)n∈N∗ ℓ

n

(

2n
n

)1/n

,
n

n
√
n!
,

1

n
n
√

n(n+ 1) · · · (n+ n),
1

n
n
√

1 · 3 · · · · · (2n− 1),
1

n2

n

√

(3n)!

n!
.



un.

un vn =
2n∑

k=0

k

n2
, k

n2 k + n2.

k = 0, 1, n− 1, n.

un+1 un

n

n

(un, vn).

Sn = (un − a)2 + (vn − a)2 + (wn − a)2.

(xn − yn)2.

t2 − St + P = 0,
t ∈ R.
(xn − yn)2.

un n

r1 =
1−
√
5

2
r2 =

1 +
√
5

2
n

(vn)n∈N vn = an+ b

(un)n∈N.
wn = un − vn, (wn)n∈N

wn n un

n

un

f(x) = x,
α |un+1−α|

|un−α|
0.

f(x) = x,
α,β. u1

α β.

vn = nun.

u v
u+ v, u3 + v3, u3v3,

A.

(u6q)q∈N (u6q+3)q∈N.

(un)n∈N Z
(un)n∈N
ε, N

un vn

√
2
√
2
.

R+ − Q R+ Q
R+ − Q = {x ∈ R+ ; x /∈ Q}.

nα −→
n∞

ℓ ∈ R,

(n + 1)α

nα −→
n∞

ℓ′ =
ℓ− ℓ α

α
.

nα ℓ =
ℓ′ α− ℓ′

α
.

ℓ, ℓ′, ℓ = ℓ′ = 0.

ε, N un −→
n∞

ℓ,

n∑

k=1

uk N.

un+1−un

un.



∀t ∈ R, t− 1 < ⌊t⌋ # t,

∀n ∈ N∗,
1

n2

n∑

k=1

(kx− 1) < un #
1

n2

n∑

k=1

(kx),

∀n ∈ N∗, ;
n+ 1

2n
x−

1

n
< un #

n+ 1

2n
x.

un −→
n∞

x

2
.

0 # k # 2n, k n2

vn =
2n∑

k=0

k

n2

un vn.

n ∈ N∗

vn =
2n∑

k=0

k

n2
=

1

n2

2n∑

k=0

k =
1

n2

2n(2n+ 1)

2
=

2n+ 1

n
,

vn −→
n∞

2.

n ∈ N∗

|un − vn| =
∣∣∣

2n∑

k=0

k

k + n2
−

2n∑

k=0

k

n2

∣∣∣

=
∣∣∣

2n∑

k=0

( k

k + n2
−

k

n2

)∣∣∣ =
2n∑

k=0

k2

(k + n2)n2

#
2n∑

k=0

(2n)2

n2n2
=

4

n2

2n∑

k=0

1 =
4

n2
(2n+ 1),

|un − vn| −→
n∞

0, un − vn −→
n∞

0.

un = (un − vn) + vn −→
n∞

0 + 2 = 2.

n ∈ N n " 5

un =

(
n
0

)−1

+

(
n
1

)−1

+
n−2∑

k=2

(
n
k

)−1

+

(
n

n− 1

)−1

+

(
n
n

)−1

= 2
(
1 +

1

n

)
+

n−2∑

k=2

(
n
k

)−1

.

∀k ∈ {2, ..., n− 2},
(
n
k

)
"

(
n
2

)
=

n(n− 1)

2
,

0 #
n−2∑

k=2

(
n
k

)−1

# (n− 3)
2

n(n− 1)
,

n−2∑

k=2

(
n
k

)−1

−→
n∞

0.

un −→
n∞

2.

n ∈ N xn = (un), yn = (un).

n ∈ N,

un+1 =
2un − un

3
⇐⇒

⎧
⎪⎪⎨

⎪⎪⎩

xn+1 =
1

3
(2xn − xn) =

1

3
xn

yn+1 =
1

3
(2yn + yn) = yn.

(xn)n∈N n ∈ N,

xn =
(1
3

)n
x0, (yn)n∈N y0.

un =
x0

3n
+ y0 −→

n∞
y0,

un −→
n∞

(u0).

n

n = 1.

n ∈ N∗.

n+1∑

k=1

1
√
k

=
( n∑

k=1

1
√
k

)
+

1
√
n+ 1

<
√
n+
√
n+ 1− 1 +

1
√
n+ 1

.

√
n+
√
n+ 1− 1 +

1
√
n+ 1

#
√
n+ 1 +

√
n+ 2− 1 (1).

(1) ⇐⇒
1

√
n+ 1

#
√
n+ 2−

√
n

⇐⇒
1

√
n+ 1

#
(n+ 2)− n
√
n+ 2 +

√
n

⇐⇒
√
n+ 2 +

√
n # 2

√
n+ 1

⇐⇒
(√

n+ 2 +
√
n
)2

# 4(n+ 1)

⇐⇒ 2n+ 2 + 2
√

n(n+ 2) # 4n+ 4

⇐⇒
√

n(n+ 2) # n+ 1

⇐⇒ n(n+ 2) # (n+ 1)2 ⇐⇒ 0 # 1.

n+ 1

n



n 4,

n
⌊n− 1

2

⌋ ⌊n+ 2

4

⌋ ⌊n+ 4

4

⌋

4k 2k − 1 k k + 1 4k
4k + 1 2k k k + 1 4k + 1
4k + 2 2k k + 1 k + 1 4k + 2
4k + 3 2k + 1 k + 1 k + 1 4k + 3

un −→
n∞

0 vn −→
n∞

0.

0 # wn =
u3
n + v3n

u2
n + v2n

#
u3
n + v3n + u2

nvn + unv2n
u2
n + v2n

= un + vn −→
n∞

0,

wn −→
n∞

0.

wn −→
n∞

0.

n ∈ N Mn = (un, vn).

∀n ∈ N, wn =
u3
n + v3n

u2
n + v2n

"
M3

n

2M2
n

=
Mn

2
" 0,

u3
n + v3n " M3 u2

n + v2n # 2M2
n.

Mn −→
n∞

0.

0 # un # Mn 0 # vn # Mn,
un −→

n∞
0 vn −→

n∞
0.

n ∈ N

Sn = (un − a)2 + (vn − a)2 + (wn − a)2.

Sn = u2
n + v2n + w2

n − 2a(un + vn + wn) + 3a2

−→
n∞

3a2 − 2a · 3a+ 3a2 = 0.

∀n ∈ N, 0 # (un − a)2 # Sn,

(un − a)2 −→
n∞

0 un − a −→
n∞

0, un −→
n∞

a.

vn −→
n∞

a, wn −→
n∞

a.

(xn − yn)2 = (xn + yn)2 − 4xnyn −→
n∞

S2 − 4P.

n ∈ N, (xn − yn)2 " 0,
S2 − 4P " 0.

S2 − 4P > 0, t2 − St + P = 0,
t ∈ R, t1, t2

t1 ̸= t2.

(xn)n∈N (yn)n∈N
n ∈ N

xn =

⎧
⎨

⎩

t1 n

t2 n
yn =

⎧
⎨

⎩

t2 n

t1 n

∀n ∈ N, xn + yn = S xnyn = P,

xn + yn −→
n∞

S xnyn −→
n∞

P.

(xn)n∈N (yn)n∈N

(xn − yn)
2 = (xn + yn)

2 − 4xnyn −→
n∞

S2 − 4P = 0,

xn − yn −→
n∞

0.

⎧
⎪⎪⎨

⎪⎪⎩

xn =
1

2

(
(xn + yn) + (xn − yn)

)
−→
n∞

S

2

yn =
1

2

(
(xn + yn)− (xn − yn)

)
−→
n∞

S

2
.

(xn)n∈N (yn)n∈N
S

2
.

n " 1

un+1 − un =
(
1 +

1

(n+ 1) (n+ 1)!

)
un − un

=
un

(n+ 1) (n+ 1)!
" 0,

(un)n#1

n ∈ N

vn+1 − vn =
(
1 +

1

(n+ 1) (n+ 1)!

)
un+1 −

(
1 +

1

nn!

)
un

=
(
1 +

1

(n+ 1) (n+ 1)!

)2
un −

(
1 +

1

nn!

)
un

=
( 2

(n+ 1) (n+ 1)!
+

1

(n+ 1)2
(
(n+ 1)!

)2 −
1

nn!

)
un

=
1

n(n+ 1) (n+ 1)!

(
2n+

n

(n+ 1) (n+ 1)!
− (n+ 1)2

)
un.

n " 1

2n+
n

(n+ 1) (n+ 1)!
−(n+1)2 # 2n+1−(n+1)2 = −n2 # 0,

∀n " 1, vn+1 − vn # 0,

(vn)n#1

n " 1 vn − un =
un

nn!
" 0.

(vn)n#1 ∀n " 1, 0 # un # vn #

v1, 0 # vn − un =
un

nn!
#

v1

nn!
.

vn − un −→
n∞

0.

(un)n#1 (vn)n#1



(un)n∈N

r2 − r +
1

4
= 0,

1

2
.

(α,β) ∈ C2

∀n ∈ N, un = (αn+ β)
(1
2

)n
.

⎧
⎨

⎩

u0 = 0

u1 = λ
⇐⇒

⎧
⎪⎨

⎪⎩

β = 0

(α+ β)
1

2
= λ

⇐⇒

⎧
⎨

⎩

β = 0

α = 2λ.

∀n ∈ N, un = 2λn
(1
2

)n
=

λn

2n−1
.

n

2n−1

n 0 1 2 3 4 ...

n/2n−1 0 1 1 3/4 1/2 ...

( n

2n−1

)

n#1
n " 1

n+ 1

2n
n

2n−1

=
n+ 1

2n
# 1.

(|un|)n#1
(
∀n ∈ N, |un| # 1

)
⇐⇒ |u1| # 1⇐⇒ |λ| # 1

{λ ∈ C ; |λ| # 1}.

r2−r−1 = 0

r1 =
1−
√
5

2
, r2 =

1 +
√
5

2
.

(λ1,λ2) ∈ R2

∀n ∈ N, φn = λ1r
n
1 + λ2r

n
2 .

⎧
⎨

⎩

φ0 = 0

φ1 = 1
⇐⇒

⎧
⎨

⎩

λ1 + λ2 = 0

λ1r1 + λ2r2 = 1

⇐⇒

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

λ1 =
1

r1 − r2
= −

1
√
5

λ2 =
1

r2 − r1
=

1
√
5
.

∀n ∈ N, φn =
1
√
5

((1 +
√
5

2

)n
−
(1−

√
5

2

)n)
.

n ∈ N

φ2n+1 − φnφn+2

=
1

5

(
(rn+1

2 − rn+1
1 )2 − (rn2 − rn1 )(r

n+1
2 − rn+1

1 )
)

=
1

5
(rn1 r

n+2
2 − 2rn+1

1 rn+1
2 + rn+2

1 rn2 )

=
1

5
(r1r2)

n(r2 − r1)
2 = (−1)n,

r1r2 = −1

n

n = 0

n ∈ N

φ2n+2 − φn+1φn+3

= φ2n+2 − φn+1(φn+2 + φn+1)

= φn+2(φn+2 − φn+1)− φ2n+1

= φn+2φn − φ2n+1 = −(−1)n = (−1)n+1,

n+ 1

φn+1

φn
=

rn+1
2 − rn+1

1

rn2 − rn1
−→
n∞

r2,

|r1| < 1 < r2

φn+1

φn
−→
n∞

1 +
√
5

2
.

n ∈ N
n∑

k=0

(
n
k

)
φk =

n∑

k=0

(
n
k

)
1
√
5
(rk2 − rk1 )

=
1
√
5

( n∑

k=0

(
n
k

)
rk2 −

n∑

k=0

(
n
k

)
rk1

)

=
1
√
5

(
(1 + r2)

n − (1 + r1)
n
)

=
1
√
5

(
(r22)

n − (r21)
n
)

=
1
√
5
(r2n2 − r2n1 ) = φ2n,

1 + r2 = r22 1 + r1 = r21 , r1 r2
r2 − r − 1 = 0.

n ∈ N
n∑

k=0

(−1)k
(
n
k

)
φk

=
n∑

k=0

(−1)k
(
n
k

)
1
√
5
(rk2 − rk1 )



=
1
√
5

( n∑

k=0

(
n
k

)
(−r2)k −

n∑

k=0

(
n
k

)
(−r1)k

)

=
1
√
5

(
(1− r2)

n − (1− r1)
n
)

=
1
√
5
(rn1 − rn2 ) = −φn,

r1 + r2 = 1, r1 r2
r2 − r − 1 = 0.

(un)n∈N

(vn)n∈N vn = an+ b,
(un)n∈N

∀n ∈ N, vn+2 = 10vn+1 − 21vn + 12n

⇐⇒ ∀n ∈ N, a(n+ 2) + b
= 10

(
a(n+ 1) + b

)
− 21(an+ b) + 12n

⇐⇒ ∀n ∈ N, (12a− 12)n+ (12b− 8a) = 0

⇐⇒

⎧
⎨

⎩

12a− 12 = 0

12b− 8a = 0
⇐⇒

⎧
⎪⎨

⎪⎩

a = 1

b =
2

3
.

(vn)n∈N ∀n ∈ N, vn = n+
2

3
,

(un)n∈N.

n ∈ N wn = un − vn.

∀n ∈ N, wn+2 = 10wn+1 − 21wn,

(wn)n∈N

r2 − 10r + 21 = 0
∆ = 102 − 4 · 21 = 16 > 0,

10− 4

2
= 3

10 + 4

2
= 7.

(λ, µ) ∈ R2

∀n ∈ N, wn = λ3n + µ7n,

∀n ∈ N, un = wn + vn = λ3n + µ7n + n+
2

3
.

⎧
⎨

⎩

u0 = 0

u1 = 1
⇐⇒

⎧
⎪⎪⎨

⎪⎪⎩

λ+ µ+
2

3
= 0

3λ+ 7µ+
5

3
= 1

∣∣∣∣∣∣∣∣

7

−1

∣∣∣∣∣∣∣

−3

1

∣∣∣∣∣∣∣

⇐⇒

⎧
⎪⎨

⎪⎩

4λ+ 3 = −1

4µ−
1

3
= 1

⇐⇒

⎧
⎪⎨

⎪⎩

λ = −1

µ =
1

3
.

∀n ∈ N, un = −3n +
1

3
7n + n+

2

3
.

u0 u1

n ∈ N un

un > 0

∀n ∈ N un+1 # un (un)n#0

(un)n#0 0
ℓ =

n∞
un.

(un)n#0 ℓ =
ℓ

ℓ2 + 1
, ℓ = 0

un −→
n∞

0.

n ∈ N un

un > 1

(un)n#0 ℓ
(un)n#0

ℓ =
√
1 + ℓ, ℓ =

1 +
√
5

2
.

α =
1 +
√
5

2
. n ∈ N

|un+1 − α| =
∣∣√1 + un −

√
1 + α

∣∣

=
|un − α|√

1 + un +
√
1 + α

#
1

√
1 + α

|un − α|,

∀n ∈ N, |un − α| #
( 1
√
1 + α

)n
|u0 − α|.

0 #
1

√
1 + α

< 1
( 1
√
1 + α

)n
−→
n∞

0

|un − α| −→
n∞

0.

un −→
n∞

1 +
√
5

2
.

f : I =
[1
3
; +∞

[
−→ R, x .−→ f(x) =

√

x−
2

9
.

f I

∀x ∈ I, f ′(x) =
1

2

√

x−
2

9

> 0,

f I.

∀x ∈ I, f(x) " f
(1
3

)
=

1

3
"

2

9
,

I f

I f f I,

u0 u1, (un)n∈N

f

x ∈ I

f(x) = x ⇐⇒
√

x−
2

9
= x ⇐⇒ x−

2

9
= x2

⇐⇒ x2 − x+
2

9
= 0 ⇐⇒ x =

1

3
x =

2

3
.



f I (un)n∈N

ℓ
1

3

2

3
.

f I
[1
3
;
2

3

]

[2
3
; +∞

[
f

f(x)−x x
2

3

x 1/3 2/3 +∞
f(x)− x 0 + 0 −

x

y

O

y = f(x)

u0u1u2u0

u1

1
3

2
3

1
3

2
3

u0 =
1

3
, (un)n∈N

1

3
,

1

3
.

1

3
< u0 #

2

3
, (un)n∈N

2

3
, ℓ

1

3
< u0 # ℓ #

2

3

ℓ ∈
{1

3
,
2

3

}
, ℓ =

2

3
.

u0 "
2

3
, (un)n∈N

2

3
, ℓ ℓ "

2

3
ℓ ∈

{1

3
,
2

3

}
,

ℓ =
2

3
.

(un)n∈N
1

3
u0 =

1

3
,

2

3
u0 >

1

3
.

n
n ∈ N∗, un un > 0.

n ∈ N∗ vn = nun.

n ∈ N∗

vn+1 = (n+ 1)un+1 =
√
nun =

√
vn = v

1
2
n .

n ∈ N∗

vn = v
1
2
n−1 = v

(
1
2

)2

n−2 = · · · = v

(
1
2

)n−1

1 = u
1

2n−1

1 ,

un =
1

n
u

1
2n−1

1 .

un = − n+
1

2n−1
u1 −→

n∞
−∞,

un −→
n∞

0.

u =
3
√

54
√
3 + 41

√
5

√
3

, v =
3
√

54
√
3− 41

√
5

√
3

.

A = u+ v

u3 + v3 =
54
√
3 + 41

√
5

3
√
3

+
54
√
3− 41

√
5

3
√
3

= 36

u3v3 =
54
√
3 + 41

√
5

3
√
3

·
54
√
3− 41

√
5

3
√
3

=
542 · 3− 412 · 5

33
=

343

27
=

73

33
=
(7
3

)3
,

uv ∈ R uv =
7

3
.

A3 = (u+ v)3 = u3 + 3u2v + 3uv2 + v3

= (u3 + v3) + 3uv(u+ v) = 36 + 7A.

A A3 − 7A− 36 = 0 (1).
4

(1) ⇐⇒ (A− 4)(A2 + 4A+ 9) = 0.

∆ = 42 − 4 · 9 = −20 < 0
A A2 +4A+9 A = 4.

√
x+
√
y ∈ Q.

√
x

√
y

√
x+
√
y > 0,

√
x−
√
y =

x− y
√
x+
√
y
.

x− y ∈ Q
√
x+
√
y ∈ Q∗+, Q√

x−√y ∈ Q.

Q

√
x =

1

2

(
(
√
x+
√
y) + (

√
x−
√
y)
)
∈ Q,

√
x +
√
y

√
2
√
3

√
2 +
√
3 /∈ Q.



(p, q) ∈
(N∗)2

√
n =

p

q
(p, q) = 1

nq2 = p2

" 1

n
n

√
n /∈ Q.

√
2 /∈ Q,

√
3 /∈ Q,

√
5 /∈ Q,

√
6 /∈ Q

α =
√
2 +
√
3

α ∈ Q

α2 = (
√
2 +
√
3)2 = 5 + 2

√
6,

√
6 =

α2 − 5

2
∈ Q,

√
2 +
√
3 /∈ Q

ℓ1 =
p∞

u2p, ℓ2 =
p∞

u2p+1, ℓ1 =
p∞

u3p.

(u6q)q∈N (u2p)p∈N (u3p)p∈N
ℓ1 ℓ3 ℓ1 = ℓ3

(u6q+3)q∈N (u2p+1)p∈N
(u3p)p∈N ℓ2 ℓ3 ℓ2 = ℓ3

ℓ1 = ℓ2

(un)n∈N

(un)n∈N

(un)n∈N
ℓ

N ∈ N ∀n " N, |un − ℓ| #
1

3
.

n ∈ N n " N

|un − uN | # |un − ℓ−+|ℓ− uN | #
1

3
+

1

3
=

2

3
< 1.

un uN Z un = uN

(un)n∈N

n ∈ N,
un vn > 0.

n ∈ N

un+1 − vn+1 =
un + vn

2
−

un +
√
unvn + vn

3

=
un − 2

√
unvn + vn

6
=

(
√
un −

√
vn)2

6
" 0,

∀n ∈ N∗, un " vn.

n ∈ N∗

un+1 − un =
un + vn

2
− un =

vn − un

2
# 0,

(un)n∈N∗

n ∈ N∗

vn+1 − vn =
1

3

(
un +

√
unvn + vn

)
− vn

=
1

3

(
un+

√
unvn−2vn

)
=

1

3

(√
un−

√
vn
)(√

un+2
√
vn) " 0,

(vn)n∈N∗

n ∈ N∗

v1 # v2 # ... # vn−1 # vn # un # un−1 # ... # u2 # u1.

(vn)n∈N∗ u1

µ v1 # µ # u1, (un)n∈N∗

v1 λ
λ " v1 > 0.

λ =
λ+ µ

2
, λ = µ.

(un)n∈N (vn)n∈N
ℓ = λ = µ v1 # ℓ # u1.

u =
√
2, v =

√
2
√
2
.

√
2 ∈ R+ − Q.

v

v ∈ Q, (a =
√
2, b =

√
2)

v /∈ Q, v
√
2 = (

√
2
√

2)
√

2 =
√
2 2 = 2 ∈ Q,

(a = v = (
√
2)
√
2, b =

√
2)

(a, b) ∈ (R+−Q)2 ab ∈ Q

(
√
2,
√
2), (

√
2
√
2
,
√
2)

• nα −→
n∞

ℓ ∈ R.

∀n ∈ N, (n+ 1)α = nα α+ α nα,

α ̸= 0

∀n ∈ N, nα =
(n+ 1)α− nα α

α
.

nα −→
n∞

ℓ

(n+ 1)α −→
n∞

ℓ,

nα −→
n∞

ℓ− ℓ α

α
.

nα −→
n∞

ℓ′ ∈ R,

nα =
nα α− (n+ 1)α

α
−→
n∞

ℓ′ α− ℓ′

α
.

nα −→
n∞

ℓ nα −→
n∞

ℓ′.

ℓ′ = ℓ
1− α

α
ℓ = ℓ′

1− α

α
.



(
1 +

(1− α

α

)2)
ℓ′ = 0,

ℓ′ = 0 ℓ = 0

∀n ∈ N, 2 nα+ 2 nα = 1,

ℓ2 + ℓ′2 = 1,

α ∈ R − πZ
( nα)n∈N ( nα)n∈N

nα nα 0
n

nα nα
0 n

nα −→
n∞

0, 2nα −→
n∞

0

2nα = 2 2 nα− 1 −→
n∞

0− 1 = −1,

nα −→
n∞

0 (n+ 1)α −→
n∞

0

nα =
(n+ 1)α− nα α

α
−→
n∞

0,

2 nα+ 2 nα −→
n∞

0

ε > 0

un −→
n∞

ℓ, N1 ∈ N∗

∀n " N1, |un − ℓ| #
ε

2
.

n ∈ N n " N1 + 1

|vn − ℓ| =
∣∣∣
1

n

n∑

k=1

(uk − ℓ)
∣∣∣ #

1

n

n∑

k=1

|uk − ℓ|

=
1

n

N1∑

k=1

|uk − ℓ|+
1

n

n∑

k=N1+1

|uk − ℓ|.

1

n

n∑

k=N1+1

|uk − ℓ| #
1

n
(n−N1)

ε

2
#
ε

2
.

1

n

N1∑

k=1

|uk − ℓ| −→
n∞

0,

N2 ∈ N ∀n " N2,
1

n

N1∑

k=1

|uk − ℓ| #
ε

2
.

N = (N1, N2)

∀n ∈ N, |vn − ℓ| #
ε

2
+
ε

2
= ε,

vn −→
n∞

ℓ.

n ∈ N, αn = un+1 − un

αn −→
n∞

ℓ.

α1 + · · ·+ αn−1

n− 1
−→
n∞

ℓ.

n ∈ N n " 2

α1 + · · ·+ αn−1

n− 1
=

un − u1

n− 1
=

un

n− 1
−

u1

n− 1
.

u1

n− 1
−→
n∞

0,

un

n− 1
−→
n∞

ℓ,

un

n
=

un

n− 1

n− 1

n
−→
n∞

ℓ.

un+1 − un =
un+1

un
−→
n∞

ℓ,

un

n
−→
n∞

ℓ,

n
√
un =

( un

n

)
−→
n∞

ℓ.

un =

(
2n
n

)
,

un+1

un
=

2(2n+ 1)

n+ 1
−→
n∞

4,

n

√(
2n
n

)
−→
n∞

4.

un =
nn

n!
,

un+1

un
=
(
1 +

1

n

)n
=

(
n

(
1 +

1

n

))

=
(
n
( 1

n
+ o
( 1

n

)))
=

(
1 + o(1)

)
−→
n∞

,

n
n
√
n!

= n
√
un −→

n∞
.

un =
n(n+ 1) · · · (n+ n)

nn
,

un+1

un
=

2(2n+ 1)

n

(
1 +

1

n

)−n
−→
n∞

4
,

1

n
n
√

n(n+ 1) · · · (n+ n) = n
√
un −→

n∞

4
.

un =
1 · 3 · · · · · (2n− 1)

nn
,

un+1

un
=

2n+ 1

n+ 1

(
1 +

1

n

)−n
−→
n∞

2
,

1

n
n
√

1 · 3 · s · (2n− 1) = n
√
un −→

n∞

2
.

un =
(3n)!

n2n(n!)
,

un+1

un
=

3(3n+ 1)(3n+ 2)

(n+ 1)2

(
1 +

1

n

)−2n
−→
n∞

27
2
,

1

n2

n

√
(3n)!

n!
= n
√
un −→

n∞

27
2
.



∀x ∈ R, ⌊x+ x2⌋ = ⌊x⌋+ ⌊x2⌋.

∀x ∈ R+ \ N, ⌊x⌋+ ⌊−x⌋ = −1.

n ∈ N, un =
(2n)!

(n!)2
, n ∈ N

un+1

un
=

2n+ 2

(n+ 1)2
.

(un)n∈N, (vn)n∈N unvn −→
n∞

0,

un −→
n∞

0 vn −→
n∞

0

(un)n∈N u4
n −→

n∞
0, u2

n −→
n∞

0

(un)n∈N +∞

0 0

(un)n∈N ℓ n ∈ N, un > 0 ℓ > 0

(un)n∈N ℓ ℓ > 0
un > 0

+∞
+∞



x = 0, 8 x+ x2 = 1, 44, ⌊x+ x2⌋ = 1 ⌊x⌋+ ⌊x2⌋ = 0 + 0 = 0

x ∈ R+ \ N ⌊x⌋ < x < ⌊x⌋ + 1 −⌊x⌋ − 1 < −x < −⌊x⌋,
⌊−x⌋ = −⌊x⌋ − 1, ⌊x⌋+ ⌊−x⌋ = −1.

un+1

un
=

(2n+ 2)!
(

(n+ 1)!
)2

(n!)2

(2n)!
=

(2n+ 2)!

(2n)!

(n!)2
(

(n+ 1)!
)2 = (2n+ 2)(2n+ 1)

1

(n+ 1)2
.

2n+ 1 (2n+ 2)! (2n)!

un =

{

0 n

1 n
vn =

{

1 n

0 n

u2
n =

√

u4
n −→

n∞
0.

un = n n ∈ N

un = (−1)n

ℓ = 0, un =
1

n
. ℓ " 0



⌊.⌋



x −→ +∞

(√
x2 + 2x+ 2−

√
x2 + x+ 3

)
.

x ∈ [0 ; +∞[

√
x2 + 2x+ 2−

√
x2 + x+ 3 =

(x2 + 2x+ 2)− (x2 + x+ 3)
√
x2 + 2x+ 2 +

√
x2 + x+ 3

=
x− 1

√
x2 + 2x+ 2 +

√
x2 + x+ 3

=
1−

1

x√

1 +
2

x
+

2

x2
+

√

1 +
1

x
+

3

x2

−→
x −→ +∞

1

2
.

x −→ +∞
x3( x)2 −x.

x3( x)2 −x =
( x)2

x︸ ︷︷ ︸
−→ 0

x4 −x
︸ ︷︷ ︸
−→ 0

−→
x −→ +∞

0.

f
ℓ a |f(x)− ℓ| −→

x −→ a
0.

➟



f : R −→ R

f(x)
(
1− f(x)

)
−→

x −→ +∞

1

4
.

f(x) −→
x −→ +∞

1

2
.

x ∈ R
(
f(x)−

1

2

)2
=
(
f(x)

)2 − f(x) +
1

4

= −f(x)
(
1− f(x)

)
+

1

4
−→

x −→ +∞
−
1

4
+

1

4
= 0,

∣∣∣f(x)−
1

2

∣∣∣ −→
x −→ +∞

0,

f(x) −→
x −→ +∞

1

2
.

f

a

(un)n, (vn)n f
a

(

f(un)
)

n
,
(

f(vn)
)

n

➟

f : R −→ R, x .−→ x− ⌊x⌋

+∞

n ∈ N un = n vn = n+
1

2
,

un −→
n∞

+∞, vn −→
n∞

+∞, f(un) = 0, f(vn) =
1

2
.

f ℓ +∞

f(un) −→
n∞

ℓ f(vn) −→
n∞

ℓ,

ℓ = 0 ℓ =
1

2
,

f +∞

f(x) = 0 f

f f(x)

f

➟



(x5 + x3 + 1)(x6 + x4 + 2) = 3,

x ∈ [0 ; 1]

f : [0 ; 1] −→ R, x .−→ (x5 + x3 + 1)(x6 + x4 + 2)− 3

[0 ; 1]

f(0) = 2− 3 = −1 < 0, f(1) = 12− 3 = 9 > 0,

f

∀x ∈ R,
(

⌊x⌋ # x < ⌊x⌋+ 1 ⌊x⌋ ∈ Z
)

∀x ∈ R,
(

x− 1 < ⌊x⌋ # x ⌊x⌋ ∈ Z
)

.

➟

x −→ +∞

x− ⌊x⌋
x+ ⌊x⌋

.

∀x ∈ [1 ; +∞[, 0 # x− ⌊x⌋ < 1 x # x+ ⌊x⌋,

∀x ∈ [1 ; +∞[, 0 #
x− ⌊x⌋
x+ ⌊x⌋

#
1

x
.

1

x
−→

x −→ +∞
0,

x −→ +∞

x− ⌊x⌋
x+ ⌊x⌋

= 0.

➟



f : R −→ R

R

∀x ∈ R,
(
f(x)

)2
= x2 + 1.

f

∀x ∈ R, f(x) ∈
{
−
√

x2 + 1,
√

x2 + 1
}
.

(a, b) ∈ R2

f(a) = −
√

a2 + 1 f(b) =
√

b2 + 1.

f S a b f(a) < 0
f(b) > 0

c ∈ S
f(c) = 0 f 0

∀x ∈ R, f(x) = −
√

x2 + 1 ∀x ∈ R, f(x) =
√

x2 + 1.

f1 : R −→ R, x .−→ −
√

x2 + 1,

f2 : R −→ R, x .−→
√

x2 + 1.

f : R −→ R

0

∀x ∈ R, f(2x) = f(x).

f

x ∈ R
x

2
x

f(x) = f
(x
2

)
.

∀n ∈ N, f(x) = f
( x

2n

)
.

x

2n
−→
n∞

0, f 0

f
( x

2n

)
−→
n∞

f(0).

f(x) = f(0) f

f

g : x -−→ f(x)− x
➟



f : R −→ R R

⎧
⎪⎨

⎪⎩

f(x) −→
x −→ −∞

+∞

f(x) −→
x −→ +∞

−∞.

f

g : R −→ R, x .−→ f(x)− x

R

g(x) −→
x −→ −∞

+∞ g(x) −→
x −→ +∞

−∞.

c ∈ R
g(c) = 0 f(c) = c

f

f : X −→ R ∃M ∈ R, ∀x ∈ X, f(x) # M

∃m ∈ R, ∀x ∈ X, m # f(x)

∃C ∈ R+, ∀x ∈ X, |f(x)| # C

f X

➟

f : R −→ R,

x .−→
1

(x− 1)10 + (x− 2)12

f R
x

1 2

x ∈ [2 ; +∞[ x− 1 " 1 x− 2 " 0,

f(x) #
1

110 + 012
= 1.

x ∈ ]−∞ ; 1] 1− x " 0 2− x " 1,

f(x) #
1

010 + 112
= 1.

f [1 ; 2] f
f

C ∈ R+

∀x ∈ [1 ; 2], f(x) # C.

M = (1, C)

∀x ∈ R, f(x) # M,

f



f : I −→ J
I J

R

∀y ∈ J, ∃ !x ∈ I, y = f(x).

f−1 f

f−1 f

f : R −→ R, x .−→ 2 x + 3x

f R

∀x ∈ R, f ′(x) = 2 x + 3 > 0,

f R

f(x) −→
x −→ −∞

−∞ f(x) −→
x −→ +∞

+∞.

f

f−1 R

Q

Q R,

∀(x, y) ∈ R2,
(

x < y =⇒
(

∃ r ∈ Q, x < r < y
)
)

,

➟

f : R −→ R R
f |Q f

(x, y) ∈ R2 x < y

(rn)n∈N Q

∀n ∈ N, rn #
x+ y

2
rn −→

n∞
x

(sn)n∈N Q

∀n ∈ N, sn "
x+ y

2
sn −→

n∞
y.

∀n ∈ N, rn # sn,

f |Q ∀n ∈ N, f(rn) # f(sn).

f x y

f(x) # f(y).

f R



+∞

+∞.

f : R −→ R f(x)
(

2− f(x)
)

−→
x −→ +∞

1. f(x) −→
x −→ +∞

1.

x15 = x11+2, x ∈ R+,

f : ]0 ; +∞[ −→ R

∀(x, y) ∈ ]0 ; +∞[2, |f(x)− f(y)| #
1

x+ y
.

x ∈ R, x ⌊x⌋,

⌊x⌋ ∈ Z ⌊x⌋ # x < ⌊x⌋+ 1.

f : R −→ R, x -−→
(

x− ⌊x⌋
)2

+
(

⌊x⌋+ 1− x
)2

R.

f : R −→ R g : R −→ R
f ◦ g g ◦ f

f : R −→ R R Q f = 0

[0 ; 1]

f : [0 ; 1] −→ [0 ; 1] x0 ∈ [0 ; 1] f(x0) = x0

f f ◦ f

f : R −→ R f f ◦ f

f : R −→ R f

f : R −→ C f



f : R −→ R 0

∀(x, y) ∈ R2, f
(x+ y

3

)

=
f(x) + f(y)

2
.

f : [0 ; 1] −→ R

∀x ∈ [0 ; 1], f
(x

2

)

+ f
(x+ 1

2

)

= 3f(x).

f = 0.

f : R −→ R 1

∀a ∈ ]0 ; +∞[, ∃ c ∈ R, f(c+ a) = f(c).

(a, b) ∈ R2 a < b, f, g : [a ; b] −→ R

x∈[a;b]
f(x) =

x∈[a;b]
g(x).

c ∈ [a ; b] f(c) = g(c).

f : R −→ R

∀(x, y) ∈ R2, f(x+ y) = f(x) + f(y).

+∞
f : R −→ R f(x) −→

x −→ −∞
+∞ f(x) −→

x −→ +∞
+∞.

x0 ∈ R ∀x ∈ R, f(x) " f(x0).



(
f(x)− 1)

)2
.

f : R+ −→ R, x .−→ x15 − x11 − 2.

x y +∞.

n ∈ Z, f n−

n+ f n

g◦f

Q
R.

g : [0 ; 1] −→ R, x .−→ g(x) = f(x)− x

g : R −→ R, x .−→ f(x)− x.

g : R −→ R, x .−→ f(x)− x.

g : x .−→ f(x)− f(0)

g(t) = g
(2
3
t
)
,

f

a ∈ ]0 ; +∞[
g : R −→ R, x .−→ f(x+ a)− f(x).

f g
f − g.

f f(x) = xf(1)
x ∈ N, Z, Q, R.

A ∈ ] −∞ ; 0] B ∈ [0 ; +∞[⎧
⎨

⎩

∀x ∈ ]−∞ ; A], f(x) " f(0)

∀x ∈ [B ; +∞[, f(x) " f(0)

[A ; B].

ℓ +∞.
(xn)n∈N xn −→

n∞
+∞, xn −→

n∞
ℓ.

∀n ∈ N, (2nπ) = 1
(π
2
+ 2nπ

)
= 0,

ℓ = 0 ℓ = 1,

+∞.

+∞.

x ∈ R
(
f(x)− 1

)2
=
(
f(x)

)2 − 2f(x) + 1

= −f(x)
(
2− f(x)

)
+ 1 −→

x −→ +∞
0,

f(x)− 1 −→
x −→ +∞

0, f(x) −→
x −→ +∞

1.

f : [0 ; +∞[ −→ R, x .−→ x15 − x11 − 2

[0 ; +∞[

f(0) = −2 < 0,
x −→ +∞

f(x) = +∞.

c ∈ [0 ; +∞[ f(c) = 0,



f x ∈ ]0 ; +∞[

0 # |f(x)− f(y)| #
1

x+ y

1

x+ y
−→

y −→ +∞
0,

|f(x)− f(y)| −→
y −→ +∞

0, f(y) −→
y −→ +∞

f(x).

f +∞
f(x). f +∞,

f(x) x f

⌊.⌋ R \ Z,
f R \ Z.

n ∈ Z.

∀x ∈ [n− 1 ; n], f(x) =
(
x− ⌊x⌋

)2
+
(
⌊x⌋+ 1− x

)2

=
(
x− (n− 1)

)2
+
(
(n− 1) + 1− x

)2
,

∀x ∈ [n ; n+ 1[, f(x) =
(
x− ⌊x⌋

)2
+
(
⌊x⌋+ 1− x

)2

= (x− n)2 + (n+ 1− x)2,

f(x) −→
x −→ n−

(
n− (n− 1)

)2
+ (n− n)2 = 1,

f(n) = (n− n)2 + (n+ 1− n)2 = 1,

f(x) −→
x −→ n+

(n− n)2 + (n+ 1− n)2 = 1.

n−
f =

n+
f = f(n), f n.

f R, f
R.

f M ∈ R+

∀x ∈ R, |f(x)| # M.

∀y ∈ R,
∣∣(f ◦ g)(y)

∣∣ =
∣∣f
(
g(y)

)∣∣ # M,

f ◦ g
f (a, b) ∈ R2

∀x ∈ R, f(x) ∈ [a ; b].

g [a ; b],
g [a ; b]

C ∈ R+ ∀y ∈ [a ; b], |g(y)| # C.

∀x ∈ R,
∣∣(g ◦ f)(x)

∣∣ =
∣∣g
(
f(x)

)∣∣ # C,

g ◦ f

x ∈ R Q R n ∈ N∗

rn ∈ Q x−
1

n
< rn < x+

1

n
.

rn −→
n∞

x.

f x f(rn) −→
n∞

f(x).

∀n ∈ N∗, f(rn) = 0, f(x) = 0

g : R −→ R, x .−→ f(x)−x
[0 ; 1] g(0) = f(0) " 0, g(1) = f(1)−1 # 0,

x0 ∈ [0 ; 1] g(x0) = 0 f(x0) = x0

g : R −→ R, x .−→ g(x) = f(x)− x.

∀x ∈ R, g(x) ̸= 0. g
R f

g > 0 g < 0
(
∀x ∈ R, g(x) > 0

) (
∀x ∈ R, g(x) < 0

)
.

g > 0, ∀x ∈ R, f(x) > x,
f(x) x ∀x ∈ R, f ◦ f(x) = f

(
f(x)

)
> f(x) > x,

f ◦ f

g < 0, ∀x ∈ R, f(x) < x,
f(x) x ∀x ∈ R, f ◦ f(x) = f

(
f(x)

)
< f(x) < x,

f ◦ f

f ◦ f

g : R −→ R, x .−→ g(x) = f(x)− x.

g f
− R

g R f R R.

f f −∞
+∞, g(x) −→

x −→ −∞
+∞.

f f +∞
−∞, g(x) −→

x −→ +∞
−∞.

g f

T ∈ R∗+ f

f [0 ; T ] f
M ∈ R+

∀x ∈ [0 ; T ], |f(x)| # M.

x ∈ R n ∈ Z x−nT ∈ [0 ; T ]
|f(x)| = |f(x− nT )| # M.

f R

f

g : R −→ R, x .−→ g(x) = f(x)− f(0).

g(0) = 0 (x, y) ∈ R2

g
(x+ y

3

)
= f

(x+ y

3

)
− f(0) =

f(x) + f(y)

2
− f(0)

=
1

2

((
f(x)− f(0)

)
+
(
f(y)− f(0)

))
=

g(x) + g(y)

2
.



y x ∀x ∈ R, g
(2x

3

)
= g(x).

x ∈ R.

∀n ∈ N, g(x) = g
(2
3
x
)
= g
((2

3

)2
x
)
= · · · = g

((2
3

)n
x
)
.

(2
3

)n
x −→

n∞
0 g 0

f n
g(x) = g(0).

g f

f [0 ; 1],
f

x1, x2 ∈ [0 ; 1]

f(x1) =
x∈[0;1]

f(x), f(x2) =
x∈[0;1]

f(x).

3f(x1) = f
(x1

2

)
+ f

(x1 + 1

2

)
" 2

x∈[0;1]
f(x) = 2f(x1),

f(x1) " 0

3f(x2) = f
(x2

2

)
+ f

(x2 + 1

2

)
# 2

x∈[0;1]
f(x) = 2f(x2),

f(x2) # 0.

0 # f(x1) # f(x2) # 0, f(x1) = f(x2) = 0
f = 0.

a ∈ ]0 ; +∞[

g : R −→ R, x .−→ g(x) = f(x+ a)− f(x).

f R [0 ; 1],
f [0 ; 1]

x1, x2 ∈ [0 ; 1]

f(x1) =
x∈[0;1]

f(x), f(x2) =
x∈[0;1]

f(x).

f 1

f(x1) =
x∈R

f(x), f(x2) =
x∈R

f(x).

g(x1) = f(x1 + a) − f(x1) " 0, x1,
g(x2) = f(x2 + a)− f(x2) # 0, x2.

g R g(x1) " 0 g(x2) # 0
c ∈ R

g(c) = 0, f(c+ a) = f(c).

f g [a ; b],
f g

x1, x2 ∈ [a ; b]
M =

x∈[a;b]
f(x) =

x∈[a;b]
g(x), f(x1) = M

g(x2) = M.
⎧
⎨

⎩

(f − g)(x1) = f(x1)− g(x1) = M − g(x1) " 0

(f − g)(x2) = f(x2)− g(x2) = f(x2)−M # 0.

f − g [a; b]

c ∈ [a ; b] (f − g)(c) = 0, f(c) = g(c).

f

∀n ∈ N, ∀x ∈ R, f(nx) = nf(x).

∀n ∈ N, f(n) = nf(1).

(x,−x) f

∀x ∈ Z, f(x) = xf(1).

r ∈ Q. (p, q) ∈ Z× N∗ r =
p

q
.

qf(r) = f(qr) = f(p) = pf(1),

f(r) =
p

q
f(1) = rf(1).

x ∈ R Q R
(rn)n∈N x

f(rn) = rnf(1) −→
n∞

xf(1).

f x

f(rn) −→
n∞

f(x).

∀x ∈ R, f(x) = xf(1)

λ ∈ R
f : R −→ R, x .−→ λx

f : R −→ R, x .−→ λx, λ ∈ R.

f(x) −→
x −→ −∞

+∞ f(x) −→
x −→ +∞

+∞,

A ∈ ]−∞ ; 0] B ∈ [0 ; +∞[
⎧
⎨

⎩

∀x ∈ ]−∞ ; A], f(x) " f(0)

∀x ∈ [B ; +∞[, f(x) " f(0).

f [A ; B]
f [A ; B] x0 ∈ [A ; B]

∀x ∈ [A ; B], f(x) " f(x0).

A # 0 # B, 0 ∈ [A ; B], f(0) " f(x0).⎧
⎨

⎩

∀x ∈ ]−∞ ; A] ∪ [B ; +∞[, f(x) " f(0) " f(x0)

∀x ∈ [A ; B], f(x) " f(x0),

∀x ∈ R, f(x) " f(x0).



f : I −→ R a ∈ I f
a

f : R −→ R 0 f R

f : I −→ R 0 a ∈ I f a

f : [0 ; +∞[ −→ R ℓ +∞ f > 0, ℓ > 0

f g a
f

g
a

R
R

f : I −→ R a ∈ I (un)n∈N I
(

f(un)
)

n∈N f(a)

R
R

f : I −→ R I
R I R

(x3 + 2)(3x7 − 1) = 1, x ∈ R



f : R −→ R, x -−→ x

f 0
R

f a a = 0, f : x -−→
1

x

f : ]0 ; +∞[ −→ R, x -−→
1

x+ 1
ℓ " 0

g(a) ̸= 0

g(a) = 0
f

g
a a

(un)n∈N a

f : ]0 ; 1] −→ R, x -−→
1

x
.

f : R −→ R, x -−→ x

f I f(I)

f : x -−→ (x3 + 2)(3x7 − 1) − 1 R
f(0) = −3 < 0 f(1) = 5 > 0
f



n

n

n



n

f

f(x)
x

f

f (n)(x)
n

➟

n ∈ N
n f : R −→ R, x .−→ x x.

u, v : R −→ R x ∈ R
u(x) = x, v(x) = x.

f n ∈ N

f (n)(x) =
n∑

k=0

(n
k

)
u(k)(x)v(n−k)(x).

u′ = 1, u′′ = 0
0 1 n " 1

f (n)(x) =
(n
0

)
u(x)v(n)(x) +

(n
1

)
u′(x)v(n−1)(x) = x x + n x,

n = 0

n ∈ N
n

f : ]0 ; +∞[ −→ R, x .−→
1

x
.

f ]0 ; +∞[
x ∈ ]0 ; +∞[

f(x) =
1

x
= x−1, f ′(x) = (−1)x−2 = −x−2,

f ′′(x) = −(−2)x−3 = 2x−3, f ′′′(x) = 2(−3)x−4 = −6x−4.

n ∈ N n ∈ N

∀x ∈ ]0 ; +∞[, f (n)(x) = (−1)nn!x−(n+1).

n = 0

n ∈ N

x ∈ ]0 ; +∞[

f (n+1)(x) =
(
f (n))′(x)

= (−1)nn!
(
− (n+ 1)

)
x−(n+1)−1 = (−1)n+1(n+ 1)!x−(n+2),

n+ 1

∀n ∈ N, ∀x ∈ ]0 ; +∞[, f (n)(x) = (−1)nn!x−(n+1) = (−1)nn!
xn+1 .



➟

➟

f : R −→ R, x .−→ x|x|

0

f(x)− f(0)

x− 0
=

x|x|
x

= |x| −→
x −→ 0

0,

f 0 f ′(0) = 0

f

f

➟

f : [0 ; 1] −→ R
[0 ; 1] ]0 ; 1[
f(1) = 0 c ∈ ]0 ; 1[

cf ′(c) + f(c) = 0.

g : [0 ; 1] −→ R, x .−→ xf(x)

[0 ; 1] ]0 ; 1[ g(0) = g(1) g(0) = 0
g(1) = 0

c ∈ ]0 ; 1[ g′(c) = 0

cf ′(c) + f(c) = 0



➟

I R f : I −→ R
C3 I a, b, c ∈ I

a < c < b

f(a) = f(c) = f(b) f ′(c) = 0.

d ∈ I

f (3)(d) = 0

f [a ; c] ]a ; c[
f(a) = f(c) c1 ∈ ]a ; c[
f ′(c1) = 0

c2 ∈ ]c ; b[ f ′(c2) = 0

c1 < c2 c1 < c < c2

x

y

O a c1 c c2 by = f(x)

f ′ [c1 ; c] ]c1 ; c[
f ′(c1) = f ′(c)

d1 ∈ ]c1 ; c[ f ′′(d1) = 0
d2 ∈ ]c ; c2[ f ′′(d2) = 0

d1 < d2 d1 < c < d2

x

y

O

d1

d2c1 c c2

y = f ′(x)

f ′′ [d1 ; d2] ]d1 ; d2[
f ′′(d1) = f ′′(d2) d ∈ ]d1 ; d2[⊂ I

f (3)(d) = 0



f : R −→ R

∀(x, y) ∈ R2, f(x+ y) = f(x2) + f(y).

f

x

∀(x, y) ∈ R2, f ′(x+ y) = 2xf ′(x2)

y

∀(x, y) ∈ R2, f ′(x+ y) = f ′(y),

∀(x, y) ∈ R2, 2xf ′(x2) = f ′(y).

x 0

∀y ∈ R, f ′(y) = 0.

f

(x, y) (0, 0)

f(0) = 2f(0) f(0) = 0 f = 0

f : I −→ R

f f ′(x) x ∈ I,
f I.

x∈ ]0;+∞[
(x3 + x−2).

f : ]0 ; +∞[ −→ R, x .−→ x3 + x−2

]0 ; +∞[

∀x ∈ ]0 ; +∞[, f ′(x) = 3x2 − 2x−3.

f α =
(2
3

)1/5
.

x

f ′(x)

f(x)

0 α +∞

− 0 +

+∞+∞
f(α)f(α)

+∞+∞

α

x∈ ]0;+∞[
(x3+x−2) = α3+α−2 = α3

(
1+

1

α5

)
= α3

(
1+

3

2

)
=

5

2

(2
3

)3/5
.



n

n ∈ N, n

f : R −→ R, x -−→ f(x) = (x2 − x+ 2) x

f : ]− 1 ; 1[ −→ R, x -−→ f(x) =
1

x3 − x2 − x+ 1

f : R −→ R, x -−→ f(x) = 2 x x.

f : R −→ R

f(x) =

⎧

⎪
⎨

⎪
⎩

x2 1

x
x ̸= 0

0 x = 0.

f : R −→ R (x, y) ∈ R2 x ̸= y

|f(x)− f(y)| # |x− y|
3
2

∣
∣ |x− y|

∣
∣.

f

f : [−1 ; 1] −→ R C1 −1, 0, 1.
g : [−1 ; 1] −→ R, x -−→ g(x) = 2x4 + x+ f(x).

c ∈ ]− 1 ; 1[ g′(c) = 0.

n ∈ N∗, a1, ..., an ∈ R
n
∑

k=1

ak = 0.

n
∑

k=1

kakx
k−1 = 0 x ∈ ]0 ; 1[.

(a, b) ∈ R2 a < b, f : [a ; b] −→ R C1 [a ; b],
]a ; b[ f(a) = f ′(a) = f(b) = 0. ∃ c ∈ ]a ; b[, f ′′(c) = 0.

I R, f : I −→ R C5 I a, b, c ∈ I a < b < c.
f(a) = f(b) = f ′(b) = f(c) = f ′(c) = f ′′(c) = 0.

∃ d ∈ I, f (5)(d) = 0.



|f |
a ∈ R, f : R −→ R a

f(a) ̸= 0, |f | a |f |′(a) =
(

f(a)
)

f ′(a),

∀t ∈ R, (t) =

⎧

⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎩

−1 t < 0

0 t = 0

1 t > 0.

f(a) = 0 f ′(a) ̸= 0, |f | a
a a

f(a) = 0 f ′(a) = 0, |f | a |f |′(a) = 0.

n ∈ N, (a0, ..., an) ∈ Rn+1 − {(0, ..., 0)}, b0, ..., bn ∈ R

f : R −→ R, x -−→ f(x) =
n
∑

k=0

ak
bkx.

f n

a ∈ ]0 ; +∞[, f : [0 ; a] −→ R C1 f(0) = 0.

∃ c ∈ ]0 ; a], f ′(c) =
2f(a) + af ′(a)

3a
.

P R P ′

P ∈ R[ ] (P ) " 2

P P ′

P R P ′ R

(a, b) ∈ R2 a < b, f, g : [a ; b] −→ R [a ; b], ]a ; b[,
∀x ∈ ]a ; b[, g′(x) ̸= 0.

g(b)− g(a) ̸= 0 : ∃ c ∈ ]a ; b[,
f(b)− f(a)

g(b)− g(a)
=

f ′(c)

g′(c)
.

f : R −→ R R −∞ +∞
∃ c ∈ R, f ′(c) = 0.

I R f : I −→ R I f ′(I)
R.

(a, b) ∈ I2 a < b f ′(a) < f ′(b) c ∈ ]f ′(a) ; f ′(b)[
g : x -−→ f(x)− cx.



f 0
f ′

0

x ∈ R y
x f x y

g(−1), g(0), g(1)

f : x .−→
n∑

k=1

akx
k.

f f ′ f ′′ f (3)

f(a) ̸= 0, f
a

|f | a
x x a

n

f(a) af ′(b)

g(b)− g(a) ̸= 0,

A =
f(b)− f(a)

b− a
,

ϕ : [a ; b] −→ R, x .−→ f(x)− f(a)−A
(
g(x)− g(a)

)
,

ℓ =
x −→ −∞

f(x) =
x −→ +∞

f(x).

ϕ : ]− π/2 ; π/2[ −→ R, t .−→ t g = f ◦ ϕ.

f f

g



u : x .−→ x2 − x + 2 v : x −→ x,
f = uv. f C∞

R n ∈ N
x ∈ R

f (n)(x) =
n∑

k=0

(n
k

)
u(k)(x)v(n−k)(x).

u 2, u(k) = 0
k " 3, n " 2

f (n)(x) =
2∑

k=0

(n
k

)
u(k)(x)v(n−k)(x).

v : x .−→ x

n " 2

f (n)(x) =
(n
0

)
u(x) x +

(n
1

)
u′(x) x +

(n
2

)
u′′(x) x

=
(
(x2 − x+ 2) + n(2x− 1) +

n(n− 1)

2
2
)

x

=
(
x2 + (2n− 1)x+ (n2 − 2n+ 2)

)
x.

n = 0 n = 1.

f(x)

x3 − x2 − x+ 1 = x2(x− 1)− (x− 1)

= (x2 − 1)(x− 1) = (x− 1)2(x+ 1).

R( ),
(a, b, c) ∈ R3

1

( − 1)2( + 1)
=

a

( − 1)2
+

b

− 1
+

c

+ 1
.

( − 1)2 1

a =
1

2
.

+ 1 −1,

c =
1

4
.

b+ c = 0, b = −c = −
1

4
.

f(x)

∀x ∈ ]− 1 ; 1[, f(x) =
1

2

1

(x− 1)2
−

1

4

1

x− 1
+

1

4

1

x+ 1
,

u, v, w : ]− 1 ; 1[ −→ R
x ∈ ]− 1 ; 1[,

u(x) =
1

x+ 1
, v(x) =

1

x− 1
, w(x) =

1

(x− 1)2
.

u, v, w C∞ ] − 1 ; 1[
w = −v′.

n ∈ N
x ∈ ]− 1 ; 1[

u(n)(x) =
(−1)nn!

(x+ 1)n+1
, v(n)(x) =

(−1)nn!
(x− 1)n+1

,

w(n)(x) = −v(n+1)(x) =
(−1)n(n+ 1)!

(x− 1)n+2
.

f (n)(x) =
1

2
w(n)(x)−

1

4
v(n)(x) +

1

4
u(n)(x)

=
1

2

(−1)n(n+ 1)!

(x− 1)n+2
−

1

4

(−1)nn!
(x− 1)n+1

+
1

4

(−1)nn!
(x+ 1)n+1

.

x ∈ R

f(x) = 2 x x =
1

2
(1 + 2x) x

=
1

2
x+

1

2
2x x =

1

2
x+

1

4
( 3x− x)

=
1

4
x+

1

4
3x.

f C∞ R
n ∈ N x ∈ R

f (n)(x) =
1

4

(
x+ n

π

2

)
+

1

4
3n

(
3x+ n

π

2

)
,

n
p ∈ N x ∈ R
⎧
⎪⎪⎨

⎪⎪⎩

f (2p)(x) =
1

4
(−1)p x+

1

4
(−1)p32p 3x

f (2p+1)(x) =
1

4
(−1)p x+

1

4
(−1)p32p+1 3x.

f R∗

f(x) # x2 −→
x −→ 0

0 = f(0),

f 0

f R

f

R∗ ∀x ∈ R∗, f ′(x) = 2x
1

x
−

1

x
.

f(x)− f(0)

x− 0
= x

1

x
−→

x −→ 0
0,

f 0 f ′(0) = 0

f R

∀x ∈ R, f(x) =

⎧
⎪⎨

⎪⎩

2x
1

x
−

1

x
x ̸= 0

0 x = 0.



f ′ R∗

2x
1

x
−→

x −→ 0
0

1

x
x 0 f ′

0 f ′ 0

f ′ R∗
0

x ∈ R. y ∈ R− {x}

∣∣∣
f(y)− f(x)

y − x

∣∣∣ # |x− y|
1
2
∣∣ |x− y|

∣∣ −→
y −→ x

0,

f x f ′(x) = 0.

f R f ′ = 0,
f

g(−1) = 1+f(−1) = 1, g(0) = f(0) = 0, g(1) = 3+f(1) = 3.

g [0 ; 1] g(0) = 0
g(1) = 3,

a ∈ ]0 ; 1[ g(a) = 1.

g [−1 ; a], ] − 1 ; a[
g(−1) = g(a) (= 1),
c ∈ ]− 1 ; a[⊂ ]− 1 ; 1[ g′(c) = 0.

f : [0 ; 1] −→ R, x .−→ f(x) =
n∑

k=1

akx
k

[0 ; 1] ]0 ; 1[ f(0) = 0,

f(1) =
n∑

k=1

ak = 0

c ∈ ]0 ; 1[ f ′(c) = 0
n∑

k=1

kakx
k−1 = 0 ]0 ; 1[.

f [a ; b] ]a ; b[
f(a) = f(b) (= 0),
d ∈ ]a ; b[ f ′(d) = 0.

f ′ [a ; d] ]a ; d[
f ′(a) = f ′(d) (= 0),
c ∈ ]a ; d[⊂ ]a ; b[ f ′′(c) = 0.

f f ′

f ′′ f (5).

a < b < c f(a) = f(b) = f(c) = 0.

f [a ; b], [b ; c],
a1 ∈ ]a ; b[, b1 ∈ ]b ; c[

f ′(a1) = 0 f ′(b1) = 0.

x

y

O a b ca1 b1

y = f(x)

a1 < b < b1 < c f ′(a1) = f ′(b) = f ′(b1) = f ′(c) = 0.

f ′ [a1 ; b] [b ; b1]
[b1 ; c], a2 ∈ ]a1 ; b[, b2 ∈ ]b ; b1[, c2 ∈ ]b1 ; c[

f ′′(a2) = f ′′(b2) = f ′′(c2) = 0.

x

y

O b ca1 b1a2 b2 c2

y = f ′(x)

a2 < b2 < c2 < c f ′′(a2) = f ′′(b2) = f ′′(c2) = f ′′(c) = 0.

f (3)

f (4)

d f (5)

f(a) > 0, f a
a η > 0

∀x ∈ [a− η ; a+ η], f(x) " 0.

∀x ∈ [a− η ; a+ η], |f |(x) = f(x),

|f | f a
f a |f | |f |′(a) = f ′(a).

f(a) < 0, |f | −f
a |f | a

|f |′(a) = −f ′(a).

|f |′(a) =
(
f(a)

)
f ′(a).



x

y

O a

f(a)

y = f(x)

y = |f |(x)

f ′(a) > 0, f ′(a) < 0
f −f.

f(x)− f(a)

x− a
−→

x −→ a
f ′(a) > 0, η > 0

∀x ∈ [a− η ; a+ η],
f(x)− f(a)

x− a
" 0,

f(a) = 0

⎧
⎨

⎩

∀x ∈ [a− η ; a], f(x) # 0

∀x ∈ [a ; a+ η], f(x) " 0.

|f | −f
a |f | f a

|f |(x)− |f |(a)
x− a

−→
x −→ a−

−f ′(a)

|f |(x)− |f |(a)
x− a

−→
x −→ a+

f ′(a),

|f | a a
a f ′(a) ̸= −f ′(a), f ′(a) ̸= 0.

x

y

O a

y = |f |(x)

y = f(x)

x ∈ R−{a},

∣∣∣
|f |(x)− |f |(a)

x− a

∣∣∣ =

∣∣|f(x)|− |f(a)|
∣∣

|x− a|

#
|f(x)− f(a)|

|x− a|
=
∣∣∣
f(x)− f(a)

x− a

∣∣∣ −→
x −→ a

|f ′(a)| = 0,

|f |(x)− |f |(a)
x− a

−→
x −→ a

0,

|f | a |f |′(a) = 0.

x

y

O a

y = |f |(x)

y = f(x)

n

n = 0, f : R −→ R, x .−→ a0 b0x

a0 ̸= 0,
n = 0.

n ∈ N.

(a0, ..., an+1) ∈ Rn+2 − {(0, ..., 0)}, b0, ..., bn+1 ∈ R

f : R −→ R, x .−→ f(x) =
n+1∑

k=0

ak
bkx.

g : R −→ R, x .−→ −bn+1xf(x) =
n+1∑

k=0

ak
(bk−bn+1)x.

n+ 1

∀x ∈ R, g(x) =
n∑

k=0

ak
(bk−bn+1)x + an+1.

g R

∀x ∈ R, g′(x) =
n∑

k=0

ak(bk − bn+1)
(bk−bn+1)x.

(a0, ..., an) = (0, ..., 0), an+1 ̸= 0
f : x .−→ an+1

bn+1x

n+ 1

(a0, ..., an) ̸= (0, ..., 0).

b0, ..., bn+1

ak(bk−bn+1) 0 # k # n,
bk − bn+1 0 # k # n,

(
ak(bk − bn+1)

)
0"k"n

(bk − bn+1)0"k"n

(ak)0"k"n (bk)0"k"n

g′ n R.

g
g n+ 1 R f

n+ 1 R.

n

f [0 ; a] ]0 ; a[,

b ∈ ]0 ; a[ f(a)− f(0) = af ′(b),
f(0) = 0 f(a) = af ′(b).



2f(a) + af ′(a)

3a
=

2af ′(b) + af ′(a)

3a
=

2

3
f ′(b) +

1

3
f ′(a).

1

3
∈ [0 ; 1]

2

3
= 1−

1

3
,

2

3
f ′(b) +

1

3
f ′(a) f ′(a) f ′(b).

f ′ [b ; a]
f ′

f ′(b) f ′(a) f ′

2

3
f ′(b) +

1

3
f ′(a).

c ∈ [b ; a] ⊂ ]0 ; a]

f ′(c) =
2

3
f ′(b) +

1

3
f ′(a) =

2f(a) + af ′(a)

3a
.

n ∈ N − {0, 1}, λ ∈ R∗
(x1, ..., xn) ∈ Rn

x1 < · · · < xn P = λ

n∏

k=1

( − xk).

k ∈ {1, ..., n − 1} P [xk ; xk+1)
]xk ; xk+1[ P (xk) = P (xk+1) = 0

yk ∈ ]xk ; xk+1[
P ′(yk) = 0

x1 < y1 < x2 < · · · < yn−1 < xn,
y1, ..., yn−1

P ′ n−1 P ′

y1, ..., yn−1

N ∈ N∗ (x1, ..., xN ) ∈ RN

(α1, ...,αN ) ∈ (N∗)N λ ∈ R∗

x1 < · · · < xN P = λ

N∏

k=1

( − xk)
αk .

y1, ..., yN−1 ∈ R

∀k ∈ {1, ..., N − 1},
(
yk ∈ ]xk ; xk+1[ P ′(yk) = 0

)
.

k ∈ {1, ..., N} αk " 2 xk

P ′ αk − 1

P ′

y1, ..., yN−1 1 x1 α1 − 1 x2

α2 − 1 xN αN − 1
αk = 1

(N − 1) +
N∑

k=1

(αk − 1) =
( N∑

k=1

αk

)
− 1

= (P )− 1 = (P ′),

P ′ R

n =
N∑

k=1

αk,

P ′ = nλ

N−1∏

k=1

( − yk)
N∏

k=1

( − xk)
αk−1.

g(b) − g(a) = 0, g [a ; b]
]a ; b[,

d ∈ ]a ; b[ g′(d) = 0,

g(b)− g(a) ̸= 0.

A =
f(b)− f(a)

g(b)− g(a)

ϕ : [a ; b] −→ R, x .−→ f(x)− f(a)−A
(
g(x)− g(a)

)
.

ϕ [a ; b], ]a ; b[
ϕ(a) = 0 ϕ(b) = 0 A

c ∈ ]a ; b[ ϕ′(c) = 0.

∀x ∈ ]a ; b[, ϕ′(x) = f ′(x)−Ag′(x),

f ′(c)−Ag′(c) = 0, A =
f ′(c)

g′(c)
,

ℓ ∈ R

f(x) −→
x −→ −∞

ℓ f(x) −→
x −→ +∞

ℓ.

R [a ; b].

ϕ : ]− π/2 ; π/2[ −→ R, t .−→ t

g = f ◦ ϕ.

g(t) −→
t −→ −(π/2)+

ℓ g(t) −→
t −→ (π/2)−

ℓ.

g ]−π/2 ; π/2[ ℓ
−π/2 π/2, h : [−π/2 ; π/2] −→ R

t ∈ [−π/2 ; π/2],

ϕ(t) =

⎧
⎨

⎩

g(t) − π/2 < t < π/2

ℓ t = −π/2 t = π/2

[−π/2 ; π/2].
ϕ ]−π/2 ; π/2[

f R, g = f ◦ϕ
]− π/2 ; π/2[ h ]− π/2 ; π/2[

h [−π/2 ; π/2]
]− π/2 ; π/2[ h(−π/2) = h(π/2),

γ ∈ ] − π/2 ; π/2[ h′(γ) = 0.
t ∈ ]− π/2 ; π/2[

h′(t) = g′(t) = f ′
(
ϕ(t)

)
ϕ′(t) = f ′( t)

1
2 t

.

f ′( (γ)) = 0.

c = γ ∈ R, f ′(c) = 0.

f = ℓ c
f ′(c) = 0.

f ̸= ℓ. a ∈ R f(a) ̸= ℓ.
f −f ℓ −ℓ
f(a) > ℓ.



ε = f(a)− ℓ > 0.

f(x) −→
x −→ −∞

ℓ f(x) −→
x −→ +∞

ℓ,

A ∈ ]−∞ ; a] B ∈ [a ; +∞[
⎧
⎨

⎩

∀x ∈ ]−∞ ; A], |f(x)− ℓ| # ε

∀x ∈ [B ; +∞[, |f(x)− ℓ| # ε.

∀x ∈ ]−∞ ; A] ∪ [B ; +∞[, f(x) # ℓ+ ε = f(a).

f R, f
[A ; B]

f [A ; B]
c ∈ [A ; B]

∀x ∈ [A ; B], f(x) # f(c).

a ∈ [A ; B], f(a) # f(c).

⎧
⎪⎪⎨

⎪⎪⎩

∀x ∈ ]−∞ ; A], f(x) # f(a) # f(c)

∀x ∈ [A ; B], f(x) # f(c)

∀x ∈ [B ; +∞[, f(x) # f(a) # f(c).

f c f
c f ′(c) = 0.

(a, b) ∈ I2 a < b f ′(a) < f ′(b).
c ∈ ]f ′(a) ; f ′(b)[.

g : [a ; b] −→ R, x .−→ g(x) = f(x)− cx.

g [a ; b] f
I g [a ; b].

g
d ∈ [a ; b] g(d) =

x∈[a;b]
g(x).

g(x)− g(a)

x− a
−→

x −→ a+
g′(a) = f ′(a)− c < 0,

a+

g(x)− g(a)

x− a
< 0, g(x) < g(a).

g a
d ̸= a.

g(x)− g(b)

x− b
−→

x −→ b−
g′(b) = f ′(b)− c > 0,

b−
g(x)− g(b)

x− b
> 0, g(x) < g(b).

g b
d ̸= b.

d ∈ ]a ; b[.
g d d ∈ ]a ; b[

g d g′(d) = 0,
f ′(d) = c.

∀c ∈ ]f ′(a) ; f ′(b)[, ∃ d ∈ ]a ; b[⊂ I, f ′(d) = c,

]f ′(a) ; f ′(b)[⊂ f ′(I).

f ′(I)
f ′(I)



f : R −→ R a a f a

f : R −→ R, x -−→

{

x2 − 1 x # 2

x+ 1 x > 2

R f ′ : R −→ R, x -−→

{

2x x # 2

1 x > 2.

a < b f : [a ; b] −→ R [a ; b] f(a) = 0 f(b) = 0
c ∈ ]a ; b[ f ′(c) = 0

f : I −→ R C1 I
I

f : I −→ R a ∈ I f ′

a

f : I −→ R I |f | I |f |′ = |f ′|

f, g : I −→ R I f # g f ′ # g′

f, g : I −→ R I f ′ # g′ f # g

I J R f : I −→ J I
f−1 I

a < b f : [a ; b] −→ C C1 [a ; b] c ∈ ]a ; b[
f ′(c) = 0



a = 0, f : x -−→ |x|. f ′(a) = f ′ (a)

f 2 f ′(2) = 4 2
f ′ (2) = 1 ̸= 4 f 2

∀x ∈ R− {2}, f ′(x) =

{

2x x < 2

1 x > 2.

f(a) = f(b)
f(a) = f(b) = 0

f C1 I f
I f ′ I

f ′′(a)

|f | I = R
f : x -−→ x |f | 0

|f |
I = R, f : x -−→ x2

(

|f |′
)

(−1) = −2 |f ′|(−1) = 2

I = R, f : x -−→ 0, g : x -−→ x2

I = R, f : x -−→ x2 + 1, g : x -−→ x2

x0 I
∀x ∈ I, f(x)− f(x0) # g(x)− g(x0)

f : R −→ R, x −→ x3

f 0 f−1 : R −→ R, y -−→ 3
√
y

0

I J R f : I −→ J
I f ′ > 0 f ′ < 0 f−1 J

(f−1)′ =
1

f ′ ◦ f−1

a = 0, b = 2π, f : [0 ; 2π] −→ C, t -−→ t

C R
C

|f(b)− f(a)| # (b− a)
t∈[a;b]

|f ′t)|.





x −→ +∞

( x)α

xβ
= 0, (α,β) ∈ R× R∗+

x −→ 0+
xβ | x|α = 0, (α,β) ∈ R× R∗+

x −→ +∞

ax

xα
= +∞, (a,α) ∈ ]1 ; +∞[×R

x −→ −∞
ax|x|α = 0, (a,α) ∈ ]1 ; +∞[×R .

0×∞,
∞
∞

,
0

0
.

∞−∞.

➟

x −→ +∞

(√
x+ 1−

√
x
)
.

√
x+ 1−

√
x =

(x+ 1)− x
√
x+ 1 +

√
x

=
1

√
x+ 1 +

√
x

−→
x −→ +∞

0.

x −→ +∞
x2 −x( x)3.

x2 −x( x)3 = x3 −x
︸ ︷︷ ︸
−→ 0

( x)3

x︸ ︷︷ ︸
−→ 0

−→
x −→ +∞

0.

x −→ +∞

(√
x2 + 3x− 3

√
x3 + 2x2

)
.

x > 0

√
x2 + 3x− 3

√
x3 + 2x2 = x

(
1 +

3

x

)1/2
− x
(
1 +

2

x

)1/3

= x
(
1 +

1

2

3

x
+ o
( 1
x

))
− x
(
1 +

1

3

2

x
+ o
( 1
x

))
=

5

6
+ o(1),

5

6
.



x −→ 0

( 1
2 x
−

1

x2

)
.

1
2 x
−

1

x2
=

x2 − 2 x

x2 2 x
=

(x− x)(x+ x)

x2 2 x
,

x− x = x−
(
x−

x3

6
+ o(x3)

)
=

x3

6
+ o(x3) ∼

x −→ 0

x3

6
,

x+ x = x+
(
x+ o(x)

)
= 2x+ o(x) ∼

x −→ 0
2x,

x2 2 x ∼
x −→ 0

x4.

1
2 x
−

1

x2
∼

x −→ 0

x3

6
2x

x4
=

1

3
,

1
2 x
−

1

x2
−→

x −→ 0

1

3
.

1∞

u(x)v(x) = v(x) u(x).
➟

(a, b) ∈ R2

x −→ +∞

( a

x
+ b

a

x

)x
.

a

x
+ b

a

x
−→

x −→ +∞
1.

x
a

x
+ b

a

x
> 0.

[( a

x
+ b

a

x

)x]
= x

( a

x
+ b

a

x

)

= x
[(

1 + o
( 1
x

))
+ b
(a
x
+ o
( 1
x

))]
= x

[
1 +

ab

x
+ o
( 1
x

)

︸ ︷︷ ︸
−→ 0

]

= x
[ab
x

+ o
( 1
x

)]
= ab+ o(1) −→

x −→ +∞
ab.

ab
ab

DL(0)

DL(0) DL(0)

0

➟



DL4(0)

f : x .−→ ( x).

x =
(
1−

x2

2
+ o(x2)

︸ ︷︷ ︸
−→ 0

)
= −

x2

2
+ o(x2),

( x) =
(
−

x2

2
+ o(x2)

)

= 1−
1

2

(
−

x2

2
+ o(x2)

)2
+ o(x4) = 1−

1

8
x4 + o(x4).

DL3(0)

f : x .−→ x.

(x) =
x

x
=

x−
x3

6
+ o(x3)

1−
x2

2
+ o(x3)

=
(
x−

x3

6
+ o(x3)

)(
1−

x2

2
+ o(x3)

)−1

=
(
x−

x3

6
+ o(x3)

)(
1 +

x2

2
+ o(x3)

)
= x+

1

3
x3 + o(x3).

DL2(0)

f : x .−→
x

1 + x+ x2
.

DL1(0) f ′

f C1 R x ∈ R

f ′(x) =
1

1 +
( x

1 + x+ x2

)2
(1 + x+ x2)− x(1 + 2x)

(1 + x+ x2)2

=
1− x2

(1 + x+ x2)2 + x2
=
(
1 + o(x)

)(
1 + 2x+ o(x)

)−1

=
(
1 + o(x)

)(
1− 2x+ o(x)

)
= 1− 2x+ o(x).

f(0) = 0

f(x) = x− x2 + o(x2).

DL(a)
f : x -−→ f(x),

a ̸= 0

DL(0)

a ∈ R∗, t = x− a.

a = ±∞, t =
1

x
.

DLn(a) t
t

x− a.
➟



DL2(1)

f : x .−→ (1 + x+ x3)

t = x− 1

x = 1 + t t −→
x −→ 1

0.

f(x) = (1+x+x3) =
(
1+(1+t)+(1+t)3

)

=
(
3 + 4t+ 3t2 + o(t2)

)
= 3 +

(
1 +

4

3
t+ t2 + o(t2)
︸ ︷︷ ︸

−→ 0

)

= 3 +
(4
3
t+ t2

)
−

1

2

16

9
t2 + o(t2) = 3 +

4

3
t+

1

9
t2 + o(t2).

f(1 + t) = 3 +
4

3
t+

1

9
t2 + o

t −→ 0
(t2).

➟

x
0

f : x .−→
1 + 2x

1 + 2 x
.

1 + 2x

1 + 2 x
= (1 + 2x)− (1 + 2 x)

=
[
1 +

(
x+

x3

6
+ o(x3)

)2]
−

[
1 +

(
x−

x3

6
+ o(x3)

)2]

=
[
1 + x2 +

x4

3
+ o(x4)

︸ ︷︷ ︸
−→ 0

]
−

[
1 + x2 −

x4

3
+ o(x4)

︸ ︷︷ ︸
−→ 0

]

=
[(

x2 +
x4

3
+ o(x4)

)
−

1

2
x4 + o(x4)

]

−
[(

x2 −
x4

3
+ o(x4)

)
−

1

2
x4 + o(x4)

]

=
2

3
x4 + o(x4) ∼

x −→ 0

2

3
x4.

f : x -−→ u(x)v(x)

f(x) = v(x) u(x),
f(x) = v(x) u(x).

➟



x −→ +∞

(
1 +

1

x2

)x3
−x.

(
1 +

1

x2

)x3
−x =

[
x3

(
1 +

1

x2

)
− x
]

=
[
x3
( 1

x2
−

1

2x4
+ o
( 1

x4

))
− x
]

=
[
−

1

2x
+ o
( 1
x

)]
=

(
o(1)

)
−→

x −→ +∞
1.

C∞

DL

➟

f : R −→ R, x .−→
x − 1 + 2x

3
DL2(0)

f−1 f

f R

∀x ∈ R, f ′(x) =
1

3
( x + 2) > 0,

f

x −→ −∞
f = −∞

x −→ +∞
f = +∞.

f

f C∞ f ′ > 0 f−1

C∞ f−1

0 f−1

DL2(0) f(0) = 0 f−1(0) = 0

(a, b) ∈ R2

f−1(y) = ay + by2 + o
y −→ 0

(y2).

f DL2(0)

f(x) =
1

3

[(
1 + x+

x2

2
+ o(x2)

)]
− 1 + 2x

)
= x+

1

6
x2 + o(x2).

x = f−1(f(x)
)
= a

(
x+

1

6
x2 + o(x2)

)
+ bx2 + o(x2)

= ax+
(a
6
+ b
)
x2 + o(x2).

DL2(0) x .−→ x a = 1
a

6
+ b = 0

a = 1 b = −
1

6
.

f−1(y) = y −
1

6
y2 + o

y −→ 0
(y2).



f : x .−→
√
x+ 1

o
( 1
√
x

)
x +∞

√
x+ 1 =

√

x
(
1 +

1

x

)
=
√
x
(
1 +

1

x

)1/2

=
√
x
(
1 +

1

2

1

x
+ o
( 1
x

))
=
√
x+

1

2

1
√
x
+ o
( 1
√
x

)
.

n ∈ N ➟

n ∈ N∗

xn(x + 1) − 1 = 0,

x ∈ [0 ; +∞[

xn

ℓ =
n∞

xn,

xn − ℓ n

n ∈ N∗

fn : [0 ; +∞[ −→ R, x .−→ xn(x + 1) − 1
[0 ; +∞[

∀x ∈ [0 ; +∞[, f ′n(x) = (n+ 1)xn + nxn−1

⎧
⎨

⎩

> 0 x > 0

= 0 x = 0

fn [0 ; +∞[

fn(0) = −1 < 0 fn(x) −→
x −→ +∞

+∞.

fn
[0 ; +∞[ [−1 ; +∞[ fn(x) = 0

xn

fn(1) = 1 > 0, xn ∈ ]0 ; 1[

n ∈ N∗ 0 < xn < 1 xn+1
n + xn

n − 1 = 0

2xn
n " xn+1

n + xn
n = 1, xn "

(1
2

)1/n
.

(1
2

)1/n
=

( 1

n

1

2

)
−→
n∞

1,

xn −→
n∞

1.



xn
n =

1

xn + 1
−→
n∞

1

2
,

n xn −→
n∞

1

2
= − 2,

xn ∼
n∞
−

2

n
.

xn −→
n∞

1, xn ∼
n∞

xn − 1.

xn − 1 ∼
n∞
−

2

n
.

x −→ 3

( 1

x2 − 5x+ 6
−

2

x2 − 4x+ 3

)

x −→ +∞

(√

(x− 2)(x+ 1)−
√

(x− 1)(x+ 2)
)

x −→ 2

√
2x2 + 1−

√
x2 + x+ 3

x2 − 3x+ 2

f
x

2 0 ( 2x + 2 x + 3)

2 0

√

8 +
√
1 + 6x

6 0
(

( x)
)

2, 1 (1 + x2)

n∞

(2n+ 1)!√
n 22n(n!)2

.

x −→ +∞
( x)

2x x

x −→ +∞

( 2

π
x
) ( x)

x −→ +∞

( x)

( x)
.

n∞

(3

4
n+

4

3

1

n

)n

.



x 0+

f(x) = xxx

− 1, g(x) = xxx−1, h(x) = xxx−1

.

2n
∑

k=n+1

k! ∼
n∞

(2n)!

n
∑

k=0

2k ∼
n∞

2n+1

n
∑

k=1

√
k ∼

n∞

2

3
n
√
n.

f
x

3 0
1 + x

1 + 2x

8 0
(

( x)x
2

− 1
)

3x

2 0
1
2 x
−

1
2x

x −→ 0

( 1
2x
−

1
2x

)

x −→ 0

( x

x

) 1
x2

x −→ 0

3x− 2 x− x

3x− 2 x− x

x −→ +∞

(√

x4 + 3x3 − 2
√

x4 + 2x3 +
√

x4 + x3
)

x −→ 0
(2x + 3x − 4x)

1
x

x −→
(

π
4

)−
( x) 2x

x −→ 1
(3x + 4x − 6x)

πx
2 .

DL2(0) ϕ : t -−→ (1 + t).

DL4(0) f : x -−→
√

x

x
.



λ ∈ R f

f(x) =
1
2x

+
1
22x
− λ

1
23x

,

x 0

f : ]0 ; 2[ −→ R, x -−→ f(x) =
x

2− x
. f (k)(1) k ∈ {0, ..., 4}.

f
x

22 0,
( 20
∑

k=1

(−1)k+1

k
xk

)

3, 0,

∫ 2x

x

(1 + t) (1− t) t.

f : R −→ R, x -−→ f(x) = (1 + x2)− x.

f

DL4(0) f−1.

n ∈ N Pn = 3 − (n+ 2) 2 + (2n+ 1) − 1 ∈ R[ ].

n ∈ N Pn an, bn, cn,

0 < an < 1 < bn < 3 <
2n+ 1

3
< cn.

cn −→
n∞

+∞, an −→
n∞

0, cn ∼
n∞

n, bn −→
n∞

2, an ∼
n∞

1

2n
.

n ∈ N∗ fn : R −→ R, x -−→ fn(x) =
x + x2 − nx.

n ∈ N∗, fn µn

xn.

xn µn n



f(x)

0

n!
(2n)! (2n+1)!
(2n+ 1)(2n)!

f(x)

Sn

Sn − (2n)!

DL
1 + x

1 + 2x
0 x

0.

f(x)

2x− 2x.

DL(0) u .−→ (1+u)
1
2

x4.

DL1(0) ϕ′

DL x .−→
√

x

x
− 1 ϕ.

2t
o(1), t = x, t = 2x, t = 3x,

f(x) o(1).

f (k)(x)
x 1.

DL(0)

DL(0)

f−1 C∞

DL4(0)
DL4(0) f−1,

x = f−1
(
f(x)

)
y = f

(
f−1(y)

)

Pn.

Pn(0), Pn(1), Pn(3), Pn

(2n+ 1

3

)

an, bn, cn.

fn f ′n f ′′n .

x ∈ [0 ; +∞[, x x
xn −→

n∞
+∞.

f ′n(xn) = 0, xn,
xn ∼

n∞
n.

µn µn = fn(xn).



f(x)

∞−∞.

f(x)

f(x) =
1

(x− 2)(x− 3)
−

2

(x− 1)(x− 3)

=
1

x− 3

( 1

x− 2
−

2

x− 1

)
=

1

x− 3

−x+ 3

(x− 2)(x− 1)

= −
1

(x− 2)(x− 1)
−→

x −→ 3
−

1

1 · 2
= −

1

2
.

∞−∞.

f(x)

f(x) =
√

(x− 2)(x+ 1)−
√

(x− 1)(x+ 2)

=
(x− 2)(x+ 1)− (x− 1)(x+ 2)

√
(x− 2)(x+ 1) +

√
(x− 1)(x+ 2)

=
−2x

√
(x− 2)(x+ 1) +

√
(x− 1)(x+ 2)

=
−2

√(
1−

2

x

)(
1 +

1

x

)
+

√(
1−

1

x

)(
1 +

2

x

)

−→
x −→ +∞

−1.

0

0
.

f(x)

√
2x2 + 1−

√
x2 + x+ 3 =

(2x2 + 1)− (x2 + x+ 3)
√
2x2 + 1 +

√
x2 + x+ 3

=
x2 − x− 2

√
2x2 + 1 +

√
x2 + x+ 3

=
(x− 2)(x+ 1)

√
2x2 + 1 +

√
x2 + x+ 3

x2 − 3x+ 2 = (x− 2)(x− 1),

f(x) =
x+ 1

(x− 1)
(√

2x2 + 1 +
√
x2 + x+ 3

) −→
x −→ 2

1

2
.

f(x)

= ( 2x + 2 x + 3)

=

[(
1 + 2x+

(2x)2

2!

)
+ 2
(
1 + x+

x2

2!

)
+ 3 + o(x2)

]

=
(
6 + 4x+ 3x2 + o(x2)

)

= 6 +
(
1 +

2

3
x+

1

2
x2 + o(x2)

︸ ︷︷ ︸
−→ 0

)

= 6 +
(2
3
x+

1

2
x2
)
−

1

2

(2
3
x+

1

2
x2
)2

+ o(x2)

= 6 +
(2
3
x+

1

2
x2
)
−

1

2

4

9
x2 + o(x2)

= 6 +
2

3
x+

5

18
x2 + o(x2).

x 0
√
1 + 6x = (1 + 6x)

1
2

= 1 +
1

2
6x−

1

8
(6x)2 + o(x2) = 1 + 3x−

9

2
x2 + o(x2),

f(x) =

√
8 +
√
1 + 6x =

√

9 + 3x−
9

2
x2 + o(x2)

= 3
(
1 +

1

3
x−

1

2
x2 + o(x2)

︸ ︷︷ ︸
−→ 0

) 1
2

= 3
[
1 +

1

2

(1
3
x−

1

2
x2
)
−

1

8
·
1

9
x2 + o(x2)

]

= 3
(
1 +

1

6
x−

19

72
x2 + o(x2)

)

= 3 +
1

2
x−

19

24
x2 + o(x2).

( x) =
(
1 +

x2

2!
+

x4

4!
+ o(x4)

︸ ︷︷ ︸
−→ 0

)

=
(x2

2
+

x4

24

)
−

1

2

(x2

2

)2
+ o(x4) =

1

2
x2 −

1

12
x4 + o(x4),

f(x) =
(

( x)
)
=

( 1

2
x2 −

1

12
x4 + o(x4)

︸ ︷︷ ︸
−→ 0

)

= 1+
1

2!

(1
2
x2−

1

12
x4+o(x4)

)2
+o(x6) = 1+

1

8
x4−

1

24
x6+o(x6).

x −→ 1 ̸= 0,
t = x− 1 −→

x −→ 1
0, x = 1 + t.

f(x) = (1 + x2) =
(
1 + (1 + t)2

)
= (2 + 2t+ t2)

= 2 +
(
1 + t+

t2

2︸ ︷︷ ︸
−→ 0

)
= 2 +

(
t+

t2

2

)
−

1

2
t2 + o(t2)

= 2 + t+ o(t2), t = x− 1.



n! (2n)!

(2n+ 1)!
√
n 22n(n!)2

=
(2n+ 1)(2n)!
√
n 22n(n!)2

∼
n∞

2n
(2n)2n√

2π 2n

√
n 22n

( n )2n
2πn

=
2
√
π
.

n∞

(2n+ 1)!
√
n 22n(n!)2

=
2
√
π
.

1∞.
(
f(x)

)
= 2x x ( x).

x −→
x −→ +∞

1,

( x) ∼
x −→ +∞

x− 1 =
x

x
− 1

=
x − −x

x + −x
− 1 =

−2 −x

x + −x
∼

x −→ +∞
−2 −2x.

(
f(x)

)
∼

x −→ +∞
2x x(−2 −2x)

= −2 x −→
x −→ +∞

−∞,

f(x) −→
x −→ +∞

0.

1∞.

(
f(x)

)
= ( x)

( 2

π
x
)
.

( x) =
x + − x

2
=

x+
1

x
2

∼
x −→ +∞

x

2
.

2

π
x −→

x −→ +∞
1

( 2

π
x
)

∼
x −→ +∞

2

π
x− 1

=
2

π

(
x−

π

2

)
= −

2

π

1

x
∼

x −→ +∞
−

2

πx
.

(
f(x)

)
∼

x −→ +∞

x

2

(
−

2

πx

)
= −

1

π
,

(
f(x)

)
−→

x −→ +∞
−

1

π
,

f(x) −→
x −→ +∞

− 1
π .

∞
∞

.

f(x)

f(x) =
( x)

( x)
=

x − − x

2
·

2
x + − x

.

x x +∞ − x

− x 0 x +∞,

f(x) ∼
x −→ +∞

x

x
= x− x =

−x
−→

x −→ +∞
1.

3

4
.

4

3

1

n
−→
n∞

0, n
∣∣∣
4

3

1

n

∣∣∣ #
1

8
.

n

∣∣∣
3

4
n+

4

3

1

n

∣∣∣ #
3

4
| n|+

∣∣∣
4

3

1

n

∣∣∣ #
3

4
+

1

8
=

7

8
,

∣∣∣
(3
4

n+
4

3

1

n

)n∣∣∣ #
(7
8

)n
−→
n∞

0,

0.

f(x) = xx x − 1 =
x x x − 1.

x x −→
x −→ 0+

0, x x −→
x −→ 0+

1,

x x x −→
x −→ 0+

−∞, f(x) −→
x −→ 0+

−1.

g(x) = (xx−1) x = ( x x−1) x.

x x −→
x −→ 0+

0, x x − 1 ∼
x −→ 0+

x x,

( x x − 1) x ∼
x −→ 0+

x( x)2.

x( x)2 −→
x −→ 0+

0,

( x x − 1) x −→
x −→ 0+

0, g(x) −→
x −→ 0+

1.

h(x) = xx−1 x =
(x−1) x x.

x− 1 −→
x −→ 0+

−1,

(x− 1) x −→
x −→ 0+

+∞,

(x−1) x −→
x −→ 0+

+∞ (x−1) x x −→
x −→ 0+

−∞,

h(x) −→
x −→ 0+

0.

k! k

n " 2

0 # Sn −
(
(2n− 1)! + (2n)!

)

=
2n−2∑

k=n+1

k! # (n− 2)(2n− 2)! # (2n− 1)!.

0 # Sn − (2n)! =
( 2n−2∑

k=n+1

k!
)
+ (2n− 1)! # 2(2n− 1)!,

0 # Sn−(2n)!
(2n)! # 2

2n −→n∞ 0.

0

2n∑

k=n+1

k! ∼
n∞

(2n)!



Sn =
n∑

k=0

2k =
2n+1 − 1

2− 1
= 2n+1 − 1 ∼

n∞
2n+1.

1

n
√
n
Sn =

1

n

n∑

k=1

√
k

n
,

f : [0 ; 1] −→ R, x .−→
√
x

[0 ; 1],

1

n

n∑

k=1

√
k

n
−→
n∞

∫ 1

0
f =

∫ 1

0

√
x x =

[2
3
x

3
2

]1

0
=

2

3
,

Sn ∼
n∞

2

3
n
√
n.

f C1 I =
]
−

1

2
; +∞

[
,

x ∈ I

f ′(x) =
1

1 +
( 1 + x

1 + 2x

)2 ·
(1 + 2x)− 2(1 + x)

(1 + 2x)2

=
−1

(1 + 2x)2 + (1 + x)2
= −

1

2 + 6x+ 5x2
.

DL2(0) f ′

f ′(x) = −
1

2 + 6x+ 5x2

= −
1

2

1

1 +
(
3x+

5

2
x2
)

︸ ︷︷ ︸
−→ 0

= −
1

2

[
1−

(
3x+

5

2
x2
)
+ (3x)2 + o(x2)

]

= −
1

2

(
1− 3x+

13

2
x2 + o(x2)

)

= −
1

2
+

3

2
x−

13

4
x2 + o(x2).

f C1 f ′

DL2(0), f DL3(0)

f(x) = f(0)−
1

2
x+

3

2

x2

2
−

13

4

x3

3
+ o(x3)

=
π

4
−

1

2
x+

3

4
x2 −

13

12
x3 + o(x3).

( x)x
2
− 1 = x2 x − 1.

x −→
x −→ 0

1, x −→
x −→ 0

0,

x2 x −→
x −→ 0

0.

( x)x
2
− 1 ∼

x −→ 0
x2 x

∼
x −→ 0

x2( x− 1) ∼
x −→ 0

x2
(
−

x2

2

)
= −

x4

2
.

3x ∼
x −→ 0

x3.

f(x) ∼
x −→ 0

−
x7

2
.

f
DL8(0) f

DL7(0).

f DL f
C∞ 0.

f(x) = −
x7

2
+ o(x8).

f(x) =
1
2 x
−

1
2x

=
2x− 2 x

2 x 2x
DL(0) 2 x 2x x4,

2 x − 2x DL6(0)
DL2(0) f

2 x =
1− 2x

2

=
1

2

[
1−

(
1−

(2x)2

2!
+

(2x)4

4!
−

(2x)6

6!
+ o(x6)

)]

= x2 −
1

3
x4 +

2

45
x6 + o(x6),

1
2 x

=
1

x2 −
1

3
x4 +

2

45
x6 + o(x6)

=
1

x2

1

1−
1

3
x2 +

2

45
x4 + o(x4)

︸ ︷︷ ︸
−→ 0

=
1

x2

[
1 +

(1
3
x2 −

2

45
x4
)
+

1

9
x4 + o(x4)

)]

=
1

x2

(
1 +

1

3
x2 +

1

15
x4 + o(x4)

)

=
1

x2
+

1

3
+

1

15
x2 + o(x2).

1
2x

=
1

x2
−

1

3
+

1

15
x2 + o(x2).

f(x) =
2

3
+ o(x2).

f(x)

f(x) =
1
2x
−

1
2x

=
2x− 2x
2x 2x

=
( x− x)( x+ x)

2x 2x
.



x− x =
(
x+

x3

3
+ o(x3)

)
−
(
x−

x3

3
+ o(x3)

)

=
2

3
x3 + o(x3) ∼

x −→ 0

2

3
x3,

x+ x =
(
x+o(x)

)
+
(
x+o(x)

)
= 2x+o(x) ∼

x −→ 0
2x,

2x ∼
x −→ 0

x2, 2x ∼
x −→ 0

x2.

f(x) ∼
x −→ 0

2

3
x3 · 2x

x2x2
=

4

3
,

f(x) −→
x −→ 0

4

3
.

(
f(x)

)
=

1

x2

( x

x

)
=

1

x2

[ 1
x

(
x−

x3

6
+ o(x3)

)]

=
1

x2

(
1−

x2

6
+ o(x2)

︸ ︷︷ ︸
−→ 0

)
∼

x −→ 0

1

x2

(
−

x2

6
+ o(x2)

)

∼
x −→ 0

−
1

6
,

(
f(x)

)
−→

x −→ 0
−
1

6
,

f(x) −→
x −→ 0

− 1
6 .

f(x)
3x− 2 x− x DL(0)

x x3

DL5(0)

3x− 2 x− x

= 3x− 2
(
x−

x3

3!
+

x5

5!
+ o(x5)

)
−
(
x+

x3

3
+

2x5

15
+ o(x5)

)

=
(
−

2

5!
−

2

15

)
x5 + o(x5)

= −
3

20
x5 + o(x5) ∼

x −→ 0
−

3

20
x5,

3x− 2 x− x

= 3x− 2
(
x+

x3

3!
+

x5

5!
+ o(x5)

)
−
(
x−

x3

3
+

2x5

15
+ o(x5)

)

=
(
−

2

5!
−

2

15

)
x5 + o(x5)

= −
3

20
x5 + o(x5) ∼

x −→ 0
−

3

20
x5.

f(x) −→
x −→ 0

1.

x4

f(x) = x2
[(

1 +
3

x

) 1
2 − 2

(
1 +

2

x

) 1
2 +

(
1 +

1

x

) 1
2
]

= x2
[(

1 +
1

2
·
3

x
−

1

8
·
9

x2

)

−2
(
1 +

1

2
·
2

x
−

1

8
·
4

x2

)

+
(
1 +

1

2
·
1

x
−

1

8
·
1

x2

)
+ o
( 1

x2

)]

= x2
[
−

1

4

1

x2
+ o
( 1

x2

)]
= −

1

4
+ o(1),

f(x) −→
x −→ 0

−
1

4
.

(
f(x)

)
=

1

x
(2x + 3x − 4x)

=
1

x

(
x 2 + x 3 − x 4)

=
1

x

((
1 + x 2 + o(x)

)
+
(
1 + x 3 + o(x)

)

−
(
1 + x 4 + o(x)

))

=
1

x

(
1 + x

3

2
+ o(x)

︸ ︷︷ ︸
−→ 0

)

=
1

x

(
x

3

2
+ o(x)

)
=

3

2
+ o(1),

(
f(x)

)
−→

x −→ 0

3

2
,

f(x) −→
x −→ 0

3

2
.

x −→
π

4

−
̸= 0,

t = x−
π

4
−→

x −→
(

π
4

)− 0+, x =
π

4
+ t.

(
f(x)

)

= 2x ( x) =
(π
2
+ 2t

) ( (π
4
+ t
))

= −
1

2t

1 + t

1− t

= −
1

2t

(
(1 + t)− (1− t)

)

= −
1

2t

([
t+ o( t)

]
−
[
− t+ o( t)

])

= −
1

2t
(2 t+ o( t)

)

∼
t −→ 0

−
2 t

2t
∼

t −→ 0
−
2t

2t
= −1,

(
f(x)

)
−→

x −→
(

π
4

)−−1, f(x) −→
x −→

(
π
4

)−
−1.



x −→ 1 ̸= 0,
t = x− 1 −→

x −→ 1
0, x = 1 + t.

πx

2
=

(π
2
+
πt

2

)
= −

1
πt

2

∼
t −→ 0

−
1
πt

2

= −
2

πt

(3x + 4x − 6x)

= (3 · 3t + 4 · 4t − 6 · 6t)

=
(
3 t 3 + 4 t 4 − 6 t 6)

=
(
3
(
1 + t 3 + o(t)

)
+ 4
(
1 + t 4 + o(t)

)

−6
(
1 + t 6 + o(t)

))

=
(
1 + (3 3 + 4 4− 6 6)

︸ ︷︷ ︸
α

t+ o(t)
)

= αt+ o(t).

(
f(x)

)
=

πx

2
(3x + 4x − 6x) ∼

t −→ 0
−
2α

π
,

(
f(x)

)
−→

x −→ 1
−
2α

π
,

f(x) −→
x −→ 1

− 2α
π = ( α)−

2
π =

(33 · 44

66

)− 2
π

=
( 4

27

)− 2
π =

(27
4

) 2
π
.

DL(0)
1 + t −→

t −→ 0
1.

ϕ C1 R

∀t ∈ R, ϕ′(t) =
1

1 + (1 + t)2
=

1

2 + 2t+ t2
.

DL1(0) ϕ′

ϕ′(t) =
1

2

(
1+ t+

t2

2︸ ︷︷ ︸
−→ 0

)−1
=

1

2

(
1− t+ o(t)

)
=

1

2
−

1

2
t+ o(t).

ϕ DL2(0)

ϕ(t) = ϕ(0) +
1

2
t−

1

2

t2

2
+ o(t2) =

π

4
+

1

2
t−

1

4
t2 + o(t2).

0
x

x
" 0, f(x)

f 0

f(x) −→
x −→ 0

1 =
π

4
.

t√
x

x
− 1.

DL4(0)
DL5(0) x

x

x
=

1

x

(
x−

1

3!
x3 +

1

5!
x5 + o(x5)

)

= 1−
1

6
x2 +

1

120
x4 + o(x4),

√
x

x
− 1 =

(
1−

1

6
x2 +

1

120
x4

︸ ︷︷ ︸
−→ 0

) 1
2 − 1

= 1 +
1

2

(
−

1

6
x2 +

1

120
x4
)
−

1

8

(
−

1

6
x2
)2
− 1 + o(x4)

= −
1

12
x2 +

1

1440
x4 + o(x4),

f(x) = ϕ
(√ x

x
− 1
)
= ϕ

(
−

1

12
x2 +

1

1440
x4 + o(x4)

)

=
π

4
+

1

2

(
−

1

12
x2 +

1

1440
x4
)
−

1

4

(
−

1

12
x2
)2

+ o(x4)

=
π

4
−

1

24
x2 −

1

720
x4 + o(x4).

1

t
t 0

1

t
=

1

t+
t3

3
+ o(t3)

=
1

t

(
1 +

t2

3
+ o(t2)

︸ ︷︷ ︸
−→ 0

)−1
=

1

t

(
1−

t2

3
+ o(t2)

)
.

1
2t

=
1

t2

(
1−

t2

3
+ o(t2)

)2

=
1

t2

(
1−

2t2

3
+ o(t2)

)
=

1

t2
−

2

3
+ o(1).

t x, 2x, 3x

f(x) =
( 1

x2
−

2

3

)
+
( 1

(2x)2
−

2

3

)

−λ
( 1

(3x)2
−

2

3

)
+ o(1) =

(5
4
−
λ

9

) 1

x2
+

2

3
(λ− 2) + o(1).

5

4
−
λ

9
= 0 ⇐⇒ λ =

45

4
.

λ ̸=
45

4
,

5

4
−
λ

9
̸= 0, f(x) −→

x −→ 0
±∞, f

0.

λ =
45

4
, f(x) −→

x −→ 0

2

3
(λ− 2) =

2

3

(45
4
− 2
)
=

37

6
.

f 0

λ =
45

4
,

37

6
.

f C∞ ]0 ; 2[,
f DL(1)

4

f(x) =
4∑

k=0

ak(x− 1)k + o
x −→ 1

(
(x− 1)4

)
,

ak =
f (k)(1)

k!
k ∈ {0, ..., 4}.



h = x− 1 −→
x −→ 1

0, x = 1 + h.

f(x) =
x

2− x
=

(1 + h)

1− h
=
(

(1 + h)
) 1

1− h

=
(
h−

h2

2
+

h3

3
−

h4

4
+o(h4)

)(
1+h+h2+h3+h4+o(h4)

)

= h+
1

2
h2 +

5

6
h3 +

7

12
h4 + o(h4).

DL4(1) f

f (0)(1) = 0!a0 = 0, f (1)(1) = 1!a1 = 1, f (2)(1) = 2!a2 = 1,

f (3)(1) = 3!a3 = 5, f (4)(1) = 4!a4 = 14.

DL20(0) (1 + x).

(1 + x) =
20∑

k=1

(−1)k+1

k
xk +

x21

21
−

x22

22
+ o(x22).

f(x) =
( 20∑

k=1

(−1)k+1

k
xk
)

=
(

(1 + x)−
x21

21
+

x22

22
+ o(x22)

)

= (1 + x)
(
−

x21

21
+

x22

22
+ o(x22)

)

= (1 + x)
(
1−

x21

21
+

x22

22
+ o(x22)

)

= 1 + x−
x21

21
+
( 1

22
−

1

21

)
x22 + o(x22)

= 1 + x−
1

21
x21 −

1

462
x22 + o(x22).

g : ]− 1 ; 1[ −→ R, t .−→ g(t) = (1 + t) (1− t)

] − 1 ; 1[,

f : x .−→
∫ 2x

x
g(t) t C1 I =

]
−

1

2
;
1

2

[

f ′(x) = 2g(2x)− g(x)

= 2 (1 + 2x) (1− 2x)− (1 + x) (1− x).

DL3(0) f DL2(0) f ′

f ′(x) = 2
(
2x+ o(x)

)(
− 2x+ o(x)

)
+
(
x+ o(x)

)(
x+ o(x)

)

= −7x2 + o(x2).

DL(0) f
DL3(0)

f(x) = f(0) +
(
− 7

x3

3
+ o(x3)

)
= −

7

3
x3 + o(x3).

f R
x ∈ R

f ′(x) =
2x

1 + x2
− 1 =

2x− 1− x2

1 + x2
= −

(x− 1)2

1 + x2
# 0,

f ′ x = 1.

f(x) −→
x −→ −∞

+∞ f(x) −→
x −→ +∞

−∞.

f

f

x

f ′(x)

f(x)

−∞ +∞
− 0 −

+∞+∞

−∞−∞

0

0
2− 1

f C∞ I = ] −∞ ; 1[ f ′

I, f I
J = ] 2− 1 ; +∞[ f−1

C∞ J.
f−1 DL(0)

4. (a, b, c, d) ∈ R4

f−1(y) = ay + by2 + cy3 + dy4 + o(y4).

x = f−1(y),

y = f(x) = (1 + x2)− x =
(
x2 −

1

2
x4 + o(x4)

)
− x

= −x+ x2 −
1

2
x4 + o(x4).

x = f−1(f(x)
)

= a
(
− x+ x2 −

1

2
x4
)
+ b(−x+ x2)2

+c(−x+ x2)3 + d(−x)4 + o(x4)

= a
(
− x+ x2 −

1

2
x4
)
+ b(x2 − 2x3 + x4)

+c(−x3 + 3x4) + dx4 + o(x4)

= −ax+ (a+ b)x2 + (−2b− c)x3

+
(
−

1

2
a+ b+ 3c+ d

)
x4 + o(x4).

DL4(0) x .−→ x,

−a = 1, a+ b = 0, −2b− c = 0, −
1

2
a+ b+ 3c+ d = 0.

a = −1, b = −a = 1, c = −2b = −2, d =
1

2
a− b− 3c =

9

2
.

DL4(0) f−1

f−1(y) = −y + y2 − 2y3 +
9

2
y4 + o

y −→ 0
(y4).



Pn

P ′n = 3 2 − 2(n+ 2) + (2n+ 1) = ( − 1)
(
3 − (2n+ 1)

)
.

2n+ 1

3
> 1 n " 2. n " 2.

Pn

x

P ′n(x)

Pn(x)

−∞ 1 2n+1
3

+∞

+ 0 − 0 +

−∞−∞
+∞+∞

Pn(0) = −1 < 0, Pn(1) = n− 1 > 0,

Pn(3) = −3n+ 11 < 0 n " 4.

n " 4,
2n+ 1

3
" 3, Pn

[
1 ;

2n+ 1

3

]
, P

(2n+ 1

3

)
< 0.

n ∈ N Pn

an, bn, cn

0 < an < 1 < bn < 3 <
2n+ 1

3
< cn.

x

P ′n(x)

Pn(x)

−∞ 1 2n+1
3

+∞

+ 0 − 0 +

−∞−∞

+∞+∞

0

< 0

an

0

bn

0

3

< 0

cn

0

⎧
⎪⎪⎨

⎪⎪⎩

an + bn + cn = n+ 2,

anbn + ancn + bncn = 2n+ 1,

anbncn = 1.

cn >
2n+ 1

3
, cn −→

n∞
+∞.

0 < an =
1

bncn
<

1

cn
−→
n∞

0,

an −→
n∞

0.

cn = (n + 2) − bn − an, 0 < an < 1 < bn < 3,
cn = n+ 2 +O(1), cn ∼

n∞
n.

bn =
2n+ 1− anbn − ancn

cn
.

an −→
n∞

0, 1 < bn < 3 0 < ancn =
1

bn
< 1,

2n+ 1− anbn − ancn ∼
n∞

2n,

bn ∼
n∞

2n

cn
−→
n∞

2.

an =
1

bncn
∼
n∞

1

2n
.

n ∈ N∗. fn C2 R
x ∈ R

f ′n(x) =
x + 2x− n, f ′′n (x) = x + 2 > 0.

fn

x

f ′′n (x)

f ′n(x)

fn(x)

−∞ xn +∞

+ +

−∞−∞

+∞+∞
0

+∞+∞

µnµn

+∞+∞

fn µn

xn. f ′n(xn) = 0 µn = fn(xn).

f ′n(0) = 1− n # 0, 0 # xn

t ∈ ]− 1 ; +∞[ (1 + t) # t 1 + t # t

t # t − 1 # t n = xn + 2xn # 3 xn

xn "
n

3
xn "

n

3
−→
n∞

+∞

xn −→
n∞

+∞.

n = xn + 2xn = xn (1 + 2xn
−xn ).

xn −→
n∞

+∞, xn
−xn −→

n∞
0,

n ∼
n∞

xn .

xn = n+ o(n),

xn =
(
n+ o(n)

)
= n+

(
1 + o(1)

)
= n+ o(1),

xn ∼
n∞

n.

µn = fn(xn) = xn + x2
n − nxn

xn + 2xn − n = 0 xn = −2xn + n

µn = (−2xn + n) + x2
n − nxn = xn(−n+ xn − 2) + n.

xn ∼ n, −n + xn − 2 ∼ −n,
xn(−n+ xn − 2) ∼ −n n,

µn ∼
n∞
−n n.



x −x x −→
x −→ +∞

0.

( x3

+ 1)

x2
−→

x −→ +∞
0

f(x) ∼
x −→ a

g(x), f(x)− g(x) −→
x −→ a

0

f(x)− g(x) −→
x −→ a

0 f(x) ∼
x −→ a

g(x)

λ ∈ R∗ f(x) ∼
x −→ a

λ ⇐⇒ f(x) −→
x −→ a

λ

f(x) ∼
x −→ +∞

x2,
f(x)

x+ 1
−→

x −→ +∞
x

f g a f(x) ∼
x −→ a

g(x), f ′(x) ∼
x −→ a

g′(x).

1

(1 + x)
−

1

x
−→

x −→ 0
0

1

(1 + x)
∼

x −→ 0

1

x
.

f(x) ∼
x −→ a

g(x), a g(x) " 0

a f(x) " 0

f : R −→ R Cn+1 f ′ DLn(0)

f ′(x) = a0 + a1x+ · · ·+ anx
n + o

x −→ 0
(xn),

f DLn+1(0)

f(x) = a0x+ a1
x2

2
+ · · ·+ an

xn+1

n+ 1
+ o

x −→ 0
(xn+1).



x −x x = x1/2 −x
︸ ︷︷ ︸

−→ 0

x1/2 x
︸ ︷︷ ︸

−→ 0

−→
x −→ +∞

0.

( x3

+ 1)

x2
=

x3 + (1 + −x3

)

x2
∼

x −→ +∞

x3

x2
= x −→

x −→ +∞
+∞.

a = +∞ f(x) = x+ 1 g(x) = x

f(x)

g(x)
1 f(x) − g(x)

0

a = +∞ f(x) =
2

x
g(x) =

1

x

f(x) − g(x) 0
f(x)

g(x)
1

λ

f(x) x +∞ x

f(x)

x+ 1
∼

x −→ +∞
x

a = 0, f(x) = x2 + 1, g(x) = x+ 1

1

(1 + x)
−

1

x
=

x− (1 + x)

x (1 + x)
=

x−
(

x−
x2

2
+ o(x2)

)

x
(

x+ o(x)
)

=

x2

2
+ o(x2)

x2 + o(x2)
∼

x −→ 0

x2

2
x2

=
1

2
,

1

(1 + x)
−

1

x
−→

x −→ 0

1

2
̸= 0

f(0)

f(x) = f(0) + a0x+ a1
x2

2
+ · · ·+ an

xn+1

n+ 1
+ o

x −→ 0
(xn+1).



Z

Z
Z

Z

Z

Z
Z

n " 2



A
2

(a, b) ∈ N2

A = ab, a " 2, b " 2.

A

A

➟

n ∈ N
n " 4 A = n4− 8n2 +4

n ∈ N n " 4

A = n4 − 8n2 + 4 = (n2 − 2)2 − 4n2 =
(
(n2 − 2)− 2n

)(
(n2 − 2) + 2n

)

=
(
(n− 1)2 − 3
︸ ︷︷ ︸

u

)(
(n+ 1)2 − 3
︸ ︷︷ ︸

v

)
.

n " 4 u " 32 − 3 = 6 > 1 v " 52 − 3 = 22 > 1.

A

a b

a b c
b = ac

a

a

➟

∀n ∈ N, 13 | 24n+2 + 3n+2.

n ∈ N

24n+2 + 3n+2 = 22 · (24)n + 32 · 3n = 4 · 16n + 9 · 3n

≡
[13]

4 · 3n + 9 · 3n = (4 + 9)3n = 13 · 3n ≡
[13]

0,

13 | 24n+2 + 3n+2.



Z

➟

x2 + y2 − 2x− 4y + 3 = 0

(x, y) ∈ Z2

(x, y) ∈ Z2

x2 + y2 − 2x− 4y + 3 = 0 ⇐⇒ (x− 1)2 + (y − 2)2 = 2

⇐⇒

⎧
⎨

⎩

(x− 1)2 = 1

(y − 2)2 = 1
⇐⇒

⎧
⎨

⎩

x− 1 = 1 − 1

y − 2 = 1 − 1
⇐⇒

⎧
⎨

⎩

x = 2 0

y = 3 1.

S =
{
(2, 3), (2, 1), (0, 3), (0, 1)

}
.

x, y

X, Y d = x∧y,

x = dX, y = dY, X ∧ Y = 1.

➟

(x ∧ y)2 + xy = 101,

(x, y) ∈ (N∗)2

(x, y) d = x ∧ y

(X, Y ) ∈ (N∗)2 x = dX, y = dY, X ∧ Y = 1.

d2 + d2XY = 101, d2(1 +XY ) = 101

101 1 + XY " 2 d2 = 1
d = 1 XY = 100

X ∧Y = 1 XY = 100 = 2252,
(X = 1 Y = 100) (X = 4 Y = 25),

(x = 1 y = 100) (x = 4 y = 25).

S =
{
(1, 100), (4, 25), (25, 4), (100, 1)

}
.



a

N

a
N

a N.
➟

p " 2 k ∈ {1, ..., p − 1}

p |
(p
k

)
.

(p
k

)
=

p!

k!(p− k)!
, k!(p− k)!

(p
k

)
= p! .

p | p! p | k!(p− k)!
(p
k

)
.

k ∈ {1, ..., p − 1} p 1, ..., k − 1
p k!

p (p− k)!

p |
(p
k

)
.

2, 4, 8

➟

(a, b, c) ∈ Z3 a + b + c

abc

abc

a, b, c a+ b+ c

abc

a

a 10.
➟



Z

A = 20132014
2015

2013 ≡ 3 [10] A ≡ 32014
2015

[10].

34 ≡ 81 ≡ 1 [10]

20142015 4

20142015 = (2 · 1007)2015 = 2201510072015,

n ∈ N∗ 20142015 = 4n

A ≡
[10]

34n = (34)n ≡
[10]

1n = 1.

A 1

➟

x ∈ Z
⎧
⎨

⎩

3x ≡ 1 [5]

2x ≡ 5 [7].

x ∈ Z

3x ≡ 1 [5] 2 2 · 3x ≡ 2 [5]
2 · 3 = 6 ≡ 1 [5] x ≡ 2 [5]

a ∈ Z x = 2 + 5a

2x ≡ 5 [7] ⇐⇒ 4 + 10a ≡ 5 [7] ⇐⇒ 3a ≡ 1 [7]

=⇒ 5 · 3a ≡ 5 [7] ⇐⇒ 15a ≡ 5 [7] ⇐⇒ a ≡ 5 [7].

b ∈ Z a = 5 + 7b

x = 2 + 5(5 + 7b) = 27 + 35b.

b ∈ Z x = 27 + 35b
⎧
⎨

⎩

3x = 81 + 105b ≡ 1 [5]

2x = 54 + 70b ≡ 5 [7]

x

S =
{
27 + 35b ; b ∈ Z

}
.

n ∈ N∗

n
➟



n ∈ N n " 2

n =
N∏

i=1

p
ri
i

n N ∈ N∗ p1, ..., pN
r1, ..., rN ∈ N∗

n

N∗

x ∈ N∗ n
(s1, ..., sN ) ∈ NN

x =
N∏

i=1

p
si
i

(
∀i ∈ {1, ..., N}, 0 # si # ri

)
.

si ri+1 x
x

d(n) n N∗

d(n) =
N∏

i=1

(si + 1).

A = 545 + 430

∀n ∈ N, 14 | 34n+2 + 52n+1.

p p2 + 2

8

a ∈ Z a2 8 0, 1,
4

n ∈ N 8 n − 7 n

(x, y) ∈ Z2 13 | 7x+ 3y ⇐⇒ 13 | 5x+ 4y.

a = 73
84

n ∈ Z
√

11n− 5

n+ 4
∈ N.



Z

Z2 x2 = 9y2 − 39y + 40.

x2 − 3y2 = 17 Z2

5

(a, b) ∈ Z2 24a2 + 1 = b2 =⇒ 5 | ab.

Z ( )

⎧

⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎩

5x ≡ 7 [11] (1)

7x ≡ 11 [5] (2)

11x ≡ 5 [7] (3).

Z ( )

⎧

⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎩

x ≡ 1 [6] (1)

x ≡ 3 [10] (2)

x ≡ 7 [15] (3).

(a, b) ∈ (N∗)2 (x, y) ∈ (N∗)2

( )

⎧

⎨

⎩

x ∧ y = a

x ∨ y = b.

a = 10, b = 22 a = 8, b = 80.

n ∈ N∗.
(

∃ a ∈ N∗, n = a2
) (

∃ b ∈ N∗, n = b3
)

.

∃ c ∈ N∗, n = c6.

n ∈ N Fn = 22
n

+ 1

Fn (n ∈ N)

(a, b, c, n) ∈ (N∗)4 a ∧ b = 1 ab = cn

(α,β) ∈ (N∗)2 a = αn b = βn

(x, y) ∈ Z2 56 786 730 | x61y − xy61.



A

14

34n+2 + 52n+1 14,

n

un = 34n+2 + 52n+1,
n 14 | un. 14 | un

14 | un+1, un+1 un.

p = 2.

p 3.

a a

a2+b2+c2 8

13.

a 10.

74 ≡ 1 [10], 38
4

4.

n n+4 | 11n−5 n+4 | 49.

3.

24a2 + 1 = b2, 5
a2 + b2 ≡ 1.

x2 5 x ∈ Z,
a2 + b2 5 (a, b) ∈ Z2.

a ̸ | b,

a | b, c ∈ N∗ b = ac.

(x, y) ∈ (N∗)2 d = x ∧ y,
(X,Y ) ∈ (N∗)2 x = dX, y = dY, X∧Y = 1.

X, Y.

n.

(m,n) ∈ N2 m < n
k = n−m Fn Fm.

a, b, c.

56 786 730

p
p − 1 60.

A = 545 + 430 = (515)3 + (410)3

= (515 + 410)
︸ ︷︷ ︸

u

(
(515)2 − 515 · 410 + (410)2

)

︸ ︷︷ ︸
v

.

u ∈ N u " 2.

v ∈ N
v = 515(515 − 410) + (410)2 " (410)2 " 2.

A

14

14, n ∈ N

34n+2 + 52n+1 = 9 · (34)n + 5 · (25)n = 9 · 81n + 5 · 25n

≡
[14]

9 · (−3)n + 5 · (−3)n = 14 · (−3)n ≡ 0,

14 | 34n+2 + 52n+1.

n

n ∈ N un = 34n+2 + 52n+1.

u0 = 32 + 5 = 14, 14 | u0.



Z

n ∈ N 14 | un.

un+1 un

un+1 = 34(n+1)+2 + 52(n+1)+1 = 34n+6 + 52n+3

= 34 · 34n+2 + 52n+3 = 34(un − 52n+1) + 52n+3

= 34un + 52n+1(52 − 34) = 34un − 56 · 52n+1

= 34un − 4 · 14 · 52n+1.

14 | un, 14 | un+1,
n

n ∈ N

un = 34n+1 + 52n+1 = 9 · (34)n + 5 · (52)n.

34 52, r
r2 − (34 + 52)r + 34 · 52 = 0.

∀n ∈ N, un+2 = (34 + 52)un+1 − 34 · 52un.

n
n ∈ N 14 | un.

n = 0, u0 = 32 + 5 = 14.

n = 1,

u1 = 36 + 53 = 729 + 125 = 854 = 14 · 61.

14 | un 14 | un+1, un+2

un un+1, 14 | un+2.

n

p p p = 2,
p2 + 2 = 6

p 3.

p ≡ 0 [3], p p = 3,
p2 + 2 = 11

p ≡ ±1 [3], 3 p2 + 2 ≡ 1 + 2 = 3 ≡ 0,
p2 + 2 p2 + 2 = 3, p = 1,

p
p = 3.

a 4 | a2
a2 8 0 4

a b ∈ Z a = 2b+ 1

a2 = 4b2 + 4b+ 1 = 4b(b+ 1) + 1.

b(b+1) b b+1
a2 8 1

(a, b, c) ∈ Z3

n = a2 + b2 + c2 r n
8

0, 1, 4 8 r ∈ {0, 1, 2, 3, 4, 5, 6},
r ̸= 7

(x, y) ∈ Z2

13

13 | 7x+ 3y ⇐⇒ 7x+ 3y ≡ 0 ⇐⇒
2∧13=1

2(7x+ 3y) ≡ 0

⇐⇒ 14x+6y ≡ 0 ⇐⇒ x+6y ≡ 0 ⇐⇒
5∧13=1

5(x+6y) ≡ 0

⇐⇒ 5x+ 30y ≡ 0 ⇐⇒ 5x+ 4y ≡ 0 ⇐⇒ 13 | 5x+ 4y.

a 10.

10 72 = 49 ≡ −1,
74 = (72)2 ≡ (−1)2 = 1.

38
4

4.

4 32 = 9 ≡ 1,

4 38
4
= 38

3·8 = (32)8
3·4 ≡ 18

3·4 = 1.

k ∈ N 38
4
= 4k + 1,

a = 73
84

= 74k+1 = (74)k · 7 ≡
[10]

1k · 7 = 7.

a 7.

n ∈ Z
√

11n− 5

n+ 4
∈ N. n+4 | 11n−5.

11n− 5 = 11(n+ 4)− 49, n+ 4 | 49
n+ 4 ∈ Z(49) =

{
− 49, −7, −1, 1, 7, 49

}

n ∈
{
− 53, −11, −5, −3, 3, 45

}
.

n

11n− 5

n+ 4

−53 −11 −5 −3 3 45

n ∈ Z
√

11n− 5

n+ 4
∈ N ⇐⇒ n = 3.

n ∈ N n = 3.

9y2 − 39y + 40 =
(
3y −

13

2

)2
−

9

4
.

x2 = 9y2 − 39y + 40

⇐⇒ x2 =
(
3y −

13

2

)2
−

9

4

⇐⇒ 4x2 = (6y − 13)2 − 9

⇐⇒ (6y − 13)2 − 4x2 = 9

⇐⇒ (6y − 13− 2x)(6y − 13 + 2x) = 9



⇐⇒ ∃ (u, v) ∈ Z2,

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

6y − 13− 2x = u

6y − 13 + 2x = v

uv = 9

⇐⇒ ∃ (u, v) ∈ Z2,

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

2(6y − 13) = u+ v

4x = v − u

uv = 9

⇐⇒ ∃ (u, v) ∈ Z2,

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

x =
v − u

4

y =
1

6

(u+ v

2
+ 13

)
=

u+ v + 26

12

uv = 9

Z(9) = {−9, −3, −1, 1, 3, 9}

x y

u

v

x

y

−9 −3 −1 1 3 9

−1 −3 −9 9 3 1

2 −2

3 3

{(2, 3), (−2, 3)}.

3.

(x, y) ∈ Z2

3 x2 = 3y2 + 17 ≡ 17 ≡ −1.
⎧
⎨

⎩

x ≡ 0 =⇒ x2 ≡ 0

x ≡ ±1 =⇒ x2 ≡ 1.

∀x ∈ Z, x2 ≡ 0 1,

x2−3y2 = 17
Z2.

(a, b) ∈ Z2 24a2 + 1 = b2.

5

x

x2

0 ±1 ±2

∀x ∈ Z, x2 ≡
[5]
−1 0 1.

5 b2 = 24a2 + 1 ≡ −a2 + 1,

a2 + b2 ≡ 1.

5
a2 + b2 5

a2 5 b2 5

−1 0 1

−2 −1 0

−1 0 1

0 1 2

b2

a2

5

a2 + b2 ≡ 1 =⇒
(
⎧
⎨

⎩

a2 ≡ 0

b2 ≡ 1

⎧
⎨

⎩

a2 ≡ 1

b2 ≡ 0

)
.

5

∀x ∈ Z,
(
x2 ≡ 0 =⇒ x ≡ 0

)
.

a ≡ 0 b ≡ 0, ab ≡ 0, 5 | ab.

x ∈ Z 5 11.
5∧11 = 1. (−2) ·5 = −10 ≡ 1 [11],

5 11 −2.

(1) 5x ≡ 7 [11] ⇐⇒ (−2)5x ≡ (−2)7 [11]

⇐⇒ x ≡ −3 [11] ⇐⇒ ∃ a ∈ Z, x = −3 + 11a.

5

(2) 7x ≡ 11 [5] ⇐⇒ 2x ≡ 1 [5] ⇐⇒ 2(−3+11a) ≡ 1 [5]

⇐⇒ 22a ≡ 7 [5] ⇐⇒ 2a ≡ 2 [5] ⇐⇒
3∧5=1

3(2a) ≡ 3 · 2 [5]

⇐⇒ a ≡ 1 [5] ⇐⇒ ∃ b ∈ Z, a = 1 + 5b.

x = −3 + 11a = −3 + 11(1 + 5b) = 8 + 55b.

(3) 11x ≡ 5 [7] ⇐⇒ 4x ≡ 5 [7] ⇐⇒ 4(8 + 55b) ≡ 5 [7]

⇐⇒ 220b ≡ −27 [7] ⇐⇒ 3b ≡ 1 [7]

⇐⇒
5∧7=1

5(3b) ≡ 5 · 1 [7] ⇐⇒ b ≡ 5 [7]

⇐⇒ ∃ k ∈ Z, b = 5 + 7k.

x = 8 + 55b = 8 + 55(5 + 7k) = 283 + 385k.

{283 + 385k ; k ∈ Z}.

(1) x ≡ 1 [6] ⇐⇒ ∃ a ∈ Z, x = 1 + 6a.

(2) x ≡ 3 [10] ⇐⇒ 1 + 6a ≡ 3 [10]

⇐⇒ 6a ≡ 2 [10] ⇐⇒ 3a ≡ 1 [5].



Z

2 · 3 = 6 ≡ 1 [5], 3 5
2,

3a ≡ 1 [5] ⇐⇒ 2(3a) ≡ 2 · 1 [5]

⇐⇒ a ≡ 2 [5] ⇐⇒ ∃ b ∈ Z, a = 2 + 5b.
x = 1 + 6a = 1 + 6(2 + 5b) = 13 + 30b.

(3) x ≡ 7 [15] ⇐⇒ 13 + 30b ≡ 7 [15]

⇐⇒ 30b ≡ −6 [15] ⇐⇒ 0 ≡ −6 [15], .

Z.

a ̸ | b, (x, y) ∈ (N∗)2
x ∧ y | x ∨ y

a | b. c ∈ N∗ b = ac.

(x, y) ∈ (N∗)2. d = x ∧ y, (X,Y ) ∈ (N∗)2
x = dX, y = dY, X ∧ Y = 1.

( )

⎧
⎨

⎩

x ∧ y = a

x ∨ y = b
⇐⇒

⎧
⎨

⎩

d = a

dXY = b
⇐⇒

⎧
⎨

⎩

d = a

XY = c.

S =
{
(aX, aY ) ; X | c, Y =

c

X
, X ∧ Y = 1

}
.

a = 10, b = 22

a ̸ | b, S = ∅.

a = 8, b = 80

8 | 80, 80 = 8 · 10, c = 10.

S =
{
(8X, 8Y ) ; X | 10, Y =

10

X
, X ∧ Y = 1

}

=
{
(8X, 8Y ) ;

⎧
⎨

⎩

X = 1

Y = 10

⎧
⎨

⎩

X = 2

Y = 5
⎧
⎨

⎩

X = 5

Y = 2

⎧
⎨

⎩

X = 10

Y = 1

}

=
{
(8, 80), (16, 40), (40, 16), (80, 8)

}
.

n =
N∏

k=1

p
αk
k n

a ∈ N∗ n = a2,

∀k ∈ {1, ..., N}, 2 | αk.

b ∈ N∗ n = b3,

∀k ∈ {1, ..., N}, 3 | αk.

2∧ 3 = 1, ∀k ∈ {1, ..., N}, 6 | αk.

k ∈ {1, ..., N}, βk ∈ N
αk = 6βk.

c =
N∏

k=1

p
βk
k

n =
N∏

k=1

p
αk
k =

N∏

k=1

p
6βk
k =

( N∏

k=1

p
βk
k

)6
= c6.

m, n ∈ N m < n d ∈ N∗
Fm Fn k = n−m

Fn = (22
m
)2

k
+ 1 = (Fm − 1)2

k
+ 1.

Fm | Fn − 2

d | 2
Fm Fn d = 1

Fm ∧ Fn = 1

a, b, c

a =
N∏

i=1

p
ri
i , b =

N∏

i=1

p
si
i , c =

N∏

i=1

p
ti
i

N ∈ N∗ p1, ..., pN
N

a ∧ b = 1

∀i ∈ {1, ..., N}, (ri = 0 si = 0).

∀i ∈ {1, ..., N}, (n | ri n | si).
α1, ...,αN , β1, ...,βN ∈ N

∀i ∈ {1, ..., N}, (ri = nαi si = nβi).

α =
N∏

i=1

p
αi
i β =

N∏

i=1

p
βi
i ,

(α, β) ∈ (N∗)2, a = αn, b = βn.

56 786 730 = 2 · 3 · 5 · 7 · 11 · 13 · 31 · 61.

p

p− 1 ∈ {1, 2, 4, 6, 10, 12, 30, 60}, p− 1 | 60.

p
a ∈ Z p a ap−1 ≡ 1 [p].

p− 1 | 60, a60 ≡ 1 [p].

(x, y) ∈ Z2.

p | x p | y, p | x61y − xy61.

p ̸ | x p ̸ | y.
x60 ≡ 1 [p] y60 ≡ 1 [p],

x61y − xy61 = xy(x60 − y60) ≡ xy(1− 1) = 0 [p].

p | x61y − xy61.

p x61y−xy61

56 786 730 | xy61 − xy61.



a, b, c ∈ Z c | a c | b c | (a+ b)

a, b, c ∈ Z a | c b | c (ab) | c

a bc a b c

a, b, c ∈ Z∗ a | (bc) a ∧ b = 1 a | c

1 8

n ∈ N n " 5 n2 − 9

a ∈ N a " 2 p, q
p | a q | a (pq) | a

(a, b, n) ∈ Z× Z× N∗ a ≡ b [n] =⇒ a2 ≡ b2 [n2].

a, p ∈ N∗ p a
ap−1 ≡ 1 [p] p



Z

a = b = c = 2

a b

a = 4, b = 2, c = 2

a

a ∈ Z (2a+ 1)2 = 4a2 + 4a+ 1 a(a+ 1) a a+ 1
(2a+ 1)2 1 8

a = 6, b = 10, c = 15

(a, b, c) · (a, b, c) = 1 · 30 = 30 abc = 900.

n2 − 9 = (n− 3)(n+ 3) n− 3 " 2, n+ 3 " 2, n2 − 9
1 n2 − 9

a = 5, b = 1, c = 4

5 ≡ 1 [4] 25 ≡ 1 [16]

p p a ap−1 1 [p]



Z, Q,R,C



➟

E
∗

∀(a, b) ∈ E2, (a ∗ b) ∗ a = b.

∀(a, b) ∈ E2, a ∗ (b ∗ a) = b.

(a, b) ∈ E2

(b, a) a = (b ∗ a) ∗ b,
a ∗ (b ∗ a) =

(
(b ∗ a) ∗ b

)
∗ (b ∗ a)

(b ∗ a, b)
(
(b ∗ a) ∗ b

)
∗ (b ∗ a) = b,

a ∗ (b ∗ a) = b.

➟

E u ∈ E ∗
E

⎧
⎪⎪⎨

⎪⎪⎩

(1) ∀a ∈ E, u ∗ a = a

(2) ∀(a, b, c) ∈ E3,

a ∗ (b ∗ c) = c ∗ (b ∗ a).

∀a ∈ E, a ∗ u = a

∗

a ∈ E

⎧
⎪⎨

⎪⎩

u ∗ (u ∗ a) =
(1)

u ∗ a =
(1)

a

u ∗ (u ∗ a) =
(2)

a ∗ (u ∗ u) =
(1)

a ∗ u,

(3) a ∗ u = a

(a, b) ∈ E2

a ∗ b =
(1)

u ∗ (a ∗ b) =
(2)

b ∗ (a ∗ u) =
(3)

b ∗ a,

(4) a ∗ b = b ∗ a, ∗

(a, b, c) ∈ E3

(a ∗ b) ∗ c =
(4)

c ∗ (a ∗ b) =
(4)

c ∗ (b ∗ a) =
(2)

a ∗ (b ∗ c),

∗



E

(a, b) ∈ E2 a ∗ b ̸= b ∗ a.
➟

∗
R

∀(x, y) ∈ R2, x ∗ y = x+ 2y

1 ∗ 0 = 1 + 2 · 0 = 1 0 ∗ 1 = 0 + 2 · 1 = 2,

1 ∗ 0 ̸= 0 ∗ 1, ∗

E

(a, b, c) ∈ E3 (a ∗ b) ∗ c ̸= a ∗ (b ∗ c).
➟

R
0− (1− 1) = 0 (0− 1)− 1 = −2,

0− (1− 1) ̸= (0− 1)− 1,

R

a ∗ x = a ∗ y
x = y

a a−1 a−1

γa : E −→ E, x -−→ a ∗ x



E

·
e a ∈ E a2 = e

(x, y) ∈ E2 axa = aya

x = y

a a

a(axa)a = a(aya)a, a2xa2 = a2ya2 exe = eye

x = y

E
∗

∗ E

∗
∗ E

∗ E ∗
∗ (E, ∗)

(G, ∗) E ⊂ G,
(G, ∗) E (x, y) ∈ E2

x∗y ∈ E, x ∈ E, x−1 x
G E

➟

E
·

e

G =
{
x ∈ E ; ∃x′ ∈ E, xx′ = x′x = e

}
.

· G

(G, ·)

x, y ∈ G

x′, y′ ∈ E xx′ = x′x = e yy′ = y′y = e⎧
⎨

⎩

(xy)(y′x′) = x(yy′)x′ = xex′ = xx′ = e

(y′x′)(xy) = y′(x′x)y = y′ey = y′y = e,

xy ∈ G

· G

ee = e e ∈ G

∀x ∈ G,
(
xe = x ex = x

)
, e · G

x ∈ G x′ ∈ E xx′ = x′x = e
x′x = xx′ = e x′ ∈ G

G · G

(G, ·)

H
(G, ·)

G

H ⊂ G,
G H (x, y) ∈ H2, xy ∈ H,
x ∈ H, x−1 x G H

➟



(G, ·) H ⊂ G

· H
(H, ·)

H G

e G f H

f H ff = f e
G ef = f ff = ef

f G f = e

e ∈ H

· H

x ∈ H

H y ∈ H xy = f

x−1 x G

xx−1 = e = f = xy, xx−1 = xy,

x−1 x−1 = y.

∀x ∈ H, x−1 ∈ H

H G

➟

(G, ·) H,H′

G

H ∩ H′

G

e ∈ H e ∈ H′, e ∈ H ∩ H′

x, y ∈ H ∩ H′

xy ∈ H xy ∈ H′ xy ∈ H ∩ H′

x ∈ H ∩ H′ x ∈ H x ∈ H′ x−1 ∈ H x−1 ∈ H′

x−1 ∈ H ∩ H′

H ∩ H′ G

x, y, x+ y, 1 + x,
➟



(A,+, ·)

∀(x, y) ∈ A2,
(
xy = 0 =⇒ (x = 0 y = 0)

)
.

∀(a, b) ∈ A2, (ab = 1 =⇒ ba = 1).

(a, b) ∈ A2 ab = 1

a(ba− 1) = a(ba)− a = (ab)a− a = 1a− a = a− a = 0.

a = 0 ba− 1 = 0

a = 0 1 = ab = 0b = 0 ba = b0 = 0 = 1.

ba− 1 = 0 ba = 1

∗ R ∀(x, y) ∈ R2, x ∗ y = x+ y + x2y2.

∗
∗

R ∗
x ∈ R

(1) 1 ∗ x = 0 (2) 1 ∗ x = 1.

∗ G = C× R (z, t), (z′, t′) ∈ G

(z, t) ∗ (z′, t′) =
(

z + z′, t+ t′ + (zz′)
)

.

(G, ∗)

(G, ·) e a, b ∈ G ba = ab2 ab = ba2.

a = b = e.

(G, ·) H,K G.

H ∪ K G H ⊂ K K ⊂ H.



(G, ·) H,K G,

HK =
{

hk ; (h, k) ∈ H ×K
}

.

H,K G.

HK G

KH G

HK ⊂ KH

KH ⊂ HK.

x (G, ·) e
n ∈ N∗ xn = e x n ∈ N∗

xn = e x

(G, ·) (a, b) ∈ G2

a, b, ab, 2 ab = ba

a a−1 a a−1

a bab−1 a bab−1

ab ba ab ba

(G, ·) E f : E −→ G
∗ E ∀x, y ∈ E, x ∗ y = f−1

(

f(x)f(y)
)

,

f−1 f

(E, ∗)

(G, ·) (E, ∗).
∗ R

∀(x, y) ∈ R2, x ∗ y = 3
√

x3 + y3.

(R, ∗)

G f : [0 ; +∞[ −→ [0 ; +∞[ C1

f ′ > 0, f(0) = 0,
x −→ +∞

f(x) = +∞.

(G, ◦)
H f ∈ G f(x) ∼

x −→ +∞
x.

H G H ̸= G.



(A,+, ·) ∀x ∈ A, x2 = x.

∀x ∈ A, 2x = 0.

A

A (a, b) ∈ A2. ab
x ∈ A (ab)x = 1, ba

y ∈ A, (ba)y = 0 =⇒ y = 0.

a A.

A (a, b) ∈ A2. 1 A.
a, b, ab− 1 A.

c = ab− 1.

a− b−1 A (a− b−1)−1 = bc−1.

d = a−1− (a− b−1)−1. d A d−1 = −ca.

E
a ∈ E ∀y ∈ E, ∃x ∈ E, y = axa.

(E, ·) e

a a−1 a

A a A n ∈ N∗

an = 0.

(a, b) ∈ A2. a ab = ba, ab

a ∈ A 1− a A (1− a)−1.

(a, b) ∈ A2. a b ab = ba, a + b



∗
(x∗y)∗z x∗ (y ∗z) (x, y, z)

G
G

G.

∗
(z, t) ∗ (z′, t′) (z′, t′) ∗ (z, t)

ba = (ba)(ab)

(i) =⇒ (iii) =⇒ (ii) =⇒ (iv) =⇒ (i).

(ab)(ab) = (ba)(ab)
ab.

an = e (a−1)n = e.
a a−1

a a−1

an = e, (bab−1)n.

(E, ∗)
f

G.

f : R −→ R, x .−→ x3.

G
[0 ; +∞[ [0 ; +∞[.

R R C1

◦ [0 ; +∞[
[0 ; +∞[.

f(x) ∼
x −→ +∞

x

f(x)

x
−→

x −→ +∞
1.

x 1+x, 1

A.

x, y, x+ y.

ba(bxa− 1).

a − b−1 = cb−1 (a −
b−1)−1

d d = −a−1c−1,

b ∈ E a = aba.

y ∈ E, x ∈ E y = axa
(ab)y y(ba).

b ∈ E a = aba

(a, b) ∈ A2 ab = ba

k ∀k ∈ N∗ abk = bka

k

∀k ∈ N∗, (ab)k = akbk.



(x, y) ∈ R2

y ∗ x = y + x+ y2x2 = x+ y + x2y2 = x ∗ y,

∗

(1 ∗ 1) ∗ (−1) = (1 + 1 + 1212) ∗ (−1) = 3 ∗ (−1)
= 3 + (−1) + 32(−1)2 = 11,

1 ∗
(
1 ∗ (−1)

)
= 1 ∗

(
1 + (−1) + 12(−1)2

)
= 1 ∗ 1

= 1 + 1 + 1212 = 3 ̸= 11,

∗
x ∈ R 0 ∗ x = x ∗ 0 = 0,

R ∗ 0.

x ∈ R

1 ∗ x = 0 ⇐⇒ 1 + x+ x2 = 0,

R
∆ = 1− 4 = −3 < 0.

1∗x = 0 R.

x ∈ R

1 ∗ x = 1 ⇐⇒ 1 + x+ x2 = 1 ⇐⇒ x2 + x = 0

⇐⇒
(
x = −1 x = 0

)
.

1 ∗ x = 1
R −1 0.

∗
G = C× R.

(z, t), (z′, t′), (z′′, t′′) ∈ G
(
(z, t)∗ (z′, t′)

)
∗ (z′′, t′′) =

(
z+z′, t+ t′+ (zz′)

)
∗ (z′′, t′′)

=
(
(z + z′) + z′′,

(
t+ t′ + zz′)

)
+ t′′ +

(
(z + z′)z′′

))

=
(
z+ z′+ z′′, t+ t′+ t′′+ (zz′)+ (zz′′)+ (z′z′′)

)

(z, t)∗
(
(z′, t′)∗(z′′, t′′)

)
= (z, t)∗

(
z′+z′′, t′+t′′+ (z′z′′)

)

=
(
z+(z′+ z′′), t+

(
t′+ t′′+ (z′z′′)

)
+

(
z(z′+ z′′)

))

=
(
z+ z′+ z′′, t+ t′+ t′′+ (z′z′′)+ (zz′)+ (zz′′)

)
.

(
(z, t) ∗ (z′, t′)

)
∗ (z′′, t′′) = (z, t) ∗

(
(z′, t′) ∗ (z′′, t′′)

)

∗

(z, t) ∈ G

(z, t) ∗ (0, 0) = (z, t) (0, 0) ∗ (z, t) = (z, t),

(0, 0) ∗

(z, t) ∈ G. (z′, t′) ∈ G
⎧
⎨

⎩

(z, t) ∗ (z′, t′) = (0, 0)

(z′, t′) ∗ (z, t) = (0, 0)

⇐⇒

⎧
⎨

⎩

(
z + z′, t+ t′ + (zz′)

)
= (0, 0)

(
z′ + z, t′ + t+ (z′z)

)
= (0, 0)

⇐⇒

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

z + z′ = 0

t+ t′ + (zz′) = 0

t′ + t+ (z′z) = 0

⇐⇒

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

z′ = −z

t+ t′ + (−|z|2) = 0

t′ + t+ (−|z|2) = 0

⇐⇒

⎧
⎨

⎩

z′ = −z

t+ t′ = 0
⇐⇒

⎧
⎨

⎩

z′ = −z

t′ = −t.

(z, t)
(−z, −t).

(G, ∗)

⎧
⎨

⎩

(1, 0) ∗ ( , 0) =
(
1 + , 0 + 0 + (1 ) = (1 + , 1)

( , 0) ∗ (1, 0) =
(

+ 1, 0 + 0 + ( 1)
)
= (1 + ,−1),

(1, 0) ∗ ( , 0) ̸= ( , 0) ∗ (1, 0),
(G, ∗)

ba = ab2 = (ab)b = (ba2)b = (ba)(ab).

ba G
(ba)−1 e = ab.

b = a−1, ba = e.

e = ab = ba2 = (ba)a = ea = a,

a = e b = a−1 = e.

H ⊂ K K ⊂ H, H ∪ K = K H ∪ K = H,
H ∪ K G.

H ∪ K
G. H ̸⊂ K

K ̸⊂ H. a ∈ H a /∈ K b ∈ K
b /∈ H.

H ∪ K G a b
H ∪ K, ab ∈ H ∪ K ab ∈ H

ab ∈ K.



ab ∈ H. b = a−1(ab) a ∈ H
ab ∈ H H G, b ∈ H,

ab ∈ K. a = (ab)b−1 b ∈ K
ab ∈ K K G, a ∈ K,

H ⊂ K K ⊂ H.

=⇒

HK G

x ∈ HK x−1 ∈ HK (h, k) ∈ H ×K
x−1 = hk.

x = (x−1)−1 = (hk)−1 = k−1h−1 ∈ KH.

HK ⊂ KH

=⇒

HK ⊂ KH

e G
e = ee ∈ KH

x ∈ KH (h, k) ∈ H ×K x = kh

x−1 = (kh)−1 = h−1k−1 ∈ HK ⊂ KH.

x, y ∈ KH (h, k) ∈ H×K, (h′, k′) ∈ H×K
x = kh y = k′h′

hk′ ∈ HK ⊂ KH (h′′, k′′) ∈ H×K
hk′ = k′′h′′

xy = (kh)(k′h′) = k(k′′h′′)h′ = (kk′′)(h′′h′) ∈ KH.

KH G

=⇒

=⇒ H K

=⇒

=⇒ H K

(i) =⇒ (iii) =⇒ (ii) =⇒ (iv) =⇒ (i).

(ab)(ab) = (ab)2 = e = b2 = beb = ba2b = (ba)(ab),

(ab)−1 ab = ba

a n

(a−1)n = (an)−1 = e−1 = e, a−1

p p # n

a a−1

(a−1)−1 = a n # p

a−1 a

a n

(bab−1)n = banb−1 = beb−1 = e, bab−1

q q # n

b b−1 n # q

bab−1 a

ba = b(ab)b−1

(x, y) ∈ E2 f(x ∗ y) = f(x)f(y) f
(a, b) ∈ E2,

f(a) = f(b) =⇒ a = b,

f

e (G, ·) ε = f−1(e), e = f(ε)
x ∈ E

⎧
⎨

⎩

f(x ∗ ε) = f(x)f(ε) = f(x)e = f(x)

f(ε ∗ x) = f(ε)f(x) = ef(x) = f(x),

f x ∗ ε = x ε ∗ x = x,

ε ∗ E.

(x, y, z) ∈ E3

f
(
(x ∗ y) ∗ z

)
= f(x ∗ y)f(z) =

(
f(x)f(y)

)
f(z)

= f(x)
(
f(y)f(z)

)
= f(x)f(y ∗ z) = f

(
x ∗ (y ∗ z)

)
,

f (x ∗ y) ∗ z = x ∗ (y ∗ z),
∗ E

x ∈ E. t = f(x) ∈ G t−1 t
(G, ·) x′ = f−1(t−1),

⎧
⎨

⎩

f(x ∗ x′) = f(x)f(x′) = tt−1 = e = f(ε)

f(x′ ∗ x) = f(x′)f(x) = t−1t = e = f(ε),

f x ∗ x′ = ε x′ ∗ x = ε,

x ∗ E.

(E, ∗)
(R,+)

f : R −→ R, x .−→ x3

f−1 : R −→ R, t .−→ 3
√
t.

∀(x, y) ∈ R2, x ∗ y = 3
√

x3 + y3 = f−1(f(x) + f(y)
)
.

(R, ∗)

(f, g) ∈ G2. g ◦ f : [0 ; +∞[ −→ [0 ; +∞[
g ◦ f C1

(g ◦ f)′ = (g′ ◦ f)f ′ > 0 f ′ > 0 g′ > 0,

(g ◦ f)(0) = g
(
f(0)

)
= g(0) = 0

g ◦ f(x) −→
x −→ +∞

+∞,

f(x) −→
x −→ +∞

+∞ g(y) −→
y −→ +∞

+∞.

g ◦ f ∈ G ◦ G.



◦
[0 ; +∞[ [0 ; +∞[ ◦ G.

ε = [0 ; +∞[ ε [0 ; +∞[

[0 ; +∞[, C1, ε′ = 1 > 0, ε(0) = 0
ε(x) = x −→

x −→ +∞
+∞, ε ∈ G.

∀f ∈ G, f ◦ ε = ε ◦ f = f,

ε ◦ G.

f ∈ G. f ′ > 0, f
[0 ; +∞[.

f f(0) = 0
f(x) −→

x −→ +∞
+∞,

f f−1 f−1(0) = 0
f−1(x) −→

x −→ +∞
+∞. f C1

f ′ f ′ > 0 f−1 C1

[0 ; +∞[ (f−1)′ =
1

f ′ ◦ f−1
> 0. f−1 ∈ G.

f−1 ∈ G f ◦ f−1 = f−1 ◦ f = ε.

G
∗ G.

G ◦.

f : [0 ; +∞[ −→ [0 ; +∞[, x .−→ 2x

ϕ : [0 ; +∞[ −→ [0 ; +∞[, x .−→ x − 1

G

x ∈ [0 ; +∞[
⎧
⎨

⎩

(ϕ ◦ f)(x) = ϕ(2x) = 2x − 1

(f ◦ ϕ)(x) = f( x − 1) = 2( x − 1) = 2 x − 2.

(ϕ ◦ f)(1) = 2 − 1 (f ◦ ϕ)(1) = 2 − 2,
(ϕ ◦ f)(1) ̸= (f ◦ ϕ)(1), ϕ ◦ f ̸= f ◦ ϕ.

G

H ⊂ G H.

ε G H ε(x) = x ∼
x −→ +∞

x.

f, g ∈ H. g
g′ > 0 [0 ; +∞[

g(0) = 0, g(x) > 0 x > 0.
x > 0

(g ◦ f)(x)
x

=
g
(
f(x)

)

f(x)
·
f(x)

x
−→

x −→ +∞
1 · 1 = 1,

(g ◦ f)(x) ∼
x −→ +∞

x, g ◦ f ∈ H.

f ∈ H. f−1(x) −→
x −→ +∞

+∞

y ∼
y −→ +∞

f(y),

f−1(x) ∼
x −→ +∞

f
(
f−1(x)

)
= x, f−1 ∈ H.

H G.

f : [0 ; +∞[ −→ [0 ; +∞[, x .−→ 2x
G H,

f(x) ̸∼
x −→ +∞

x. H ̸= G.

x ∈ A. x 1+x,
x2 = x (1 + x)2 = 1 + x.

(1+ x)2 = 1+ x ⇐⇒ 1+ 2x+ x2 = 1+ x ⇐⇒ x+ x2 = 0

⇐⇒ x+ x = 0 ⇐⇒ 2x = 0.

∀x ∈ A, 2x = 0.

(x, y) ∈ A2. x y x+y

x+ y = (x+ y)2 = x2 + xy + yx+ y2 = x+ y + (xy + yx),

xy + yx = 0.

xy + xy = 2xy = 0.

xy = yx,
A

ab x ∈ A
(ab)x = 1.

ba(bxa− 1) = ba(bxa)− ba = b(abx)a− ba = b1a− ba = 0.

ba
bxa− 1 = 0, bxa = 1.

a(bx) = 1 (bx)a = 1, a A
a−1 = bx.

a − b−1 = (ab − 1)b−1 = cb−1. c b−1

A, cb−1

A a− b−1 A

(a− b−1)−1 = (cb−1)−1 = (b−1)−1c−1 = bc−1.

d = a−1 − (a− b−1)−1 = a−1 − bc−1

= (a−1c− b)c−1 = a−1(c− ab)c−1

= a−1((ab− 1)− ab
)
c−1 = a−1(−1)c−1 = −a−1c−1.

a−1 c−1 A,
a−1c−1 A d A

d−1 = (−a−1c−1)−1 = −(a−1c−1)−1

= −(c−1)−1(a−1)−1 = −ca.



a y
b ∈ E a = aba.

ab ba

y ∈ E. x ∈ E y = axa.

⎧
⎨

⎩

(ab)y = (ab)(axa) = (aba)(xa) = a(xa) = y

y(ba) = (axa)(ba) = (ax)(aba) = (ax)a = y.

ab ba

(ab)(ba) = ba ab
(ab)(ba) = ab ba ab = ba.

e = ab = ba, e
E. ⎧

⎨

⎩

a(bab) = (ab)(ab) = ee = e

(bab)a = (ba)(ba) = ee = e,

a a−1 = bab.

a ∈ A b ∈ A ab = ba.

k ∀k ∈ N∗, abk = bka.

∗ k = 1, ab = ba

∗ abk = bka k ∈ N∗,

abk+1 = a(bkb) = (abk)b = (bka)b

= bk(ab) = bk(ba) = (bkb)a = bk+1a.

k ∀k ∈ N∗, abk = bka.

k

∀k ∈ N∗, (ab)k = akbk.

∗ k = 1 ab = ab.

∗ (ab)k = akbk k ∈ N∗

(ab)k+1 = (ab)k(ab) = (akbk)(ab) = ak(bka)b

= ak(abk)b = (aka)(bkb) = ak+1bk+1.

k ∀k ∈ N∗, (ab)k = akbk.

a n ∈ N∗ an = 0.
ab = ba, (ab)n = anbn = 0bn = 0, ab

a n ∈ N∗ an = 0.

⎧
⎨

⎩

(1− a)(1 + a+ a2 + · · ·+ an−1) = 1− an = 1

(1 + a+ a2 + · · ·+ an−1)(1− a) = 1− an = 1,

1− a

(1− a)−1 = 1 + a+ a2 + · · ·+ an−1 =
n−1∑

k=0

ak.

a, b ∈ A ab = ba.

a n ∈ N∗ an = 0.

b p ∈ N∗ bp = 0.

(a+ b)n+p−1

ab = ba

(a+ b)n+p−1 =
n+p−1∑

k=0

(n+ p− 1

k

)
akbn+p−1−k

=
n−1∑

k=0

(n+ p− 1

k

)
ak bn+p−1−k
︸ ︷︷ ︸

=0

+
n+p−1−k∑

k=n

(n+ p− 1

k

)
ak︸︷︷︸
=0

bn+p−1−k = 0,

a+ b



a, b E ∗
a ∗ b (a ∗ b)−1 = b−1 ∗ a−1

E ∗ E

R∗

R∗+

R∗+

X A X SX X
GA f SX a ∈ A, f(a) = a,

SX

Z

a, b n ∈ N∗

an − bn = (a− b)(an−1 + an−2b+ · · ·+ abn−2 + bn−1).

x, y, z A xy = zx = 1 1
A y = z



e1 e2 e1 ∗ e2 = e2 e1 e1 ∗ e2 = e1
e2 e1 = e2

R∗ 1 ∈ R∗, −1 ∈ R∗, 1+(−1) = 0 /∈ R∗

R∗+ e e + 1 = 1
e = 0, e /∈ R∗

SX X GA f, g ∈ GA

a ∈ A (f ◦ g)(a) = f
(

g(a)
)

= f(a) = a, f ◦ g ∈ GA f ∈ GA

a ∈ A a = f−1(a) f(a) = a f−1 ∈ GA

2 ∈ Z \ {0} 2 Z

y = 1y = (zx)y = z(xy) = z1 = z.



K

K R C

K[ ]

K[ ]

C[ ] R[ ]

n

K[ ]

K[ ]

n



n

➟

P0 = 1 n ∈ N∗

Pn( ) =
1

n!
( + 1) · · · ( + n− 1).

∀n ∈ N,
n∑

k=0

Pk( ) = Pn( + 1).

n

n = 0
0∑

k=0

Pk( ) = P0( ) = 1 P0( + 1) = 1.

n ∈ N

n+1∑

k=0

Pk( ) =
( n∑

k=0

Pk( )
)
+ Pn+1( ) = Pn( + 1) + Pn+1( )

=
1

n!
( + 1) · · · ( + n) +

1

(n+ 1)!
( + 1) · · · ( + n)

=
1

(n+ 1)!
( + 1) · · · ( + n)

(
(n+ 1) +

)

=
1

(n+ 1)!
( + 1) · · · ( + n)

(
+ (n+ 1)

)
= Pn+1( + 1).

n+ 1.

n ∈ N.

➟

P R[ ]

P ′ + P = 2 + 1.

P (P ) " 2 ( P ) ̸= (P ′)
(P ′ + P ) = ( P ) " 3 ( 2 + 1) = 2

(P ) # 1.

(a, b) ∈ R2 P = a + b

P ′ + P = 2 + 1 ⇐⇒ a+ (a 2 + b ) = 2 + 1

⇐⇒
(
a = 1 b = 0

)
.

P =

S = { }



( + 1)P + ( + 2)Q = + 3,

(P,Q) ∈
(
R[ ]

)2

(P,Q) −2 −1
−P (−2) = 1 Q(−1) = 2,

+ 2 | P + 1 + 1 | Q− 2.

P1, Q1 ∈ R[ ]

P + 1 = ( + 2)P1 Q− 2 = ( + 1)Q1.

( + 1)P + ( + 2)Q = + 3

⇐⇒ ( + 1)
(
− 1 + ( + 2)P1

)
+ ( + 2)

(
2 + ( + 1)Q1

)
= + 3

⇐⇒ ( + 1)( + 2)(P1 +Q1) = 0

⇐⇒ P1 +Q1 = 0 ⇐⇒ Q1 = −P1.

S =
{(
− 1 + ( + 2)A, 2− ( + 1)A

)
; A ∈ R[ ]

}
.

A B

A = BQ+R, (R) < (B),

B
B.

➟

n ∈ N∗

R[ ] A = n + ( + 1)n

B = 2 − 1

Q R A B
A = BQ+R (R) < (B).

(B) = 2 (R) # 1

(a, b) ∈ R2 R = a + b
n + ( + 1)n = ( 2 − 1)Q+ a + b.

1 −1

1 + 2n = a+ b (−1)n = −a+ b,

a =
1

2

(
1 + 2n − (−1)n

)
, b =

1

2

(
1 + 2n + (−1)n

)
.

R =
1

2

(
1 + 2n − (−1)n

)
+

1

2

(
1 + 2n + (−1)n

)
.



➟

n ∈ N

Sn =
n∑

k=0

(n
k

)
( + 1)n+k( − 1)n−k.

Sn = ( + 1)n
n∑

k=0

(n
k

)
( + 1)k( − 1)n−k

= ( + 1)n
(
( + 1) + ( − 1)

)n

= ( + 1)n(2 )n = 2n n( + 1)n.

A
B

R B A−R,
Q A = BQ+R.

➟

n ∈ N∗

R[ ] A = n B = − 1

(Q,R) ∈
(
R[ ]

)2

A = BQ+R (R) < (B) = 1.

a ∈ R R = a

1 a = 1

( − 1)Q = A−R = n − 1, Q =
n−1∑

k=0

k.

Q =
n−1∑

k=0

k R = 1

n ∈ N
n " 2

R[ ]

A = n+1 + 1 B = n − 1

A = n+1 + 1 = ( n − 1) + + 1 = BX + ( + 1)

( + 1) = 1 < (B) = n.

Q = R = + 1



R[ ]

P R
P

P

➟

P = 5 − 5 4 + 3

R[ ]
a, b, c

−1 < a < 0 < b < 1 < 4 < c < 5.

P : R −→ R, x .−→ x5 − 5x4 + 3
R

∀x ∈ R, P ′(x) = 5x4 − 20x3 = 5x3(x− 4).

P

x

P ′(x)

P (x)

−∞ 0 4 +∞

+ 0 − 0 +

−∞−∞
> 0> 0

< 0< 0

+∞+∞

P (x) −→
x −→ −∞

−∞ < 0, P (0) = 3 > 0,

P (4) = −253 < 0, P (x) −→
x −→ +∞

+∞ > 0.

P
a, b, c

a < 0 < b < 4 < c.

P (−1) = −3 < 0, P (1) = −1 < 0, P (5) = 3 > 0,

−1 < a < 0 < b < 1 < 4 < c < 5.

C[ ]
➟

n ∈ N∗

3 n+1 + n + 1 C
< 1

z ∈ C
3zn+1 + zn + 1 = 0 |z| " 1.

3|z|n+1 = |3zn+1| =
∣∣− (zn + 1)

∣∣ = |zn + 1|
# |zn|+ 1 = |z|n + 1 # |z|n + |z|n = 2|z|n,

|z|n > 0 3|z| < 2,

|z| <
2

3
,

3 n+1 + n + 1 C < 1



S
P

S
P

P
P P,

➟

a, b, c ∈ C, P = 3+a 2+b +c
z1, z2, z3 P C

S = (z1 + z2)
2 + (z2 + z3)

2 + (z3 + z1)
2.

σ1, σ2, σ3
z1, z2, z3

S = 2(z21 + z22 + z23) + 2(z1z2 + z2z3 + z3z1)

= 2(σ2
1 − 2σ2) + 2σ2 = 2σ2

1 − 2σ2.

σ1 = −a, σ2 = b, σ3 = −c.

S = 2a2 − 2b

C

➟

a ∈ C

z3 − 3z2 + az − 4 = 0

z ∈ C

z1, z2, z3 σ1, σ2, σ3
z1, z2, z3

σ1 = 3, σ2 = a, σ3 = 4.

s = z2 + z3, p = z2z3
⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

σ1 = 3

σ2 = a

σ3 = 4

z1 =
z2 + z3

2

⇐⇒

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

z1 + s = 3

z1s+ p = a

z1p = 4

z1 =
s

2

⇐⇒

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

z1 = 1

s = 2

p = 4

a = 6.

a = 6

z1 = 1 z2, z3 z2− sz+p = 0
z2 − 2z + 4 = 0 z2 = 1 −

√
3

z3 = 1 +
√
3

1, 1−
√
3, 1 +

√
3



P0( ) = 1 n ∈ N∗ Pn( ) =
(−1)n

n!
( − 1) · · · ( − n+ 1).

∀n ∈ N,
n
∑

k=0

Pk( ) = Pn( − 1).

P ∈ R[ ]

2P ′′ + 2 P ′ − 2P = 0
2P ′′ + 2 P ′ − P = 0.

n ∈ N n 2 − − 2
R[ ].

n ∈ N

P0 =
n
∑

k=0

(
n

k

)

k(1− )n−k, P1 =
n
∑

k=0

k

(
n

k

)

k(1− )n−k, P2 =
n
∑

k=0

k2
(
n

k

)

k(1− )n−k.

P0, P1, P2.

a ∈ R, P =
n
∏

k=1

( ka+ ka). P

2 + 1 R[ ].

n ∈ N − {0, 1}.
P = n + ( − 1)n + 1 2 − R[ ].

(P,Q) ∈
(

K[ ]
)2

(1) ( 2 − 5 + 7)P + ( − 2)Q = 2 − 3.

n ∈ N∗ Pn = 2n + 2n−1

+ 1 ∈ R[ ].

(m,n) ∈ (N∗)2 n # m =⇒ Pn | Pm.



(a, b, c, d) ∈ C3, P = 4 + a 3 + b 2 + c + d ∈ C[ ], z1, z2, z3, z4 P

C. S =
∑

z21z2, 12

P P.

P ∈ K[ ] P ( )− | P
(

P ( )
)

− .

P = 3 − 11 + 12 R[ ]
a, b, c

−4 < a < −3, 1 < b < 2 < c < 3.

S = a+ b+ c.

n ∈ N∗, a0 ∈ C∗, a1, ...an−1 ∈ C
P = n + an−1

n−1 + · · ·+ a0, Q = n − |an−1| n−1 − · · ·− |a0|.

[0 ; +∞[, Q ρ.

z P C, |z| # ρ.

(p, q) ∈ C2, P = 3 + p + q, z1, z2, z3 P C.

n ∈ N, Sn = zn1 + zn2 + zn3 .

S0, S1, S2.

∀n ∈ N, Sn+3 + pSn+1 + qSn = 0.

S3, S4, S5, S6.

q ̸= 0 n ∈ Z−, Sn = zn1 + zn2 + zn3 .

S−1, S−2, S−3, S−4.

(x, y, z) ∈ C3

( )

⎧

⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎩

x+ y + z = 1

x2 + y2 + z2 = 1

x3 + y3 + z3 = −5.

λ ∈ C

z4 − 4z3 + λz2 − 12z + 3 = 0 (1)

1



n

P (P ) = 1.

P,

R 1,
R = a +b, (a, b) ∈ R2. 2− −2

R 2 − − 2.

1−

R 1,
P = α + β, (α,β) ∈ R2. α β

R − .

R 1
a + b, (a, b) ∈ R2. 0

1 a b

Q ( 2− )Q = P −R.
P −R, − 1.

(P,Q) − 2 | P − 1.

P Q

n ∈ N∗, Pn | Pn+1.

S(∑
z1z2

)(∑
z1

)
.

P ( ) P
(
P ( )

)

P =
n∑

k=0

ak
k.

P P
−4, −3, 1, 2, 3.

α = a, ...,

S

ϕ : ]0 ; +∞[ −→ R, x .−→ ϕ(x) =
Q(x)

xn
.

z1, z2, z3 P
z1, z2, z3

n

( − x)( − y)( − z).
σ1, σ2, σ3

x, y, z, Sk = xk + yk + zk

k ∈ {1, 2, 3}, S1, S2, S3

z1, z2, z3, z4 C
z1z2 = 1,

s, p z1, z2
s′, p′

z3, z4.

λ = 4,
s, p, s′, p′

z1, z2, z3, z4.



n

n = 0
0∑

k=0

Pk( ) = P0( ) = 1 P0( − 1) = 1.

n = 1
1∑

k=0

Pk( ) = P0( ) + P1( ) = 1−

P1( − 1) = −( − 1) = 1− .

n ∈ N∗.

n+1∑

k=0

Pk( ) =
( n∑

k=0

Pk( )
)
+Pn+1( ) = Pn( −1)+Pn+1( )

=
(−1)n

n!
( − 1) · · · ( − n) +

(−1)n+1

(n+ 1)!
( − 1) · · · ( − n)

=
(−1)n

(n+ 1)!
( − 1) · · · ( − n)

(
(n+ 1)−

)

=
(−1)n+1

(n+ 1)!
( − 1) · · · ( − n)

(
− (n+ 1)

)
= Pn+1( − 1).

n+ 1.

n
n ∈ N.

P P ̸= 0. n = (P ) ∈ N
P P = an n + · · · + a0,

a0, ..., an ∈ R an ̸= 0.

2P ′′+2 P ′−2P = 0, n
n(n−1)an+2nan−2an = 0,

(n2 + n− 2)an = 0, an ̸= 0 n2 + n− 2 = 0.

n2 + n− 2 = 0 ⇐⇒
(
n = 1 n = −2

)
.

n ∈ N, n = 1.

P 1.

P = a + b, (a, b) ∈ R2,

2P ′′ + 2 P ′ − P = 2a − 2(a + b) = −2b,

2P ′′ + 2 P ′ − 2P = 0 ⇐⇒ b = 0 ⇐⇒ P = a .

{a ; a ∈ R}.

P P ̸= 0 P
n = (P ), n2+n−1 = 0.

−1−
√
5

2

−1 +
√
5

2
,

{0}.

(Q,R) ∈
(
R[ ]

)2

n = ( 2 − − 2)Q+R (R) < 2.

(a, b) ∈ R2 R = a + b.
2− −2 = ( +1)( −2),

−1 2
⎧
⎨

⎩

(−1)n = −a+ b

2n = 2a+ b

∣∣∣∣∣∣

−1

1

∣∣∣∣∣

2

1

3a = 2n − (−1)n, 3b = 2n + 2(−1)n.
n

2 − − 2

R =
1

3

(
2n − (−1)n

)
+

1

3

(
2n + 2(−1)n

)
.

n∑

k=0

(n
k

)
k n−k = ( + )n.

1− ,

P0 =
n∑

k=0

(n
k

)
k(1− )n−k =

(
+ (1− )

)n
= 1.

,

n∑

k=1

k
(n
k

)
k−1 n−k = n( + )n−1,

n∑

k=0

k
(n
k

)
k n−k = n ( + Y )n−1.

1− ,

P1 =
n∑

k=0

k
(n
k

)
k(1− )n−k = n

(
+ (1− )

)n−1
= n .



n∑

k=1

k2
(n
k

)
k−1 n−k = n( + )n−1+n(n−1) ( + )n−2,

n∑

k=0

k2
(n
k

)
k n−k = n ( + )n−1+n(n−1) 2( + )n−2.

1− ,

P2 =
n∑

k=0

k2
(n
k

)
k(1− )n−k = n + n(n− 1) 2.

P 2 + 1 (Q,R) ∈(
R[ ]

)2

P = ( 2 + 1)Q+R, (R) < 2.

(α,β) ∈ R2 R = α + β.

2 + 1

α + β = R( ) = P ( )

=
n∏

k=1

( ka+ ka) =
n∏

k=1

ka

=
( n∑

k=1

ka
)
=

( n(n+ 1)

2
a
)

=
n(n+ 1)

2
a+

n(n+ 1)

2
a.

α =
n(n+ 1)

2
a, β =

n(n+ 1)

2
a.

P
2 + 1

n(n+ 1)

2
a+

n(n+ 1)

2
a.

P 2 − , (Q,R) ∈(
R[ ]

)2

P = ( 2 − )Q+R (R) < 2.

(a, b) ∈ R2 R = a + b.
2− = ( −1), 0 1

⎧
⎨

⎩

P (0) = R(0) = b

P (1) = R(1) = a+ b.

P (0) = 1 + (−1)n P (1) = 2.

b = 1 + (−1)n, a = P (1)− b = 1− (−1)n.

R

R =
(
1− (−1)n

)
+
(
1 + (−1)n

)
.

( 2 − )Q

= P −R

= n + ( − 1)n + 1−
(
1− (−1)n

)
−
(
1 + (−1)n

)

= n + ( − 1)n −
(
1− (−1)n

)
− (−1)n

= ( n − ) +
(
( − 1)n + (−1)n − (−1)n

)

= ( n−1 − 1) + ( − 1)
(
( − 1)n−1 − (−1)n−1)

= ( − 1)
n−2∑

k=0

k + ( − 1)
n−2∑

k=0

(−1)n−k( − 1)k.

Q

Q =
n−2∑

k=0

k + (−1)n
n−2∑

k=0

(−1)k( − 1)k.

(P,Q) ∈
(
K[ ]

)2
.

(P,Q)

− 2 | ( − 2)Q = −( 2 − 5 + 7)P + (2 − 3)

= −
(
( − 2)( − 3) + 1

)
P + 2( − 2) + 1

= ( − 2)
(
− ( − 3)P + 2

)
− (P − 1),

− 2 | P − 1.

2
P (2) = 1, − 2 | P − 1.

A ∈ K[ ] P − 1 = ( − 2)A.

A ∈ K[ ], P = ( − 2)A+ 1

(1)

⇐⇒ ( 2 − 5 + 7)
(
( − 2)A+ 1

)
+ ( − 2)Q = 2 − 3

⇐⇒ ( − 2)
(
( 2 − 5 + 7)A+Q

)
= − 2 + 7 − 10

⇐⇒ ( − 2)
(
( 2 − 5 + 7)A+Q

)
= ( − 2)(− + 5)

⇐⇒ ( 2 − 5 + 7)A+Q = − + 5

⇐⇒ Q = −( 2 − 5 + 7)A+ (− + 5).

(P,Q)
{(

( −2)A+1, −( 2−5 +7)A+(− +5)
)
; A ∈ K[ ]

}
.

n ∈ N∗.

Pn+1 = 2n+1
+ 2n + 1 =

( 2n)2 + 2n + 1

=
( 2n + 1)2 − 2n =

( 2n + 1
)2 −

( 2n−1)2

=
( 2n + 1− 2n−1)( 2n + 1 + 2n−1)

= ( 2n − 2n−1
+ 1)Pn,

Pn | Pn+1.



(m,n) ∈ (N∗)2 n # m.
Pn | Pn+1 | Pn+2 | · · · | Pm−1 | Pm,

Pn | Pm.

∑

S =
(∑

6

z1z2

)(∑

4

z1

)
− 3

∑

4

z1z2z3.

σ1, σ2, σ3, σ4
z1, z2, z3, z4, S = σ1σ2 − 3σ3.

σ1 = −a, σ2 = b, σ3 = −c.

S = −ab+ 3c.

P =
n∑

k=0

ak
k, (a0, ..., an) ∈ Kn+1,

P
(
P ( )

)
−

=
(
P
(
P ( )

)
− P ( )

)
+
(
P ( )−

)

=
( n∑

k=0

ak
(
P ( )

)k −
n∑

k=0

ak
k
)
+
(
P ( )−

)

=
n∑

k=0

ak

((
P ( )

)k − k
)
+
(
P ( )−

)
.

k ∈ N∗ P ( )− |
(
P ( )

)k − k,

(
P ( )

)k − k =
(
P ( )−

) k−1∑

i=0

(
P ( )

)i k−1−i.

P ( )− | P
(
P ( )

)
− .

P

P (−4) = −8 < 0, P (−3) = 18 > 0,

P (1) = 2 > 0, P (2) = −2 < 0, P (3) = 6 > 0.

P
R P

a, b, c

−4 < a < −3, 1 < b < 2 < c < 3.

P 3 P
P

a, b, c.

α = a, β = b, γ = c.

S = (α+ β + γ)

=
α+ β + γ − α β γ

1−
(

α β + α γ + β γ
)

=
a+ b+ c− abc

1− (ab+ ac+ bc)
=
σ1 − σ3
1− σ2

,

σ1, σ2, σ3
a, b, c.

σ1 = 0, σ2 = −11, σ3 = −12.

S =
12

1 + 11
= 1.

a,, b, c,

α ∈
]
−
π

2
; −

π

4

[
, β ∈

]π
4
;
π

2

[
, γ ∈

]π
4
;
π

2

[
,

α+ β + γ ∈
]
0 ;

3π

4

[
,

S =
π

4
.

Q(0) = −|a0| < 0 0
Q.

ϕ : ]0 ; +∞[ −→ R,

x .−→ ϕ(x) =
Q(x)

xn
= 1−

|an−1|
x

− · · ·−
|a0|
xn

.

ϕ ]0 ; +∞[

∀x ∈ ]0 ; +∞[, ϕ′(x) =
|an−1|
x2

+ · · ·+
n|a0|
xn+1

> 0,

ϕ ]0 ; +∞[.

ϕ(x) ∼
x −→ 0+

−
|a0|
xn

−→
x −→ 0+

−∞

ϕ(x) −→
x −→ +∞

1.

ϕ

x

ϕ′(x)

ϕ(x)

0 +∞

+

−∞−∞
11

ρ

0

ϕ

Q [0 ; +∞[
ρ.

z P C.

zn+an−1zn−1+· · ·+a0 = P (z) = 0,
n

|z|n =
∣∣an−1z

n−1 + · · ·+ a0
∣∣ # |an−1| |z|n−1 + · · ·+ |a0|,

Q(|z|) # 0.

ϕ
ϕ(|z|) # 0,

ϕ |z| # ρ.



σ1, σ2, σ3
z1, z2, z3.

σ1 = 0, σ2 = p, σ3 = −q.

S0 = 3, S1 = σ1 = 0

S2 = z21 + z22 + z23

= (z1 + z2 + z3)
2 − 2(z1z2 + z1z3 + z2z3)

= σ2
1 − 2σ2 = −2p

k ∈ {1, 2, 3} z3k+pzk+q = 0,

n ∈ N, znk zn+3
k +pzn+1

k +qznk = 0,
k = 1, 2, 3

Sn+3 + pSn+1 + qSn = 0.

Sn

S3 = −pS1 − qS0 = −3q,

S4 = −pS2 − qS1 = 2p2,

S5 = −pS3 − qS2 = −p(−3q)− q(−2p) = 5pq,

S6 = −pS4 − qS3 = −p(2p2)− q(−3q) = −2p3 + 3q2.

S−1

S−1 =
1

z1
+

1

z2
+

1

z3
=

z2z3 + z1z3 + z1z2

z1z2z3
=
σ2

σ3
= −

p

q
.

n ∈ N
q ̸= 0, z1, z2, z3

̸= 0 n ∈ Z.
n ∈ Z Sn+3 + pSn+1 + qSn = 0

Sn = −
1

q
(pSn+1 + Sn+3).

S−2 = −
1

q
(pS−1 + S1) =

p2

q2
,

S−3 = −
1

q
(pS−2 + S0) = −

1

q

(p3

q2
+ 3
)
= −

p3 + 3q2

q3
,

S−4 = −
1

q
(pS−3 + S−1)

= −
1

q

(
− p

p3 + 3q2

q3
−

p

q

)
=

p4 + 4pq2

q4
.

P = ( − x)( − y)( − z),
P = 3− σ1 2 + σ2 − σ3, σ1, σ2, σ3

x, y, z.

p = −σ1, q = σ2, r = −σ3,
x, y, z P = 3 + p 2 + q + r.

k ∈ {1, 2, 3} Sk = xk + yk + zk.

S1 = σ1 = −p, S2 = σ2
1 − 2σ2 = p2 − 2q

x, y, z S3 + pS2 + qS1 + 3r = 0,

S3 = −pS2−qS1−3r = −p(p2−2q)+qp−3r = −p3+3pq−3r.

( ) ⇐⇒

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

−p = 1

p2 − 2q = 1

−p3 + 3pq − 3r = −5

⇐⇒

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

p = −1

q = 0

r = 2.

(x, y, z) x, y, z
P = 3 − 2 + 2.

−1
3 − 2 + 2 = ( + 1)( 2 − 2 + 2).

−1, 1− , 1 + .

(−1, 1 − , 1 + )

z1, z2, z3, z4 C,
σ1, σ2, σ3, σ4
z1, z2, z3, z4.

( ) ⇐⇒
(
σ1 = 4, σ2 = λ, σ3 = 12, σ4 = 3, z1z2 = 1

)
.

s, p z1, z2,
s′, p′ z3, z4,

⎧
⎨

⎩

s = z1 + z2

p = z1z2

⎧
⎨

⎩

s′ = z3 + z4

p′ = z3z4.

( ) ⇐⇒
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

s+ s′ = 4

ss′ + p+ p′ = λ

sp′ + s′p = 12

pp′ = 3

p = 1

⇐⇒

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

p = 1

p′ = 3

s+ s′ = 4

3s+ s′ = 12

ss′ = λ− 4

⇐⇒

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

p = 1

p′ = 3

s = 4

s′ = 0

λ = 4.

λ = 4.

λ = 4.

s = 4 p = 1,
z1 z2 z2 − 4z+1 = 0,

z1 = 2−
√
3, z2 = 2 +

√
3 s′ = 0 p′ = 3,

z3 z4 z2 +3 = 0,
z3 = −

√
3, z4 =

√
3.

λ = 4,

2−
√
3, 2 +

√
3, −

√
3,

√
3.



P,Q ∈ K[ ] (P +Q) #
(

(P ), (Q)
)

(P ) ̸= (Q)

P ∈ K[ ] (P ′) = (P )− 1

A ∈ K[ ] ( 3 + 1)A = 0 A = 0

a, b ∈ K, P ∈ K[ ] P (a) = P (b) = 0 ( − a)( − b) P

n ∈ N∗, a ∈ K, P ∈ Kn[ ] P ( ) =
n
∑

k=0

P (k)(a)

k!
( − a)k

C[ ] C

P R[ ] R[ ]

(S, P ) ∈ C2 S
P 2 − SX + P

P R[ ]



+ 1

(P ) = 0 P ′ = 0 (P ′) = −∞ ̸= −1
(P ) " 1

a = b = 0, P =

a ̸= b

a, b ∈ K a ̸= b P ∈ K[ ] P
a b ( − a)( − b) P

P = 4 + 1

P R[ ]

4 + 1 = ( 2 + 1)2 − 2 2 = ( 2 −
√
2 + 1)( 2 +

√
2 + 1).

S2 − 4P = 0

P R
−∞ +∞ P



K

K R C

K[ ]

C[ ] R[ ]

K[ ]

C[ ]
R[ ]

K( )
P ′

P
P



A,B K[ ]

D ∈ K[ ], D | A D | B, D

D ∈ K[ ] D | A D | B,

U, V ∈ K[ ] UA + V B = 1

➟

n ∈ N∗

A = 2n + 1 B = n − 1

R[ ]

A = 2n + 1 = ( 2n − 1) + 2 = ( n + 1)B + 2,

1

2
A−

1

2
( n + 1)B = 1.

A

B

a ∈ K
α

P K[ ]

( − a)α P ( )
− a

P (a) = 0, P ′(a) = 0, . . . , P (α−1)(a) = 0, P (α)(a) ̸= 0.

➟

n ∈ N∗

Pn = (n+ 1) n+2 − (n+ 2) n+1 + 1.

1 2

Pn R[ ]

Pn(1) = (n+ 1)− (n+ 2) + 1 = 0

P ′n = (n+ 1)(n+ 2) n+1 − (n+ 2)(n+ 1) n, P ′n(1) = 0

P ′′n = (n+ 1)(n+ 2)
(
(n+ 1) n − n n−1)

P ′′n (1) = (n+ 1)(n+ 2) ̸= 0.

1 2

Pn



B
A

B A

A B

B A
A B B

➟

n ∈ N

Pn = 6n+2 + 3n+1 + 1.

n ∈ N P0

Pn C[ ]

P0 C[ ]

P0 = 2 + + 1 = ( − )( − 2).

Pn( ) = 6n+2 + 3n+1 + 1 = 2 + + 1 = 0,

Pn( 2) = 0.

̸= 2 ( − )( − 2) | Pn,

P0 Pn C[ ]

A,B
K[ ]

A B

➟

A = 4 + 2 2 − + 2 B = 3 + − 2

R[ ]

− 1
4 + 2 2 − + 2 3 + − 2 2 + + 2

2 + + 2 − 2 − − 2
0

A ∧B = 2 + + 2.

R[X]

A =
6∏

p=1

( − 2p) B =
4∏

q=1

( − 3q)

A B

A = ( − 2)( − 4)( − 6)( − 8)( − 10)( − 12),

B = ( − 3)( − 6)( − 9)( − 12),

A ∧B = ( − 6)( − 12) =
2∏

r=1
( − 6r).



P
Z

n ∈ N∗, a0, ..., an ∈ Z, P = an
n + · · ·+ a0 ∈ R[ ].

x ∈ Q P (p, q) ∈ Z × N∗ x =
p

q
p ∧ q = 1,

anp
n + an−1p

n−1q + · · ·+ a1pq
n−1 + a0q

n = 0,

p | a0qn q | anpn. p ∧ q = 1,
p | a0 q | an.

➟

P = 3 3 − 5 2 + 8 − 4

R[ ]

x =
p

q
P (p, q) ∈ Z × N∗

p ∧ q = 1

3p3 − 5p2q + 8pq2 − 4q3 = 0, p | 4q3 q | 3p3.
p ∧ q = 1 p | 4 q | 3,

p ∈ {±1, ±2, ±4} q ∈ {1, 3}
x

x

P (0) = −4 < 0 P (1) = 2 > 0, P
[0 ; 1] P

[0 ; 1]

P
(2
3

)
= 3
(2
3

)3
− 5
(2
3

)2
+ 8

2

3
− 4 = 0.

2

3
P

n ∈ N n " 2

Pn = n + + 1

Pn

Pn

x (p, q) ∈ Z× N∗

x =
p

q
, p ∧ q = 1, P (x) = 0.

pn + pqn−1 + qn = 0, p | qn q | pn.
p ∧ q = 1 p = ±1 q = 1 x = ±1

Pn(1) = 3 ̸= 0 Pn(−1) = (−1)n ̸= 0

Pn

R[ ]

R[ ]
1 2

< 0.

R[ ] 2
" 0,



4+p 2+q (p, q) ∈ R2

p2 − 4q " 0,

(
2 +

p

2

)2
−

p2 − 4q

4
,

A2 −B2

p2 − 4q < 0, q > 0, 4 q

(
2 +
√
q
)2 − (2

√
q − p) 2,

A2 −B2

= +
1
,

➟

R[ ]

A = 4 + 3 2 + 2,

B = 4 + 2 + 1,

C = ( 2 − + 1)2 + 1.

A = ( 2 + 1)( 2 + 2)

R[ ]

B = ( 2 + 1)2 − 2 = ( 2 − + 1)( 2 + + 1)

R[ ]

C

C = ( 2 − + 1 +
︸ ︷︷ ︸

Q

)( 2 − + 1−
︸ ︷︷ ︸

R

).

∆ Q

∆ = 1− 4(1 + ) = −3− 4 = (1− 2 )2,

Q C

1 + (1− 2 )

2
= 1−

1− (1− 2 )

2
= ,

Q =
(
− (1− )

)
( − ).

R =
(
− (1 + )

)
( + ).

P =
[
( − 1 + )( − )

][
( − 1− )( + )

]

=
[
( − 1 + )( − 1− )

][
( − )( + )

]

=
[
( − 1)2 + 1

]
( 2 + 1) = ( 2 − 2 + 2)( 2 + 1)

R[ ]



F
K( )

F F =
P

Q
P ∈ K[ ], Q ∈ K[ ]−{0}, Q

K.

F
K( )

P
Q

➟

R( )

F =
2 + 1

( − 1)
,

G =
2 − 1

( 2 + 1)
.

F R( )

F =
2 + 1

( − 1)
= E +

a
+

b

− 1
,

E ∈ R[ ] (a, b) ∈ R2

E 2 + 1 2 −
E = 1

0 −1 = a
− 1 1 2 = b

F = 1−
1

+
2

− 1
.

G
G R( )

G =
2 − 1

( 2 + 1)
=

a
+

b + c
2 + 1

,

(a, b, c) ∈ R3

0 −1 = a

2+1
−2

= b + c,

b = 2 c = 0

G = −
1

+
2
2 + 1

.

P P ′ P
K

P ′

P
.

➟



n ∈ N n " 2

k ∈ {0, ..., n− 1}

ωk =
2 kπ

n .

n−1∑

k=0

1

2− ωk
.

P = n − 1 =
n−1∏

k=0

( − ωk).

P C

n−1∑

k=0

1

− ωk
=

P ′

P
=

n n−1

n − 1
.

2 ωk

n−1∑

k=0

1

2− ωk
=

n2n−1

2n − 1
.

n ∈ N− {0, 1}.
Pn = (n− 1) 2n − 2(2n− 1) n + 2n2 − (2n2 − 3n+ 1) ∈ R[ ].

1 Pn.

(A,B) ∈
(

K[ ]− {0}
)2

A ∧B = 1 ⇐⇒ (A+B) ∧ (AB) = 1.

n ∈ N∗ 2 + + 1 ( 4 + 1)n − n R[ ].

R[ ]

R[ ]

6 + 9 3 + 8
4 − 2 2 + 9
4 + 2 − 6

( 2 − 4 + 1)2 + (3 − 5)2

5 + 1
6 − 1.

R[ ]

P = 2 4 − 3 3 + 3 2 − 13 + 6 R[ ] P



(a, b) ∈ C2

A = 3 + + a, B = 4 + 2 2 + b

C[ ]

3 C[ ]

P ( ) = 2, P ( 2) = , P ′( ) = , P ′( 2) = 2.

(a, b) ∈ R2

P = 4 + a 3 + b 2 + 12 + 9

R[ ]

P P − 1 R[ ].

R( ) F

3

( − 1)( − 2) ( − 1)2( + 2)

5 + 1
2( − 1)2

4 + + 1

( 2 + 1)3
.

n ∈ N∗, P =
n
∑

k=0

k, Q =
n
∑

k=0

kn ∈ K[ ]. P | Q.

a − 1 b − 1

(a, b) ∈ (N∗)2, δ = a ∧ b R[ ] ( a − 1) ∧ ( b − 1) = δ − 1.

(a, b) ∈
(

N− {0, 1}
)2
, (P,Q) ∈

(

R[ ]
)2

P a −Qb = 1.

P Q
P ′

P
P ∈ R[ ] (P ) " 1.

P R, ∀x ∈ R, (P ′2 − PP ′′)(x) " 0.

P R

P ∈ R[ ]

( ) ∀x ∈ R, P (x) " 0 ( ) ∃ (A,B) ∈
(

R[ ]
)2
, P = A2 +B2.



Pn(1) = 0, P ′n(1) = 0, P ′′n (1) = 0, P
(3)
n (1) ̸= 0.

2 2 + + 1.

3.

(P,Q) ∈
(
R[ ]

)2

P 2 +Q2 = (P + Q)(P − Q).

+ 1.

= +
1
.

2− 1.

x =
p

q
P,

(p, q) ∈ Z× N∗ p ∧ q = 1. p | 6
q | 2,

2
1

2
P.

A B C[ ].

P ′

P

P R[ ]
2 +

a

2
+ c, c ∈ R.

0

( − 1)P = n+1 − 1 ( n − 1)Q = ( n)n+1 − 1.

a " b,
a b N∗

a − 1 b − 1 K[ ]

P ∧Q = 1.

P | Q′
Q | P ′

P ′

P

( ) =⇒ ( ),
P R[ ]

F =
{
P ∈ R[ ] ; ∃ (A,B) ∈

(
R[ ]

)2
, P = A2 +B2},

F



Pn(1) = (n− 1)− 2(2n− 1) + 2n2 − (2n2 − 3n+ 1) = 0

P ′n = 2n(n− 1) 2n−1 − 2n(2n− 1) n−1 + 2n2,

P ′n(1) = 2n(n− 1)− 2n(2n− 1) + 2n2 = 0

P ′′n = 2n(n− 1)(2n− 1) 2n−2 − 2n(2n− 1)(n− 1) n−2

= 2n(2n− 1)(n− 1)( 2n−2 − n−2),

P ′′n (1) = 0

P
(3)
n = 2n(2n− 1)(n− 1)

(
(2n− 2) 2n−3 − (n− 2) n−3),

P
(3)
n (1) = 2n(2n− 1)(n− 1)n ̸= 0.

Pn(1) = 0, P ′n(1) = 0, P ′′n (1) = 0, P
(3)
n (1) ̸= 0.

1
Pn.

=⇒ A ∧B = 1
⎧
⎨

⎩

(A+B) ∧A = 1

(A+B) ∧B = 1
(A+B) ∧ (AB) = 1

⇐= A ∧ B A B A ∧ B A + B
AB A ∧B = 1.

A = 2 + + 1 Pn = ( 4 + 1)n − n.

A = ( − )( − 2) C[ ], A
C, A | Pn ⇐⇒

(
Pn( ) = 0 Pn(

2) = 0
)
.

Pn ∈ R[ ], Pn( 2) = Pn( ) = Pn( ),
A | Pn ⇐⇒ Pn( ) = 0.

Pn( ) = 0 ⇐⇒ ( 4 + 1)n − n = 0 ⇐⇒ ( + 1)n = n

⇐⇒ (− 2)n = n ⇐⇒
( π

3
)n

=
( 2 π

3
)n

⇐⇒
nπ

3
≡

2nπ

3
[2π] ⇐⇒

nπ

3
≡ 0 [2π] ⇐⇒ n ≡ 0 [6].

n
6 N∗.

3

6 + 9 3 + 8 = ( 3 + 1)( 3 + 8)

= ( + 1)( 2 − + 1)( + 2)( 2 − 2 + 4).

R[ ] < 0.

4 − 2 2 + 9 = ( 2 + 3)2 − 8 2

= ( 2 + 3− 2
√
2 )( 2 + 3 + 2

√
2 )

= ( 2 − 2
√
2 + 3)( 2 + 2

√
2 + 3).

R[ ] < 0.

4+ 2−6 = ( 2−2)( 2+3) = ( −
√
2)( +

√
2)( 2+3).

( 2 − 4 + 1)2 + (3 − 5)2

=
(
( 2 − 4 + 1) + (3 − 5)

)(
( 2 − 4 + 1)− (3 − 5)

)

=
( 2 − (4− 3 ) + (1− 5 )
︸ ︷︷ ︸

Q

)( 2 − (4 + 3 ) + (1 + 5 )
︸ ︷︷ ︸

Q

)
.

Q

∆ = (4− 3 )2 − 4(1− 5 ) = 3− 4 = (2− )2.

Q C

4− 3 − (2− )

2
= 1−

4− 3 + (2− )

2
= 3− 2 .

Q =
(
− (1− )

)(
− (3− 2 )

)
,

P = QQ

=
[(
−(1− )

)(
−(3−2 )

)][(
−(1+ )

)(
−(3+2 )

)]

=
[(
−(1− )

)(
−(1+ )

)][(
−(3−2 )

)(
−(3+2 )

)]

=
[(

( −1)+
)(

( −1)−
)][(

( −3)+2
)(

( −3)−2
)]

=
(
( − 1)2 + 1

)(
( − 3)2 + 4

)

= ( 2 − 2 + 2)( 2 − 6 + 13).

R[ ] < 0.
5 + 1 = ( + 1)( 4 − 3 + 2 − + 1

︸ ︷︷ ︸
P

).

P

P = 2
(

2− +1−
1
+

1
2

)
= 2

((
2+

1
2

)
−
(

+
1 )

+1
)
.

= +
1
,

P = 2(( 2 − 2)− + 1
)
= 2( 2 − − 1).

R[ ]

P = 2
(
−

1−
√
5

2

)(
−

1 +
√
5

2

)

= 2
(

+
1

+
−1 +

√
5

2

)(
+

1
+
−1−

√
5

2

)



=
(

2 +

√
5− 1

2
+ 1
)(

2 −
√
5 + 1

2
+ 1
)
.

5 +1 = ( + 1)
(

2 +

√
5− 1

2
+ 1
)(

2 −
√
5 + 1

2
+ 1
)
.

R[ ] < 0.

6−1 = ( 2−1)( 4+ 2+1) = ( −1)( +1)( 4+ 2+1).

4 + 2 + 1 = ( 2 + 1)2 − 2

=
(
( 2 +1)−

)(
( 2 +1)+

)
= ( 2− +1)( 2 + +1).

6 − 1 = ( − 1)( + 1)( 2 + + 1)( 2 − + 1).

R[ ] < 0.

6−1 C 1
1, −1, , − , 2, − 2,

6−1 = ( −1)( +1)
(
( − )( − 2))

)(
( + )( + 2)

)

= ( − 1)( + 1)( 2 + + 1)( 2 − + 1).

x ∈ Q, x =
p

q
, (p, q) ∈ Z× N∗, p ∧ q = 1.

P (x) = 0 ⇐⇒ 2p4 − 3p3q + 3p2q2 − 13pq3 + 6q4 = 0

=⇒

⎧
⎨

⎩

p | 6q4

q | 2p4
=⇒

⎧
⎨

⎩

p | 6

q | 2,

p ∧ q = 1.

P
p

q

p ∈ {±1, ±2, ±3, ±6}, q ∈ {1, 2}.
P (2) = 0

P
(1
2

)
= 0.

P − 2 −
1

2
,

2 − 1

P = ( −2)(2 3+ 2+5 −3) = ( −2)(2 −1)( 2+ +3).

R[ ]
< 0.

A B C[ ]

+ a

4 + 2 2 + b 3 + + a 2 − a + b
2 − a + b a 2 + (1− b) + a

(1− b+ a2) + (a− ab)

A B

(A ∧B) " 2, (1− b+ a2) + (a− ab) = 0,
⎧
⎨

⎩

1− b+ a2 = 0

a− ab = 0
a = 0 b = 1.

a = 0 b = 1,

A = 3+ = ( 2+1) B = 4+2 2+1 = ( 2+1)2,

A B C,
− .

A B
C (a, b) = (0, 1).

P ∈ C[ ] 3.

⎧
⎨

⎩

P ′( ) =

P ′( 2) = 2
⇐⇒

⎧
⎨

⎩

(P ′ − )( ) = 0

(P ′ − )( 2) = 0
⇐⇒

⎧
⎨

⎩

− | P ′ −

− 2 | P ′ −

⇐⇒
̸= 2

( − )( − 2) | P ′ − ⇐⇒ 2 + +1 | P ′ − .

P ′ − 2 P
a ∈ C P ′ − = a( 2 + + 1),

P ′ = a( 2 + + 1) + .

P b ∈ C

P =
a

3
3 +

a+ 1

2
2 + a + b.

P

⎧
⎨

⎩

P ( ) = 2

P ( 2) =
⇐⇒

⎧
⎪⎪⎨

⎪⎪⎩

a

3
+

a+ 1

2
2 + a + b = 2

a

3
+

a+ 1

2
+ a 2 + b =

∣∣∣∣∣∣∣∣

1

1

∣∣∣∣∣∣∣

1

−1

⇐⇒

⎧
⎪⎪⎨

⎪⎪⎩

2a

3
−

a+ 1

2
− a+ 2b = −1

(a+ 1

2
− a
)
( 2 − ) = 2 −

⇐⇒

⎧
⎪⎨

⎪⎩

−
5a

6
+ 2b = −

1

2

1− a = 2

⇐⇒

⎧
⎪⎨

⎪⎩

a = −1

b = −
2

3
.

P

P = − 1
3

3 − − 2
3 .

P



P R[ ],
P 4, c ∈ R

P =
(

2 +
a

2
+ c
)2

(1).

(1) ⇐⇒ P = 4 + a 3 +
(a2

4
+ 2c

)
2 + ac + c2

⇐⇒

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

a2

4
+ 2c = b

ac = 12

c2 = 9

⇐⇒

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

c = 3

a = 4

b = 10

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

c = −3

a = −4

b = −2.

P R[ ]
(a, b) = (4, 10) (a, b) = (−4,−2).

(a, b) = (4, 10)

c = 3, P = ( 2 + 2 + 3)2

P − 1 = ( 2 + 2 + 3)2 − 1 = ( 2 + 2 + 2)( 2 + 2 + 4)

< 0.

(a, b) = (−4,−2)

c = −3

P = ( 2− 2 − 3)2 =
(
( + 1)( − 3)

)2
= ( +1)2( − 3)2

P − 1 = ( 2 − 2 − 3)2 − 1 = ( 2 − 2 − 4)( 2 − 2 − 2)

=
(
( − 1)2 − 5

)(
( − 1)2 − 3

)

= ( − 1−
√
5)( − 1 +

√
5)( − 1−

√
3)( − 1 +

√
3).

F

F = E +
a

− 1
+

b

− 2
,

E ∈ R[ ], (a, b) ∈ R2

E
3 ( − 1)( − 2) = 2 − 3 + 2

3 2 − 3 + 2
3 2 − 2 + 3

7 − 6

E = + 3.

a − 1
1 a = −1.

b −2
2 b = 8.

3

( − 1)( − 2)
= + 3−

1

− 1
+

8

− 2
.

F

F =
a

( − 1)2
+

b

− 1
+

c

+ 2
,

(a, b, c) ∈ R3

a ( − 1)2

1 a =
1

3
.

c +2

−2 c = −
2

9
.

b

0 = b+c, b = −c =
2

9
.

( − 1)2( + 2)
=

1

3

1

( − 1)2
+

2

9

1

− 1
−

2

9

1

+ 2
.

5 + 1 2( − 1)2
5 + 1 4 − 2 3 + 2

2 4 − 3 + 1 + 2
3 3 − 2 2 + 1

F

F = + 2 +
a
2
+

b
+

c

( − 1)2
+

d

− 1
, a, b, c, d ∈ R.

a 2

0 a = 1

( −1)2

1 c = 2

b
+

d

− 1
=
(
F − ( + 2)

)
−

1
2
−

2

( − 1)2

=
3 3 − 2 2 + 1

2( − 1)2
−

1
2
−

2

( − 1)2

=
3 3 − 5 2 + 2

2( − 1)2
=

3 − 2

( − 1)
.

b
0 b = 2

− 1
1 d = 1

F = + 2 +
1
2
+

2
+

2

( − 1)2
+

1

− 1
.

F =
λ

+
a + b

( 2 + 1)3
+

c + d

( 2 + 1)2
+

e + f
2 + 1

,

λ, a, ..., f ∈ R

λ
0 λ = 1

F −
1

=
4 + + 1− ( 2 + 1)2

( 2 + 1)3

=
− 6 − 2 4 − 3 2 +

( 2 + 1)3
=
− 5 − 2 3 − 3 + 1

( 2 + 1)3
.



− 5 − 2 3 − 3 + 1 2 + 1
− 3 − 3 + 1 − 3 − 2 + 1

−2 + 1 0 −

a = −2, b = 1, c = 0, d = 0, e = −1, f = 0.

F =
1

+
−2 + 1

( 2 + 1)3
−

2 + 1
.

( n − 1)Q = ( n − 1)
n∑

k=0

( n)k = ( n)n+1 − 1

= ( n+1)n − 1 = ( n+1 − 1)S,

S =
n−1∑

k=0

( n+1)k ∈ K[ ].

n+1 − 1 | ( n − 1)Q.

( n − 1) ∧ ( n+1 − 1) = − 1.

− 1 | n − 1 − 1 | n+1 − 1

− 1 | ( n − 1) ∧ ( n+1 − 1).

n+1 − 1 = ( n − 1) + ( − 1),

D K[ ] n − 1
n+1 − 1 D − 1.

( n − 1) ∧ ( n+1 − 1) = − 1.

T =
n−1∑

k=0

k,

n+1 − 1 = ( − 1)P, n − 1 = ( − 1)T,
(
( − 1)P

)
∧
(
( − 1)T

)
= − 1, P ∧ T = 1.

( − 1)P | ( − 1)TQ, P | TQ.

P ∧ T = 1,

P | Q.

a " b

a b N∗

a = bq + r, (q, r) ∈ N2, 0 # r < b,

a − 1 b − 1

a −1 b − 1
a−b −1 a−b+ + a−qb

a−qb −1

a − 1
b − 1 K[ ] r − 1

(a, b) Z
( a − 1, b − 1) K[ ]

a−1 b−1 δ−1,
( a − 1) ∧ ( b − 1) = δ − 1.

PPa−1 + Q(−Qb−1) = 1,
P ∧Q = 1.

Pa−Qb = 1,
aPa−1P ′ = bQb−1Q′.

a− 1 ∈ N∗, P | Pa−1 P | bQb−1Q′.

P ∧ Q = 1, P ∧ (bQb−1) = 1,
P | Q′.

(P, a) (Q, b)

Q | P ′.
P Q (P ′) = (P )−1
(Q′) = (Q)−1,

(P ) # (Q)− 1 (Q) # (P )− 1,

P Q

P Qb = Pa − 1
(Qb) = 0 b (Q) = 0 (Q) = 0,

Q

P Q

P R, n = (P ),

λ ∈ R∗, x1, ..., xn ∈ R P = λ

n∏

k=1

( − xk).

R( )
P ′

P
=

n∑

k=1

1

− xk
.

(P ′

P

)′
=

n∑

k=1

−
1

( − xk)2
,

P ′′P − P ′2

P 2
= −

n∑

k=1

1

( − xk)2
.

x ∈ R.

x P,
k ∈ {1, ..., n}, x ̸= xk, xk

(P ′2 − PP ′′)(x) =
(
P (x)

)2
n∑

k=1

1

(x− xk)2
> 0.

x P (P ′2 − PP ′′)(x) =
(
P ′(x)

)2
" 0.

∀x ∈ R, (P ′2 − PP ′′)(x) " 0.

R[ ]

P = 2 + 1 R,
P ′ = 2 , P ′′ = 2,

P ′2 − PP ′′ = 4 2 − 2( 2 + 1) = 2 2 − 2 = 2( 2 − 1),

(P ′2 − PP ′′)
(1
2

)
< 0,

∀x ∈ R, (P ′2 − PP ′′)(x) " 0.



E =
{
P ∈ R[ ] ; ∀x ∈ R, P (x) " 0

}

F =
{
P ∈ R[ ] ; ∃ (A,B) ∈

(
R[ ]

)2
, P = A2 +B2}.

F ⊂ E =⇒
P ∈ E

F
M2 M ∈ R[ ] F

A, B, C, D ∈ R[ ]

(A2 +B2)(C2 +D2) = (AC +BD)2 + (AD −BC)2.

P
(P ) " 1

λ ∈ R∗, N ∈ N∗, x1, ..., xN ∈ R
α1, ...,αN ∈ N∗, M ∈ N, (p1, q1), ..., (pM , qM ) ∈ R2

∀j ∈ {1, ...,M}, p2j − 4qj < 0

P = λ

N∏

i=1

( − xi)
αi

M∏

j=1

( 2 + pj + qj).

P ∈ E
+∞ λ > 0

i ∈ {1, ..., N}, αi

P xi

i ∈ {1, ..., N} βi ∈ N∗
αi = 2βi

Q =
√
λ

N∏

i=1

( − xi)
βi S =

M∏

j=1

( 2 + pj + qj),

P = Q2S

j ∈ {1, ...,M}

2 + pj + qj =
(

+
pj

2

)2
+
(1
2

√
4qj − p2j

)2
∈ F.

F S ∈ F
P = Q2S ∈ F



A,B K[ ] − {0}
A B

A,B K[ ]− {0} (A ∧B)(A ∨B) = AB

A,B R[ ]− {0} A ∧B = 1

A,B C[ ] − {0}
A ∧B = 1

A,B,C K[ ] \ {0} A BC A ∧ B = 1
A C

P R[ ] P R[ ]

F =
1

( 2 + 1)
R[ ]

F =
a
+

b
2 + 1

, (a, b) ∈ R2

F =
3

2 − 3 + 2
R[ ]

F =
a

− 1
+

b

− 2
, (a, b) ∈ R2

z0 F =
P

Q
, P ∈ K[ ] Q ∈ K[ ]−{0}

1

− z0
F

P (z0)

Q′(z0)

P =
n
∏

k=1

( − zk) z1, ...zn ∈ C
P ′

P

K[ ]
P ′

P
=

n
∑

k=1

1

− zk
.



A,B K[ ] − {0}
(A ∧B)(A ∨B) = AB

A = B = 2 + 1

A∧B ̸= 1 (A∧B) " 1 A∧B ∈
C[ ] A∧B z0 ∈ C ( −z0) | A ( −z0) | B

P = 4 + 2 +1 P
R[ ] P = ( 2 + 1)2 − 2 = ( 2 − + 1)( 2 + + 1)

F R[ ]

F =
a
+

b + c
2 + 1

, (a, b, c) ∈ R3

a = 1, b = −1, c = 0 F =
1
+

2 + 1
.

F

F F = E +
a

− 1
+

b

− 2
,

E ∈ R1[ ], (a, b) ∈ R2

E = + 3, a = −1, b = 8



K



E

E

F =
{
P ∈ R[ ] ; P (1) = 0

}

R

G =
{
P ∈ R[ ] ; P (0) = 1

}

R

R[ ] R

F ⊂ R[ ], 0 ∈ F a ∈ R, P,Q ∈ F

(aP +Q)(1) = aP (1)
︸ ︷︷ ︸
= 0

+Q(1)
︸ ︷︷ ︸
= 0

= 0,

aP +Q ∈ F

F R[ ] F

0 /∈ G G

F E
E

F
F

F
E

F E

F

➟



E = RN R
N

F =
{
(un)n ∈ E ; ∀n ∈ N, un+1 = 2un

}

E

G =
{
(un)n∈N ∈ E ; u1 = 2

}

E

F ⊂ E, 0 ∈ F a ∈ R, u = (un)n∈N
v = (vn)n∈N ∈ F

∀n ∈ N, aun+1 + vn+1 = a(2un) + 2vn = 2(aun + vn),

au+ v ∈ F

F E

G G

E

➟

E K F, G, H E

(F ∩ G) + (F ∩ H) ⊂ F ∩ (G+H).

x ∈ (F ∩ G) + (F ∩ H)

u ∈ F ∩ G, v ∈ F ∩ H x = u+ v

u ∈ F, v ∈ F F E x ∈ F

u ∈ G v ∈ H x ∈ G+H

x ∈ F ∩ (G+H)

(F ∩ G) + (F ∩ H) ⊂ F ∩ (G+H).

F,G E
E

F ∩ G = {0} F +G = E
➟

E A,B E
C E A

E C ⊂ B

C

A ∩ B B

(A ∩ B) ∩ C = (C ∩ A) ∩ B = {0} ∩ B = {0}.

A ∩ B ⊂ B C ⊂ B, B E
(A ∩ B) + C ⊂ B

b ∈ B

b ∈ B ⊂ E = A⊕ C

a ∈ A, c ∈ C b = a+ c

a = b − c, b ∈ B, c ∈ C ⊂ B B E
a ∈ B



b = a+ c, a ∈ A ∩ B, c ∈ C.

B ⊂ (A ∩ B) + C

(A ∩ B) + C = B

A ∩ B C B

E
➟

R3

u = (1, 1, 0), v = (1, 0, 1), w = (1, 1, 1).

(u, v, w)

(a, b, c) ∈ R3 au+ bv + cw = 0

a+ b+ c = 0, a+ c = 0, b+ c = 0,

b = 0 c = 0 a = 0

(u, v, w)

➟

f, g, h : ]0 ; +∞[ −→ R

x ∈ ]0 ; +∞[

f(x) = x, g(x) = (2x),

h(x) = (3x).

(f, g)

(f, g, h)

(a, b) ∈ R2 af + bg = 0

∀x ∈ ]0 ; +∞[, a x+ b (2x) = 0.

x 1 b = 0

∀x ∈ ]0 ; +∞[, a x = 0.

x 2 a = 0

(f, g)

g = 2 + f, h = 3 + f,

( 3)(g − f) = ( 3)( 2) = ( 2)(h− f).

( 2− 3)f + ( 3)g − ( 2)h = 0.

3 ̸= 0 (f, g, h)



A = 1 + + 2,

B = 1 + 2 + 3 2, C = 1 + 3 + 5 2.

(A, B, C)

R[ ]

B −A = + 2 2 C −B = + 2 2

B −A = C −B A− 2B + C = 0

(A, B, C)

x

F

x F .
➟

R3

x = (2, 1, 7)

y = (1, 1, 2)

z = (1, 2, −1)

(a, b) ∈ R2 x = ay + bz

x = ay + bz ⇐⇒ (2, 1, 7) = a(1, 1, 2) + b(1, 2, −1)

⇐⇒ (2, 1, 7) = (a+ b, a+ 2b, 2a− b)

⇐⇒

⎧
⎪⎪⎨

⎪⎪⎩

a+ b = 2

a+ 2b = 1

2a− b = 7

⇐⇒

⎧
⎨

⎩

b = −1

a = 3.

x = 3y − z x y z



R3, −→x = (1, 1, 0) −→y = (1, 0, 1)
−→u = (1, 3, −2) −→v = (1, 4, −3).

E K A,B E, C A ∩ B
E (A ∩ B)⊕ C = B. A C

A+B.

E K F,G,H E

F ∩ G ⊂ F ∩ H, F +G ⊂ F +H, H ⊂ G.

H = G.

K3 2

K = R C, EK =
{

(x, y, z) ∈ K3 ; x2 + 2y2 + z2 + 2xy + 2yz = 0
}

.

E K

n ∈ N∗, (a1, ..., an) ∈ Rn a1 < ... < an. (fai
)1"i"n

fai
: R −→ R, x -−→ |x− ai|

fai
: R −→ R, x -−→ aix

fai
: R− {a1, ..., an} −→ R, x -−→

1

x− ai
.

E = C1([0 ; 1],R) R C1 [0 ; 1]

F =
{

f ∈ E ;

∫ 1

0
f = 0, f(0) = 0, f ′(1) = 0

}

, ek : [0 ; 1] −→ R, x -−→ xk

k ∈ {0, 1, 2}, G =
{

a0e0 + a1e1 + a2e2 ; (a0, a1, a2) ∈ R3
}

.

F G E E.

E K A,B E.

A ∪ B E A ⊂ B B ⊂ A.



−→x −→y
−→u −→v −→u −→v

−→x −→y .

A ∩ C = {0} A+ C = A+B.

x G

x ∈ F + H, x
F H

(x+ y)2 + (y + z)2 = 0.

(a, b) ∈ K2

a2 + b2 = 0 ⇐⇒ a = b = 0 K = R

a2 + b2 = 0 ⇐⇒
(
a+ b = 0 a− b = 0

)

K = C.

(λ1, ...,λn) ∈ Rn

n∑

i=1

λifai = 0, ∀i ∈ {1, ..., n}, λi = 0.

fan an,
fa1 , ..., fan−1 an.

−anx x
+∞.

fan x
ai.

G
E.

F E,

F ∩ G = {0}.
u ∈ E (f, g) ∈ F × G

u = f + g, g

=⇒
=⇒



−→u = 3−→x − 2−→y −→v =
4−→x − 3−→y . −→u −→v

−→x −→y , (−→u , −→v ) ⊂ (−→x ,−→y ).

−→x = 3−→u −2−→v −→y = 4−→u −3−→v ,
−→u −→v −→x , −→y ,

(−→x ,−→y ) ⊂ (−→u ,−→v ).

(−→x ,−→y ) (−→u , v)
(−→x ,−→y ) (−→u ,−→v )

2.

(−→u , −→v ) = (−→x ,−→y ), −→x −→y
−→u −→v .

A+B = A+
(
(A ∩ B) +C

)
=
(
A+ (A ∩ B)

)
+C = A+C

A ∩ C = A ∩ (C ∩ B) = (A ∩ B) ∩ C = {0}.
A C

A+B.

x ∈ G.

x ∈ G ⊂ F +G ⊂ F +H,

f ∈ F, h ∈ H x = f + h.

x ∈ G, h ∈ H ⊂ G,

G E f = x− h ∈ G.

f ∈ F f ∈ G, f ∈ F ∩ G ⊂ F ∩ H,

f ∈ H.

f ∈ H h ∈ H,

H E x = f + h ∈ H.

G ⊂ H.

H ⊂ G, H = G.

(x, y, z) ∈ K3

x2 + 2y2 + z2 + 2xy + 2yz

= (x2 + 2xy + y2) + (y2 + 2yz + z2) = (x+ y)2 + (y + z)2.

K = R,

ER =
{
(x, y, z) ∈ R3 ; (x+ y)2

︸ ︷︷ ︸
#0

+(y + z)2
︸ ︷︷ ︸

#0

= 0
}

=
{
(x, y, z) ∈ R3 ; x+ y = 0 y + z = 0

}
,

ER R
(1, −1, 1).

K = C,

EC =
{
(x, y, z) ∈ R3 ; (x+ y)2 + (y + z)2 = 0

}

=

⎧
⎨

⎩
(x, y, z) ∈ C3 ;

(x+ y) + (y + z) = 0

(x+ y)− (y + z) = 0

⎫
⎬

⎭

= P ∪ Q,

P x+ (1+ )y+ z = 0
Q x+ (1− )y + z = 0.

EC

C3

EC

EC. u = ( , −1, 1) ∈ EC

v = (− , −1, 1) ∈ EC, u+ v = (0, −2, 2) /∈ EC.

EC C3.

(λ1, ...,λn) ∈ Rn
n∑

i=1

λifai = 0.

λn ̸= 0.

λnfan λn

fan =
n−1∑

i=1

−
λi

λn
fai .

fan an

n−1∑

i=1

−
λi

λn
fai

an, fai , 1 # i # n−1,
an.

λn = 0.

λn−1 = 0, ...,λ1 = 0.

(fai )1"i"n

(λ1, ...,λn) ∈ Rn
n∑

i=1

λifai = 0,

∀x ∈ R,
n∑

i=1

λi
aix = 0.

α ∈ ]−∞ ; 0[
αx −→

x −→ +∞
0.

−anx n

∀x ∈ R,
n−1∑

i=1

λi
(ai−an)x + λn = 0.

i ∈ {1, ..., n − 1} (ai−an)x −→
x −→ +∞

0,

ai − an < 0.

λn = 0,

λn−1 = 0, ...,λ1 = 0.

(fai )1"i"n



(λ1, ...,λn) ∈ Rn
n∑

i=1

λifai = 0.

∀x ∈ R− {a1, ..., an},
n∑

i=1

λi

x− ai
= 0.

n λn

∀x ∈ R− {a1, ..., an}, λn = −(x− an)
n−1∑

i=1

λi

x− ai
.

a1, ...an−1 an,

i ∈ {1, ..., n − 1},
λi

x− ai
x an,

−(x− an)
n−1∑

i=1

λi

x− ai
−→

x −→ an
0, λn = 0.

λn−1 = 0, ...,λ1 = 0.

(fai )1"i"n

F ⊂ E 0 ∈ F.

α ∈ R f, g ∈ F
∫ 1

0
(αf + g) = α

∫ 1

0
f +

∫ 1

0
g = α0 + 0 = 0,

(αf + g)(0) = αf(0) + g(0) = α0 + 0 = 0,

(αf + g)′(1) = αf ′(1) + g′(1) = α0 + 0 = 0,

αf + g ∈ F.

F E.

G = (e0, e1, e2) G
E.

f ∈ F ∩ G.
∫ 1

0
f = 0, f(0) = 0, f ′(1) = 0,

(a0, a1, a2) ∈ R3 f = a0e0 + a1e1 + a2e2,
∀x ∈ [0 ; 1], f(x) = a0 + a1x+ a2x

2.

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∫ 1

0
f = 0

f(0) = 0

f ′(1) = 0

⇐⇒

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

a0 +
a1

2
+

a2

3
= 0

a0 = 0

a1 + 2a2 = 0

⇐⇒

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

a0 = 0

3a1 + 2a2 = 0

a1 + 2a2 = 0

⇐⇒

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

a0 = 0

a1 = 0

a2 = 0,

f = 0.

F ∩ G = {0}.

u ∈ E. f ∈ F, g ∈ G u = f + g.

(a0, a1, a2) ∈ R3, g = a0e0 + a1e1 + a2e2, f = u− g.
u = f + g g ∈ G

f ∈ F ⇐⇒ u− g ∈ F ⇐⇒

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∫ 1

0
(u− g) = 0

(u− g)(0) = 0

(u− g)′(1) = 0

⇐⇒

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

a0 +
a1

2
+

a2

3
=

∫ 1

0
u

a0 = u(0)

a1 + 2a2 = u′(1)

⇐⇒

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

a0 = u(0)

a1

2
+

a2

3
=

∫ 1

0
u− u(0)

a1 + 2a2 = u′(1).

(a0, a1, a2) ∈ R3,
(f, g) ∈ F ×G u = f+g,

E = F +G.

F G E
E.

G
F F

=⇒ A ∪ B E

A ̸⊂ B B ̸⊂ A

a ∈ A a /∈ B B ∈ B b /∈ A

a ∈ A ⊂ A ∪ B b ∈ B ⊂ A ∪ B
a + b ∈ A ∪ B a + b ∈ A

a+ b ∈ B

a + b ∈ A b = (a + b) − a A
E b ∈ A

a + b ∈ B a = (a + b) − b
a ∈ B

A ⊂ B B ⊂ A

=⇒ A ⊂ B A ∪ B = B
A ∪B E



F,G E E = F ⊕G

x, y, z E (x, y) (y, z)
(x, z)

x, y, z E (x, y, z) z ∈ (x, y)

n " 3 (v1, ..., vn) E
v1, ..., vn

c0 0 R

c1 1 R

f, g, h : R −→ R x ∈ R

f(x) = 1, g(x) = 2 x, h(x) = 2 x,

F,G,H E F +G = F +H G = H

F,G,H E F + (G ∩ H) = (F +G) ∩ (F +H)



E = R3, F = R× {0}× {0}, G = {0}× R× {0}
E E

E

E = R2, x = (1, 0), y = (0, 0), z = (0, 1)

(x, y) (y, z) y ̸= 0
(x, z)

E = R2, x = y = (0, 0), z = (1, 0)

(x, y, z) (x, y)
z ∈ (x, y)

E = R2, n = 3, v1 = (1, 0), v2 = (0, 1), v3 = (1, 1)

(0) ∈ c0 α ∈ R u = (un)n∈N v = (vn)n∈N ∈ c0
αun + vn −→

n∞
0, αu+ v ∈ c0

c1

f = g + h, (f, g, h)

E = R, F = G = R, H = {0}

E = R2, F =
(

(1, 1)
)

, G =
(

(1, 0)
)

, H =
(

(0, 1)
)

.

G ∩ H = {0} F + (G ∩ H) = F F + G = F +H = E
(F +G) ∩ (F +H) = E ̸= F



K



F

F

F

F

F
(un)n∈N

∀n ∈ N, un+2 = un

R

a = (an)n∈N, b = (bn)n∈N F

a0 = 1, a1 = 0, b0 = 0, b1 = 1, F = (a, b)

F RN F

F

F

➟

R3 u = (1, 1, 0)
v = (1, 0, 1) w = (1, 2, −1)

F = (u, v, w).

F

F (u, v, w) F

(u, v)
(u, v, w)

2u− v = 2(1, 1, 0)− (1, 0, 1) = (1, 2, −1) = w.

(u, v) F

B F (F ) = (B)

(F +G) + (F ∩ G) = (F ) + (G).

➟



E = RR f, g, h : R −→ R
x ∈ R

f(x) = 1, g(x) = x, h(x) = −x,

F = (f, g, h)

(F )

F (f, g, h) F

(f, g, h)

(a, b, c) ∈ R3 af + bg + ch = 0

∀x ∈ R, a+ b x + c −x = 0.

t = x

∀t ∈ ]0 ; +∞[, a+ bt+ c
1

t
= 0,

∀t ∈ ]0 ; +∞[, bt2 + at+ c = 0.

b 2 + a + c
> 0

b = 0, a = 0, c = 0.

(f, g, h)

(f, g, h) F (f, g, h) F

(F ) = 3.

F,G E

F ⊂ G (F ) = (G).

R3

u = (1, 1, 0), v = (1, 0, 1),

x = (3, 1, 2), y = (1, 3, −2),
F = (u, v), G = (x, y).

F = G

x = u+ 2v y = 3u− 2v G ⊂ F

(u, v) (x, y)
(G) = 2 = (F ).

F = G

F,G E

E

F ∩ G = {0} F +G = E,
(F ) + (G) = (E)

F F G G
F ∪ G, F G E.

➟



E = R3

u = (1, 1, 1), F = Ru,

G = {(x, y, z) ∈ R3 ; x+ y + z = 0}.

F G

E

F G E

X = (x, y, z) ∈ F ∩ G

x = y = z x+ y + z = 0 3x = 0, x = 0, X = 0

F ∩ G = {0}.
F (F ) = 1 G

(G) = 2

(F ) + (G) = 1 + 2 = 3 = (E).

F G E E

F

F
F

➟

F = (e, c1, c2, s1, s2)

R R
x ∈ R

e(x) = 1, c1(x) = x, s1(x) = x,

c2(x) =
2 x, s2(x) =

2 x.

c2 + s2 = e s2
e c2

(e, c1, s1, c2)

(α, β, γ, δ) ∈ R4 αe+ βc1 + γs1 + δc2 = 0.

∀x ∈ R, α+ β x+ γ x+ δ 2 x = 0.

x π/2, −π/2 α+γ = 0 α−γ = 0,
α = γ = 0.

∀x ∈ R, β x+ δ 2 x = 0.

x 0 π β + δ = 0 −β + δ = 0,
β = δ = 0

(e, c1, s1, c2)

(F) = 4.



E = R4 −→x = (1, −1, 1, −1), −→y = (1, 2, 3, 4), F = (−→x , −→y ).

F.

F E

R4[ ]

R[ ]

P0 = 1, P1 = , P2 = ( − 1) ( + 1), P3 = 2( + 1), P4 = ( − 1) ( + 1)2.

B = (P0, ..., P4) R4[ ].

E = RR R R R
F =

{

f ∈ E ; f(0) = 0
}

, A = !E(F ) =
{

g ∈ E ; g(0) ̸= 0
}

.

F E. A E

g ∈ A, Rg F
E.

f : R −→ R, x -−→ x+ 1, g : R −→ R, x -−→ x2.

A =
(

f, g, f ◦ f, f ◦ g, g ◦ f, g ◦ g
)

?

Kn[ ]

n ∈ N∗, (a, b) ∈ K2 a ̸= b.

i ∈ [[0 ; n]] Pi = ( − a)i( − b)n−i.

(Pi)0"i"n Kn[ ]

N ∈ N N
√
N /∈ Q

(1,
√
N) Q

E K F,G E.
(

(F +G)
)2

+
(

(F ∩ G)
)2

"
(

(F )
)2

+
(

(G)
)2

E K A,B,C E. d(.)
E.

d(A+B + C) +
[

d(A ∩ B), d(A ∩ C), d(B ∩ C)
]

# d(A) + d(B) + d(C).



n ∈ N∗, a0, ..., an ∈ K

i ∈ [[0 ; n]] Li =

∏

0"j"n, j ̸=i

( − aj)

∏

0"j"n, j ̸=i

(ai − aj)
.

L = (L0, ..., Ln) Kn[ ].

−→w = (x, y, z, t)
E, (a, b) ∈ R2

−→w = a−→x + b−→y .

−→u = (1, 0, 0, 0) −→v = (0, 1, 0, 0).

P0, ..., P4 R4[ ].

B

A 0.

g ∈ A Rg F
E

E Rg
F

A.

∀i ∈ [[0 ; n]], Pi ∈ Kn[ ].

(Pi)0"i"n

ai

F,G E d(F +G) # d(F ) + d(G).

A+B C

∀i ∈ [[0 ; n]], Li ∈ Kn[ ].

L



−→w = (x, y, z, t) ∈ E.

−→w ∈ F

⇐⇒ ∃ (a, b) ∈ R2, −→w = a−→x + b−→y

⇐⇒ ∃ (a, b) ∈ R2,

⎛

⎜⎜
⎝

x
y
z
t

⎞

⎟⎟
⎠ = a

⎛

⎜⎜
⎝

1
−1
1
−1

⎞

⎟⎟
⎠+ b

⎛

⎜⎜
⎝

1
2
3
4

⎞

⎟⎟
⎠

⇐⇒ ∃ (a, b) ∈ R2,

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

x = a+ b

y = −a+ 2b

z = a+ 3b

t = −a+ 4b

⇐⇒ ∃ (a, b) ∈ R2,

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

2x− y = 3a

x+ y = 3b

4z − 3t = 7a

z + t = 7b

⇐⇒

⎧
⎪⎨

⎪⎩

2x− y

3
=

4z − 3t

7
x+ y

3
=

z + t

7

⇐⇒

{
14x− 7y − 12z + 9t = 0

7x+ 7y − 3z − 3t = 0.

F,

F.
−→u = (1, 0, 0, 0), −→v =

(0, 1, 0, 0), G = (−→u , −→v ). G
F E,

(−→x , −→y , −→u , −→v )

(a, b, c, d) ∈ R4

a−→x + b−→y + c−→u + d−→v =
−→
0

⇐⇒ a

⎛

⎜⎜
⎝

1
−1
1
−1

⎞

⎟⎟
⎠+ b

⎛

⎜⎜
⎝

1
2
3
4

⎞

⎟⎟
⎠+ c

⎛

⎜⎜
⎝

1
0
0
0

⎞

⎟⎟
⎠+ d

⎛

⎜⎜
⎝

0
1
0
0

⎞

⎟⎟
⎠ =

⎛

⎜⎜
⎝

0
0
0
0

⎞

⎟⎟
⎠

⇐⇒

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

a+ b+ c = 0

−a+ 2b+ d = 0

a+ 3b = 0

−a+ 4b = 0

⇐⇒

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

a = 0

b = 0

c = 0

d = 0.

(−→x , −→y , −→u , −→v )
G F E G

(−→u , −→v ).

E
4 4

D
R4

D =

∣∣∣∣∣∣∣∣

1 1 1 0
−1 2 0 1
1 3 0 0
−1 4 0 0

∣∣∣∣∣∣∣∣

= −

∣∣∣∣∣∣

1 1 1
1 3 0
−1 4 0

∣∣∣∣∣∣
= −

∣∣∣∣
1 3
−1 4

∣∣∣∣ = −7,

D ̸= 0

G F E.

G
⎧
⎨

⎩

z = 0

t = 0.

∀k ∈ [[0 ; 4]], Pk ∈ R4[ ].

B = (P0, ..., P4)

(a0, ..., a4) ∈ R5
4∑

k=0

akPk = 0.

0, −1 a0 = 0
a0 − a1 = 0, a1 = 0.

0 = a2P2 + a3P3 + a4P4

⇐⇒ a2( − 1) ( + 1)+ a3
2( + 1)+ a4( − 1) ( + 1)2

= ( + 1)
[
a2( − 1) + a3 + a4( − 1)( + 1)

]

= ( + 1)
[
a4

2 + (a2 + a3) − (a2 + a4)
]
,

a4 2 + (a2 + a3) − (a2 + a4) = 0,

a4 = 0, a2 + a3 = 0, −(a2 + a4) = 0,

a4 = 0, a2 = 0, a3 = 0.

B
B (B) = 5 =

(
R4[ ]

)
,

B R4[ ].

F ⊂ E 0 ∈ F 0
R R).

α ∈ R f, h ∈ F

(αf + h)(0) = αf(0) + h(0) = α0 + 0 = 0,

αf + h ∈ F.

F E.

A E,
0 /∈ A.

g ∈ A

f ∈ (Rg) ∩ F. α ∈ R f = αg,
f(0) = 0. αg(0) = f(0) = 0.

g(0) ̸= 0, α = 0, f = αg = 0.
(Rg) ∩ F = {0}.



ϕ ∈ E. ϕ
Rg F, α ∈ R

f ∈ F ϕ = αg + f.

(α, f)

ϕ(0) = αg(0) + f(0) = αg(0),

α =
ϕ(0)

g(0)
, f = ϕ− αg = ϕ−

ϕ(0)

g(0)
g.

(α, f)

α =
ϕ(0)

g(0)
f = ϕ−

ϕ(0)

g(0)
g.

αf + g = ϕ f(0) = ϕ(0)−
ϕ(0)

g(0)
= 0,

f ∈ F.

(α, f)

(Rg) + F = E.

Rg F E
E Rg F E.

A
F E.

A

f(x) = x+ 1, g(x) = x2,

(f ◦ f)(x) = (x+ 1) + 1 = x+ 2, (f ◦ g)(x) = x2 + 1,

(g ◦ f)(x) = (x+ 1)2 = x2 + 2x+ 1, (g ◦ g)(x) = x4.

A
# 2

u : x .−→ 1, v : x .−→ x, w : x .−→ x2.

u = f ◦ f − f, v = 2f − f ◦ f, w = g.

A
(u, v, w)

3.

g ◦ g 4, g ◦ g
(u, v, w).

(A) = 4.

∀i ∈ [[0 ; n]], Pi ∈ Kn[ ].

(Pi)0"i"n

(λi)0"i"n ∈ Kn+1
n∑

i=0

λiPi = 0.

a Pi(a) = 0 i " 1,
λ0P0(a) = 0, P0(a) = (a − b)n ̸= 0,
λ0 = 0.

− a,
n∑

i=1

λi( − a)i−1( − b)n−i = 0,

n−1∑

j=0

λj+1( − a)j( − b)n−1−j = 0.

λ1 = 0, ...,λn = 0.

(Pi)0"i"n

(Pi)0"i"n(
(Pi)0"i"n

)
= n+ 1 =

(
Kn[ ]

)
,

(Pi)0"i"n Kn[ ].

√
N ∈ Q

(p, q) ∈ (N∗)2
√
N =

p

q
p ∧ q = 1.

Nq2 = p2

q p2 p ∧ q = 1
q = 1

N = p2
√
N /∈ Q

(α,β) ∈ Q2 α+ β
√
N = 0

β ̸= 0
√
N = −

α

β
∈ Q,

β = 0 α = −β
√
N = 0

(1,
√
N) Q

d
P S

P − S =
(
d(F +G)

)2
+
(
d(F ∩ G)

)2 −
(
d(F )

)2 −
(
d(G)

)2

=
((

d(F +G)
)2 −

(
d(F )

)2)−
((

d(G)
)2 −

(
d(F ∩ G)

)2)

=
(
d(F +G)− d(F )

)(
d(F +G) + d(F )

)

−
(
d(G)− d(F ∩ G)

)(
d(G) + d(F ∩ G)

)
.

d(F +G) + d(F ∩ G) = d(F ) + d(G),

d(F +G)− d(F ) = d(G)− d(F ∩ G),

d(G)−d(F ∩ G)

P−S =
(
d(G)−d(F ∩G)

)(
d(F+G)+d(F )−d(G)−d(F ∩G)

)

=
(
d(G)− d(F ∩ G)

)(
2d(F )− 2d(F ∩ G)

)
" 0,

F ∩ G ⊂ G F ∩ G ⊂ F,

d(F ∩ G) # d(G) d(F ∩ G) # d(F ).

P = S,
d(G) = d(F ∩ G) d(F ) = d(F ∩ G).

F ∩ G F F ∩ G G,
G = F ∩ G

F = F ∩ G, G ⊂ F F ⊂ G.



F,G

d(F +G) = d(F ) + d(G)− d(F ∩ G),

d(F +G) # d(F ) + d(G).

d(A+B + C) = d
(
(A+B) + C

)
# d(A+B) + d(C)

= d(A) + d(B) + d(C)− d(A ∩ B),

d(A+B + C) + d(A ∩ B) # d(A) + d(B) + d(C).

(A,C,B) (B,C,A)
(A,B,C),

d(A+B + C) + d(A ∩ C) # d(A) + d(B) + d(C)

d(A+B + C) + d(B ∩ C) # d(A) + d(B) + d(C).

d(A+B + C) +
[
d(A ∩ B), d(A ∩ C), d(B ∩ C)

]

# d(A) + d(B) + d(C).

i ∈ [[0 ; n]], Li

Li ∈ Kn[ ].

L = (L0, ..., Ln)

(λ0, ...,λn) ∈ Kn+1
n∑

k=0

λkLk = 0.

k ∈ [[0 ; n]]

0 =
( n∑

i=0

λiLi

)
(ak) =

n∑

i=0

λiLi(ak).

i ∈ [[0 ; n]], Li =
∏

j ̸=i

( − aj) /
∏

j ̸=i

(ai − aj),

∀i ∈ [[0 ; n]], Li(ak) =

{
1 i = k

0 i ̸= k.

0 =
n∑

i=0

λiLi(ak) = λk.

L
L (L) = n+ 1 =

(
Kn[ ]),

L Kn[ ].



P0, ..., Pn K[ ] (Pi) = i i ∈ {0, ..., n}
(P0, ..., Pn) Kn[ ]

(P0, ..., Pn) Kn[ ] i
{0, ..., n} Pi i

R2[ ]

A = 2 + + 1, B = 2 − − 2, C = 2 + 2 + 3, D = 2 − 3 + 2

(n, p) ∈ (N∗)2
(

n,p(K)
)

= np

E n = (E) F E

F F E (F) = n

E F,G E

F +G = E F ∩ G = {0} (F ) + (G) = (E).

E F,G E
(

(E) = 5, (F ) = 3, (G) = 3
)

F ∩ G ̸= {0}

E n F
E (F) " n+ 1

p
p

F G (F ∪ G) = (F) + (G)



(P0, ..., Pn)

n+1 Kn[ ] n+1
Kn[ ]

Pi = n−i, 0 # i # n Pi = ( − 1)i( + 1)n−i, 0 # i # n

R2[ ] 3

(F ∩ G) = (F ) + (G)− (F +G) " 3 + 3− 5 = 1
F ∩ G ̸= {0}

F E (F) " n

(F) = n F E F
(F) " n+ 1

p
p

F = G (F) " 1

(F ∪ G) = (F) + (G)−
(

(F
)

∩ (G)
)

(F ∪ G) # (F) + (G).



K



f : E −→ F
E F

K
∀λ ∈ K, ∀x, y ∈ E, f(λx+ y) = λf(x) + f(y)

f

f : R[ ] −→ R[ ], P .−→ P + P ′

R[ ] R

α ∈ R, P,Q ∈ R[ ]

f(αP +Q) = (αP +Q) + (αP +Q)′ = (α P + Q) + (αP ′ +Q ′)

= α( P + P ′) + ( Q+Q ′) = αf(P ) + f(Q),

f

(f) =
{

x ∈ E ; f(x) = 0
}

, (f) =
{

y ∈ F ; ∃x ∈ E, y = f(x)
}

,

(f + g)(x) = f(x) + g(x), (λf)(x) = λf(x), (g ◦ f)(x) = g
(

f(x)
)

.

➟

E,F K− a, b ∈ K
a ̸= b f, g ∈ L(E,F )

(f) ∩ (g) = {0}.

(f − ag) ∩ (f − bg) = {0}.

{0} ⊂ (f − ag) ∩ (f − bg)

x ∈ (f − ag) ∩ (f − bg)

f(x)− ag(x) = 0 f(x)− bg(x) = 0

(a− b)g(x) = 0

a ̸= b g(x) = 0 f(x) = ag(x) = 0

(f − ag) ∩ (f − bg) ⊂ (f) ∩ (g) ⊂ {0}.

(f − ag) ∩ (f − bg) = {0}.



f : E −→ F

(f) =
{

x ∈ E ; f(x) = 0
}

.

f(x) = 0 x ∈ E.
➟

E = R[ ]

f : E −→ E, P .−→ P ( + 1)− P ( ).

f ∈ L(E) (f).

α ∈ R, P,Q ∈ E

f(αP +Q) = (αP +Q)( + 1)− (αP +Q)( )

=
[
αP ( + 1) +Q( + 1)

]
−
[
αP ( ) +Q( )

]

= α
[
P ( + 1)− P ( )

]
+
[
Q( + 1)−Q( )

]
= αf(P ) + f(Q),

f ∈ L(E)

P ∈ (f)

P ( + 1) = P ( )

∀n ∈ N, P (n) = P (0).

P − P (0) n ∈ N
P − P (0) = 0 P = P (0) P

P f(P ) = 0

(f)

(f) = R0[ ]

f : E −→ F (f) = {0},

∀x ∈ E,
(

f(x) = 0 =⇒ x = 0
)

.

E = C(R, R) T : E −→ E
f ∈ E

T (f)

∀x ∈ R, T (f)(x) = xf(x).

T ∈ L(E) T

f ∈ E
T (f) : x .−→ xf(x) R T (f) ∈ E

α ∈ R, f, g ∈ E

∀x ∈ R, T (αf + g)(x) = x(αf + g)(x) = x
(
αf(x) + g(x)

)

= αxf(x) + xg(x) = αT (f)(x) + T (g)(x) =
(
αT (f) + T (g)

)
(x),

T (αf + g) = αT (f) + T (g)

T

T ∈ L(E)

f ∈ (T )

T (f) = 0 ∀x ∈ R, xf(x) = 0,

x ∀x ∈ R∗, f(x) = 0.



f R∗ 0 f(0) = 0
f = 0

(T ) = {0}, T

f : E −→ F

(f) =
{

y ∈ F ; ∃x ∈ E, y = f(x)
}

f E.

➟

E = R[ ],

F = {P ∈ E ; P (0) = 0},

f : E −→ E, P .−→ P ′.

f ∈ L(E)

(f) = F.

α ∈ R, P,Q ∈ E

f(αP +Q) = (αP +Q)′ = (αP ′ +Q ′)

= α P ′ + Q ′ = αf(P ) + f(Q),

f

f ∈ L(E)

P ∈ E f(P )(0) = 0P ′(0) = 0,

(f) ⊂ F

P ∈ F P (0) = 0 A ∈ E P = A
B ∈ E

B ′ = A

P = B ′ = f(B) P ∈ (f)

(f) = F

f : E −→ F (f) = F,

∀y ∈ F, ∃x ∈ E, y = f(x).

E = R[ ]

D : E −→ E, P .−→ P ′.

D ∈ L(E) D

D

Q ∈ E N ∈ N, a0, ..., aN ∈ R Q =
N∑

k=0

ak
k.

P =
N∑

k=0

ak

k + 1
k+1, P ∈ E D(P ) = P ′ = Q

D

P Q



f : E −→ F

(f) = {0} (f) = F

g : F −→ E

g ◦ f = E f ◦ g = F .

g f g

➟

E K e = E , ϕ ∈ L(E)

ϕ3 = 0 e − ϕ ∈ GL(E)

(e− ϕ)−1

⎧
⎨

⎩

(e− ϕ) ◦ (e+ ϕ+ ϕ2) = e− ϕ3 = e

(e+ ϕ+ ϕ2) ◦ (e− ϕ) = e− ϕ3 = e

e− ϕ ∈ GL(E) (e− ϕ)−1 = e+ ϕ+ ϕ2

f
E

(f) = {0} (f) = E.

n ∈ N∗ E = Rn[ ]

f : E −→ E, P .−→ P ′ + P.

f ∈ L(E) f

P ∈ E (P ) # n (P ′) # n − 1
( P ′) # n ( P ′ + P ) # n, f(P ) ∈ E

α ∈ R, P,Q ∈ E

f(αP +Q) = (αP +Q)′ + (αP +Q)

= α( P ′ + P ) + ( Q ′ +Q) = αf(P ) + f(Q),

f

f ∈ L(E)

E n + 1
f

f

P ∈ (f) P ̸= 0 d = (P ) # n

a0, ..., ad ∈ R ad ̸= 0 P =
d∑

k=0

ak
k.

d f(P ) dad + ad = (d + 1)ad
f(P ) = 0

(f) = {0} f

E f ∈ L(E)

f



f : E −→ F E
F

(

(f)
)

+
(

(f)
)

= (E).

➟

E K
f, g ∈ L(E)

(f)+ (g) = (g)+ (f) = E.

(
(f) ∩ (g)

)
+

(
(g) ∩ (f)

)

= (f) + (g)−
(

(f) + (g)
︸ ︷︷ ︸

=E

)

+ (g) + (f)−
(

(g) + (f)
︸ ︷︷ ︸

=E

)

=
(

(f) + (f)
)
+
(

(g) + (g)
)
− 2 (E)

= (E) + (E)− 2 (E) = 0.

(
(f) ∩ (g)

)
= 0

(
(g) ∩ (f)

)
= 0,

(f) ∩ (g) = {0} (g) ∩ (f) = {0}.

f : E −→ F,
E F

(f) =
(

(f)
)

(f) = (E)−
(

(f)
)

.

➟

E,F,G K
f ∈ L(E,F ), g ∈ L(F,G)

(g) = (f)

⇐⇒

⎧
⎨

⎩

g ◦ f = 0

(f) + (g) = (F ).

(g) = (f)

x ∈ E

f(x) ∈ (f) = (g) g
(
f(x)

)
= 0

(g ◦ f)(x) = 0

g ◦ f = 0

(f) + (g) = (f) +
(

(F )− (g)
)
= (F ).



g ◦ f = 0 (f) + (g) = (F )

y ∈ (f) x ∈ E y = f(x)

g(y) = g
(
f(x)

)
= (g ◦ f)(x) = 0, y ∈ (g)

(f) ⊂ (g)

(g) = (F )− (g)

= (F )− (g) = (f) = (f).

(f) ⊂ (g) (f) = (g)

(f) = (g)

p E

p ◦ p = p

x E

x = p(x)
︸︷︷︸

∈ (p)

+
(

x− p(x)
)

︸ ︷︷ ︸

∈ (p)

.

➟

E K f, g ∈ L(E)

f ◦ g = f g ◦ f = g.

f g

E

⎧
⎨

⎩

f ◦ f = (f ◦ g) ◦ f = f ◦ (g ◦ f) = f ◦ g = f

g ◦ g = (g ◦ f) ◦ g = g ◦ (f ◦ g) = g ◦ f = g,

f g E



E,F,G K f ∈ L(E,F ), g ∈ L(F,G).

f
(

(g ◦ f)
)

= (g) ∩ (f)

g−1
(

(g ◦ f)
)

= (g) + (f).

E, F,G K f ∈ L(E,F ), g ∈ L(F,G)

(g ◦ f) = f−1
(

(g)
)

(g ◦ f) ⊃ (f)

(g ◦ f) = g
(

(f)
)

(g ◦ f) ⊂ (g)

E,F,G K f ∈ L(E,F ), g ∈ L(F,G), h ∈ L(G,F ), k ∈ L(F,E).

f = h ◦ g ◦ f g = g ◦ f ◦ k.
(g) (f) F.

E, F,G K f ∈ L(E,F ), g ∈ L(F,G)

(g ◦ f) = (f) ⇐⇒ (g) ∩ (f) = {0}
(g ◦ f) = (g) ⇐⇒ (g) + (f) = F.

e− ap, a ∈ K p

E K e = E , p E p ̸= 0, a ∈ K − {1}, f = e− ap.
f ∈ GL(E) f−1.

f (f) = (f)

E K n = (E), f ∈ L(E).

(f) = (f) ⇐⇒
(

f2 = 0 n = 2 (f)
)

.

E K n = (E), e = E , f, g ∈ L(E)

f + g = e (f) + (g) # n.

(f) (g) E (f) + (g) = n.

f g



E,F K (f, f ′) ∈
(

L(E,F )
)2

∣
∣ (f)− (f ′)

∣
∣ # (f + f ′) # (f) + (f ′).

R3 f3 = 0 f2 ̸= 0

f R3 f3 = 0
f2 ̸= 0. (f2) = (f), (f2) = (f), (f) = 2, (f2) = 1.

E, F, G K f ∈ L(E,F ), g ∈ L(F,G).

g ◦ f E G

f g F = (g)⊕ (f).

E C p, q E

p+ q p ◦ q = q ◦ p = 0.

E C e = E , (f, g) ∈
(

L(E)
)2

f2 − f ◦ g + 2f − e = 0.

g ◦ f = f ◦ g

E, F,G K f ∈ L(E,F ), g ∈ L(F,G)
(

g | (f)

)

= (g) ∩ (f)

(g ◦ f) = (f)−
(

(g) ∩ (f)
)

.

(g ◦ f) " (f) + (g)− (F ).

E K f ∈ L(E) x ∈ E
(

x, f(x)
)

f



(g) ∩ (f) = {0},
f = h ◦ g ◦ f.

y ∈ F y
(g)

(f), g = g ◦ f ◦ k.

p f a ̸= 0
p2 = p.

f e

=⇒ f2 = 0

⇐= (f) ⊂ (f),

(f)+ (g) = E,

(f) ∩ (g) = {0}.

x ∈ E

f
(
x− f(x)

)
∈ (f) ∩ (g).

f g

(f+f ′) ⊂ (f)+ (f ′)

(f + f ′, −f ′)
(f, f ′).

(f2) ⊂ (f)
(f2) ̸= (f)

{0} # (f2) # (f) # R3,

(f2) ⊃ (f)

=⇒

g ◦ f =⇒ f ,

g ◦ f =⇒ g .

(g) ∩ (f) = {0}.
(g) + (f) = F, y ∈ F

x ∈ E g(y) = g
(
f(x)

)
,

y − f(x).

=⇒
(g ◦ f) = {0}.

z ∈ G, y ∈ F z = g(y),
y (g) (f).

(p+ q)2 = (p+ q) ◦ (p+ q) = p2 + p ◦ q + q ◦ p+ q2.

p q
p ◦ q q ◦ p.

p◦q+q◦p = 0,
p q

(f − g+2e)◦f = e.
E u, v ∈ L(E)

u ◦ v = e, v ◦ u = e.

g | (f)
g (f)

g | (f) : (f) −→ G, y .−→ g(y).

g | (f) .

x ∈ E − {0}, λx ∈ K
f(x) = λxx, λx x

λx x

(x, y) ∈
(
E − {0}

)2
f(x), f(y), f(x+ y)

(x, y)



y ∈ F

y ∈ f
(

(g ◦ f)
)

⇐⇒ ∃x ∈ (g ◦ f), y = f(x)

⇐⇒ ∃x ∈ E,
(
g ◦ f(x) = 0 y = f(x)

)

⇐⇒ ∃x ∈ E,
(
g(y) = 0 y = f(x)

)

⇐⇒ g(y) = 0
(
∃x ∈ E, y = f(x)

)

⇐⇒ y ∈ (g) y ∈ (f)

⇐⇒ y ∈ (g) ∩ (f).

f
(

(g ◦ f)
)
= (g) ∩ (f).

y ∈ F

y ∈ g−1( (g ◦ f)
)

⇐⇒ g(y) ∈ (g ◦ f)

⇐⇒ ∃x ∈ E, g(y) = (g ◦ f)(x)

⇐⇒ ∃x ∈ E, g
(
y − f(x)

)
= 0

⇐⇒ ∃x ∈ E, y − f(x) ∈ (g)

⇐⇒ ∃ z ∈ (f), y − z ∈ (g)

⇐⇒ y ∈ (g) + (f).

g−1( (g ◦ f)
)
= (g) + (f).

x ∈ E

x ∈ (g ◦ f) ⇐⇒ (g ◦ f)(x) = 0 ⇐⇒ g
(
f(x)

)
= 0

⇐⇒ f(x) ∈ (g) ⇐⇒ x ∈ f−1( (g)
)
,

(g ◦ f) = f−1
(

(g)
)
.

(g) ⊃ {0},

(g ◦ f) = f−1( (g)
)
⊃ f−1({0}) = (f).

(g ◦ f) = (g ◦ f)(E) = g
(
f(E)

)
= g( (f)

)
.

(f) ⊂ F,

(g ◦ f) = g
(

(f)
)
⊂ g(F ) = (g).

y ∈ (g) ∩ (f). g(y) = 0 x ∈ E
y = f(x).

y = f(x) = (h ◦ g ◦ f)(x) = (h ◦ g)
(
f(x)

)
= (h ◦ g)(y)

= h
(
g(y)

)
= h(0) = 0.

(g) ∩ (f) = {0}.

y ∈ F. g(y) = (g ◦ f ◦ k)(y) = g
(
(f ◦ k)(y)

)
,

g
(
y − (f ◦ k)(y)

)
= 0.

y =
(
y − (f ◦ k)(y)

)

︸ ︷︷ ︸
∈ (g)

+ f
(
k(y)

)

︸ ︷︷ ︸
∈ (f)

,

(g) + (f) = F.

(g) (f)
F.

(g ◦ f) = (f).

y ∈ (g) ∩ (f)

x ∈ E y = f(x) g(y) = 0

(g ◦ f)(x) = g(y) = 0,

x ∈ (g ◦ f) = (f), y = f(x) = 0

(g) ∩ (f) = {[0}.
(g) ∩ (f) = {0}

(g ◦ f) ⊃ (f)

x ∈ (g ◦ f)

g
(
f(x)

)
= (g ◦ f)(x) = 0,

f(x) ∈ (g) ∩ (f) = {0},
f(x) = 0, x ∈ (f)

(g ◦ f) ⊂ (f)

(g ◦ f) = (f).

(g ◦ f) = (g)

y ∈ F g(y) ∈ (g) = (g ◦ f),
x ∈ E g(y) = (g ◦ f)(x). g

(
y − f(x)

)
= 0

y − f(x) ∈ (g)

y =
(
y − f(x)

)
+ f(x) ∈ (g) + (f).

(g) + (f) = F.

(g) + (f) = F

(g ◦ f) ⊂ (g)

z ∈ (g) y ∈ F z = g(y)
u ∈ (g) x ∈ E y = u + f(x)

z = g(y) = g
(
f(x)

)
= (g ◦ f)(x) ∈ (g ◦ f).

(g) ⊂ (g ◦ f)
(g ◦ f) = (g).

p f

a = 0, f = e, f ∈ GL(E) f−1 = e.

a ̸= 0. p =
1

a
(e− f),

p2 = p ⇐⇒
1

a2
(e− f)2 =

1

a
(e− f)

⇐⇒ e− 2f + f2 = ae− af ⇐⇒ f2 + (a− 2)f = (a− 1)e



⇐⇒

⎧
⎪⎪⎨

⎪⎪⎩

f ◦
( 1

a− 1

(
f + (a− 2)e

))
= e

( 1

a− 1

(
f + (a− 2)e

))
◦ f = e.

f ∈ GL(E) f−1 =
1

a− 1

(
f + (a− 2)e

)
.

a = 0

f ∈ GL(E) f−1 =
1

a− 1

(
f + (a− 2)e

)
.

=⇒ (f) = (f).

x ∈ E f(x) ∈ (f) ⊂ (f),
f
(
f(x)

)
= 0, f2 = 0.

(f) = (E)− (f) = n− (f),

n = 2 (f).

⇐= f2 = 0 n = 2 (f).

x ∈ E f
(
f(x)

)
= 0, f(x) ∈ (f),

(f) ⊂ (f).

(f) = n− (f) = (f) = (f).

(f) = (f).

∀x ∈ E, x = e(x) = f(x) + g(x) ∈ (f) + (g),

(f) + (g) = E.

(f)∩ (g),

(
(f) ∩ (g)

)

=
(

(f)
)
+

(
(g)
)
−

(
(f) + (g)

)

= (f) + (g)− (E) # n− n = 0,

(f) ∩ (g) = {0}.
(f) (g)

E.

(f) + (g) =
(

(f)
)
+

(
(g)
)

=
(

(f)⊕ (g)
)
= (E) = n.

f + g = e, f
f2 + g ◦ f = f. x ∈ E

f
(
x− f(x)

)
= (f − f2)(x) = g

(
f(x)

)
.

f
(
x− f(x)

)
∈ (f)

f
(
x− f(x)

)
= g
(
f(x)

)
∈ (g).

(f) (g) E,
f
(
x − f(x)

)
= 0, f(x) = f2(x).

f2 = f, f

f g g
f g = e− f, g

f

(f + f ′) ⊂ (f) + (f ′),

∀x ∈ E, (f + f ′)(x) = f(x) + f ′(x) ∈ (f) + (f ′).

(f + f ′) =
(

(f + f ′)
)
#

(
(f) + (f ′)

)

#
(

(f)
)
+

(
(f ′)

)
= (f) + (f ′).

(f + f ′, −f ′)
(f, f ′)

(f) # (f + f ′) + (−f ′) = (f + f ′) + (f ′),

(f)− (f ′) # (f + f ′).

f f ′ (f ′)− (f) # (f ′ + f)
∣∣ (f)− (f ′)

∣∣ # (f + f ′).

R ∀(x, x′) ∈ R2,
∣∣|x|− |x′|

∣∣ # |x+ x′| # |x|+ |x′|.

f2 = f ◦ f, (f2) ⊂ (f).

(f2) ̸= (f).
(f2) = (f).

x ∈ E f(x) ∈ (f) = (f2),
t ∈ E f(x) = f

(
f(t)

)
= f2(t).

f f2(x) = f3(t) = 0. f2 = 0,
f2 ̸= 0.

(f2) # (f).

{0} # (f2) f2 ̸= 0 (f) # R3

f E
f3 = 0.

{0} # (f2) # (f) # R3,

0 < (f2) < (f) < 3,

(f2) = 1 (f) = 2.

f3 = 0 ⇐⇒

⎧
⎨

⎩

f ◦ f2 = 0

f2 ◦ f = 0
=⇒

⎧
⎨

⎩

(f2) ⊂ (f)

(f) ⊂ (f2).

⎧
⎨

⎩

(
(f)
)
= 3− (f) = 1 = (f2) =

(
(f2)

)

(
(f2)

)
= 3− (f2) = 2 = (f) =

(
(f)
)
.

(f2) = (f) (f) = (f2).

f
B = (i, j, k) R3 f

R3 f(i) = j, f(j) = k, f(k) = 0.



=⇒

g ◦ f E G.

g◦f ⇐⇒

⎧
⎨

⎩

g ◦ f

g ◦ f
=⇒

⎧
⎨

⎩

f

g .

y ∈ (g) ∩ (f). g(y) = 0 x ∈ E
y = f(x). 0 = g(y) = g

(
f(x)

)
= (g ◦ f)(x).

g ◦ f x = 0,
y = f(x) = 0.

(g) ∩ (f) = {0}.

y ∈ F. g(y) ∈ G. g◦f
x ∈ E g(y) = g

(
f(x)

)
.

g
(
y − f(x)

)
= g(y)− g

(
f(x)

)
= 0, y − f(x) ∈ (g).

y =
(
y − f(x)

)

︸ ︷︷ ︸
∈ (g)

+ f(x)
︸︷︷︸
∈ (f)

.

(g) + (f) = F.

F = (g)⊕ (f).

=⇒

f g F = (g)⊕ (f).

x ∈ (g ◦ f). g
(
f(x)

)
= 0,

f(x) ∈ (g) f(x) ∈ ∩ (f) = {0},
f(x) = 0, f x = 0.

g ◦ f

z ∈ G. g y ∈ F
z = g(y). F = (g) + (f),

u ∈ (g), v ∈ (f) y = u+ v.

z = g(y) = g(u+ v) = g(u)
︸︷︷︸
=0

+g(v) = g(v).

v ∈ (f), x ∈ E v = f(x).
z = g(v) = g

(
f(x)

)
= (g ◦ f)(x).

g ◦ f

g ◦ f E G.

p ◦ q = q ◦ p = 0 p + q

(p+ q)2 = (p+ q) ◦ (p+ q) = p2 + p ◦ q + q ◦ p+ q2 = p+ q.

p + q
E

p+ q = (p+ q)2 = p2 + p ◦ q+ q ◦ p+ q2 = p+ p ◦ q+ q ◦ p+ q,

p ◦ q + q ◦ p = 0.

p p

p ◦ q + p ◦ q ◦ p = 0 p ◦ q ◦ p = q ◦ p = 0,

p ◦ q − q ◦ p = 0.

p ◦ q + q ◦ p = 0 p ◦ q − q ◦ p = 0

2p ◦ q = 2q ◦ p = 0, p ◦ q = q ◦ p = 0.

f ◦ (f − g + 2e) = e, f
◦ L(E) E

(f − g + 2e) ◦ f = e
f2 − g ◦ f + 2f − e = 0.

g ◦ f = f ◦ g

y ∈ F

y ∈
(
g | (f)

)
⇐⇒

(
y ∈ (f) g(y) = 0

)

⇐⇒ y ∈ (g) ∩ (f).

(g ◦ f) =
(

(g ◦ f)
)

=
(

(g | (f))
)
=

(
g | (f)

)
,

(
g | (f)

)
=

(
(f)
)
−

(
(g | (f)

))
,

(g ◦ f) = (f)−
(

(g) ∩ (f)
)
.

(g) ∩ (f) ⊂ (g),
(

(g) ∩ (f)
)
#

(
(g)
)
,

(g ◦ f) " (f)−
(

(g)
)

= (f)−
(

(F )− (g)
)
= (f) + (g)− (F ).

x ∈ E − {0} λx ∈ K
f(x) = λxx

x ∈ E − {0} λx
x

λx x

(x, y) ∈
(
E − {0}

)2

(x, y)

f(x) = λxx, f(y) = λyy, f(x+ y) = λx+y(x+ y),

f λxx+ λyy = λx+y(x+ y),

(λx+y − λx)x+ (λx+y − λy)y = 0.

(x, y) λx+y−λx = 0 λx+y−λy = 0,
λx = λy

(x, y)

α ∈ K − {0} y = αx

f(y) = f(αx) = αf(x) = αλxx

f(y) = αyy = λyαx,

(λx − λy)αx = 0, λy = λx

λx x

λ ∈ K ∀x ∈ E − {0}, f(x) = λx

f(0) = 0 = λ0.

f = λ E f



f : R[ ] −→ R[ ], P -−→ P + 1

f : R[ ] −→ R[ ], P -−→ 2P

E,F K f ∈ L(E,F ) f−1

f ∈ L(E,F ) F E F f(F)
f

f, g ∈ L(E,F ) (f + g) = (f) + (g)

f ∈ L(E,F ), g ∈ L(F,G) (f) ⊂ (g◦f) (g◦f) ⊂ (g)

f : R[ ] −→ R[ ], P -−→ P

g : R[ ] −→ R[ ], P -−→ P ′

E F f ∈ L (E,F ) f

E, F,G K f ∈ L(E,F ) g ∈ L(F,G)

(g ◦ f) #
(

(f), (g)
)

.



f(0) = 1 ̸= 0 f

α ∈ R, P,Q ∈ R[ ]
f(αP +Q) = 2(αP +Q) = α 2P + 2Q = αf(P ) + f(Q)

f ̸= 0 x ∈ E f(x) ̸= 0 x ̸= 0 F = (x)
f(F) = (f(x)) f

f ̸= 0, g = −f (f + g) = {0} (f) + (g) = (f) ̸= {0}
(f + g) ⊂ (f) + (g) y ∈ (f + g)

x ∈ E y = (f + g)(x) = f(x) + g(x) y ∈ (f) + (g)

x ∈ (f) f(x) = 0 (g ◦ f)(x) = g
(

f(x)
)

= g(0) = 0
x ∈ (g ◦ f)

z ∈ (g ◦f) x ∈ E z = (g ◦f)(x) z = g
(

f(x)
)

∈ (g)

1 f

Q ∈ R[ ] P ∈ R[ ] P ′ = Q P
Q

E = R2, F = R3, f : (x, y) -−→ (x, y, 0).

(E) = (F )



K

n,p(K) n(K) n(K) n, (K) n, (K) n(K)

n(K) n(K)



➟

A =

(
8 0
0 −1

)
∈ 2(R).

M3 = A,

M ∈ 2(R)
M3 = A AM = MA

M ∈ 2(R) M3 = A

AM = M3M = M4 = MM3 = MA.

M =

(
x y
z t

)
, (x, y, z, t) ∈ R4,

AM = MA ⇐⇒
(
8 0
0 −1

)(
x y
z t

)
=

(
x y
z t

)(
8 0
0 −1

)

⇐⇒
(
8x 8y
−z −t

)
=

(
8x −y
8z −t

)
⇐⇒ y = z = 0.

M =

(
x 0
0 t

)
.

M3 = A ⇐⇒
(
x3 0
0 t3

)
=

(
8 0
0 −1

)
⇐⇒

{
x3 = 8

t3 = −1
⇐⇒

{
x = 2

t = −1.

S =
{(2 0

0 −1

)}
.

E =
{
M(a, b) =

(
a b
−b a

)
; (a, b) ∈ R2

}

R

(a, b) ∈ R2 M(a, b) = a

(
1 0
0 1

)

︸ ︷︷ ︸
I

+b

(
0 1
−1 0

)

︸ ︷︷ ︸
J

,

E = (I, J)

aI + bJ = 0 ⇐⇒
(

a b
−b a

)
=

(
0 0
0 0

)
⇐⇒ a = b = 0,

(I, J)

E R (I, J) E (E) = 2



Ak k ∈ N∗

k ∈ Z
A

A
α n, α ∈ K,

A2, A3

Ak,
k

Ak, k ∈ N
k ∈ Z.

➟

A =

(
1 1
0 1

)
∈ 2(R).

An n ∈ Z

An n ∈ N

A =

(
1 0
0 1

)

︸ ︷︷ ︸
I

+

(
0 1
0 0

)

︸ ︷︷ ︸
N

.

I N

∀n ∈ N∗, An = (I +N)n =
n∑

k=0

(n
k

)
In−kNk.

N2 = 0 ∀k " 2, Nk = 0.

0 1

An =
(n
0

)
I +

(n
1

)
N = I + nN =

(
1 n
0 1

)
.

n = 0
A0 = I.

An n ∈ Z−
A A−1 =

(
1 −1
0 1

)
.

n ∈ Z−, −n ∈ N
(
1 n
0 1

)(
1 −n
0 1

)
=

(
1 0
0 1

)
= I,

An = (A−n)−1 =

(
1 n
0 1

)
.

∀n ∈ Z, An =

(
1 n
0 1

)
.

A ∈ n(K)

( 1, ..., n) n,1(K) (C1, ..., Cn)
A C1, ..., Cn

1, ..., n A,

1, ..., n,
A A−1 A



A AX = Y,
X, Y

X.

B A
AB BA

AB = n BA = n B

A, n.

➟

A =

⎛

⎝
1 2 1
1 1 0
−2 0 1

⎞

⎠ ∈ 3(R)

(E1, E2, E3) 3,1(R) C1, C2, C3

A

⎧
⎪⎪⎨

⎪⎪⎩

C1 = e1 + e2 − 2e3

C2 = 2e1 + e2

C3 = e1 + e3

⇐⇒

⎧
⎪⎪⎨

⎪⎪⎩

e2 = C2 − 2e1

e3 = C3 − e1

C1 = e1 + (C2 − 2e1)− 2(C3 − e1)

⇐⇒

⎧
⎪⎪⎨

⎪⎪⎩

e1 = C1 − C2 + 2C3

e2 = −2C1 + 3C2 − 4C3

e3 = −C1 + C2 − C3.

A A−1 =

⎛

⎝
1 −2 −1
−1 3 1
2 −4 −1

⎞

⎠ .

A ∈ 3(R)

4A2 − 3A− 3 = 0.

A

A−1

⎧
⎨

⎩

A(4A− 3 3) = 3

(4A− 3 3)A = 3

A A−1 = 4A− 3 3

A

A
A

A.
➟



a ∈ R

A =

⎛

⎝
1 1 a
1 a 1
1 1 a

⎞

⎠ ∈ 3(R).

L1 = L3 (A) = (B) B =

(
1 1 a
1 a 1

)
.

a ̸= 1 L1 L2 (B) = 2

a = 1 L1 = L2 ̸= 0 (B) = 1

(A) =

⎧
⎨

⎩

2 a ̸= 1

1 a = 1.

A

A A
➟

n, p, q ∈ N∗ A ∈ n,p(K)
B ∈ p,n(K)

(AB) #
(

(A), (B)
)
.

a ∈ L(Kp, Kn), b ∈ L(Kq , Kp)
A,B

(AB) = (a ◦ b), (A) = (a), (B) = (b).

(a◦b) ⊂ (a), (a◦b) # (a),
(a ◦ b) # (a), (AB) # (A)

( B, A) (A, B)
( B A) # ( B).

( B A) =
(

(AB)
)
= (AB) ( B) = (B).

(AB) # (B)

(AB) #
(

(A), (B)
)
.

➟



n ∈ N − {0, 1} E

E

E

A,B ∈ E

A B AB

AB
A B

A
AB

AB ∈ E

A
(1, 0, 0, ..., 0) B
(0, 1, 1, ..., 1) A ∈ E, B ∈ E A + B /∈ E

A+B 1

E

(αA+B) = α A+ B, (AB) = B A

(αA+B) = α (A) + (B), (AB) = (BA), ( A) = (A).

n ∈ N∗, A,B ∈ n(R)
AA = AB AB = BA.

(A2)A2 = (A2)B2.

(A2)A2 = ( A A)(AA) = A( AA)A

= A( AB)A = ( A A)(BA) = ( A A)(AB),

(A2)B2 = ( A A)(BB)

= A( AB)B = A( AA)B = ( A A)(AB).

(A2)A2 = (A2)B2.

n ∈ N − {0, 1}, M ∈ n(R)

M+ M = 2 (M) n ⇐⇒ M = −M.

M + M = 2 (M) n.

⎧
⎨

⎩

(M + M) = (M) + ( M) = 2 (M)
(
2 (M) n

)
= 2 (M) ( n) = 2n (M),

2 (M) = 2n (M)

n ̸= 1 (M) = 0 M + M = 0
M = −M

M = −M

( M) = (M) (−M) = − (M)

(M) = − (M), 2 (M) = 0, (M) = 0

M + M = 2 (M) n.



A ∈ n(K)

A ∈ n(K) ⇐⇒ A = A, A ∈ n(K) ⇐⇒ A = −A.

n(K)⊕ n(K) = n(K)

∀A ∈ n(K), A =
1

2
(A+ A)

︸ ︷︷ ︸

∈ n(K)

+
1

2
(A− A)

︸ ︷︷ ︸

∈ n(K)

.

(

n(K)
)

=
n(n+ 1)

2
,

(

n(K)
)

=
n(n− 1)

2
.

n ∈ N∗ A ∈ n(R)
B,C ∈ n(R) A = B − C

B + C ∈ n(R)

( B + C) = B + C = (A+ C) + C = A+ (C + C)

= A+ ( C + C) = (A+ C) + C = B + C,

B + C ∈ n(R)

n ∈ N∗, A,B ∈ n(K)

AB −BA ∈ n(K).

(AB −BA) = (AB)− (BA) = B A− A B

= (−B)(−A)− (−A)(−B) = BA−AB = −(AB −BA),

AB −BA ∈ n(K)



M =

(

a b
c d

)

∈ 2(R). M2 − (a+ d)M + (ad− bc) 2 = 0.

3(R),

A =

⎛

⎝

1 1 1
0 1 1
0 0 1

⎞

⎠ , B =

⎛

⎝

1 1 0
1 1 1
0 1 1

⎞

⎠ .

n

n ∈ N∗, A ∈ n(R).
(1) AA = n, (2) A2 = n, (3) A = A.

1

n ∈ N∗ E A = (aij)1"i,j"n n(K)

∀(i, f) ∈ {1, ..., n}2,

{

i > j =⇒ aij = 0

i = j =⇒ aij = 2.

E

2(R)

(a, t) ∈ R∗+ × R M(a, t) =

(

a t −a t
−a t a t

)

,

G =
{

M(a, t) ; (a, t) ∈ R∗+ ×R
}

. G

n ∈ N∗, A =
(

(i, j)
)

1"i,j"n
=

⎛

⎜
⎜
⎜
⎜
⎝

1 . . . . . . 1

2 . . . 2

1 2 . . . n

⎞

⎟
⎟
⎟
⎟
⎠

∈ n(R).

A A−1.

(a, b, c) ∈ K3. M =

⎛

⎝

1 a b
0 1 c
0 0 1

⎞

⎠ ∈ 3(K).

Mk k ∈ N.

M Mk k ∈ Z.



n ∈ N∗, A,B ∈ n(R) A+B ∈ n(R), ABA = A2B, BAB = B2A.
AB = BA.

n ∈ N∗, A,B ∈ n(R) AB = 2A+ 3B.

(A− 3 n)(B − 2 n) = 6 n.

AB = BA.

n

n ∈ N∗ A =
(

(i+ j)
)

1"i,j"n
∈ n(R)

> 0.

n ∈ N∗, A ∈ n(R) k ∈ N∗ X ∈ n,1(R)
AkX = X. Y ∈ n,1(R) AY = Y.

n ∈ N − {0, 1}, (a, b) ∈ K2 A n(K)
a b

A A−1

(φn)n∈N φ0 = 0, φ1 = 1

∀n ∈ N, φn+2 = φn+1 + φn.

n ∈ N− {0, 1}. An = (φi+j)0"i,j"n ∈ n+1(R).

# 1

n ∈ N∗, H ∈ n(K) (H) # 1

(U, V ) ∈
(

n,1(K)
)2

H = U V (H) = V U.

∀A ∈ n(K), HAH = (AH)H.

n

n ∈ N− {0, 1}, An =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 0 . . . 0 1

1 1 (0) 0

0

(0) 1 0
0 . . . 0 1 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

∈ n(R).

An



n ∈ N∗, d1, ..., dn ∈ K D = (d1, ..., dn)
d1, ..., dn.

D, (D) =
{

A ∈ n(K) ; AD = DA
}

n(K) n(K).

(a, b) ∈ R× R∗ M(a, b) =

⎛

⎝

1 a a
0 b b
0 b b

⎞

⎠ ∈ 3(R)

G =
{

M(a, b) ; (a, b) ∈ R× R∗
}

G

G 3(R)

n ∈ N∗, A ∈ n(R) A5 +A = n.

A2 +A+ n

n(K)

n ∈ N∗ n(K)
{

A ∈ n(K) ; ∀M ∈ n(K), AM = MA
}

.



M2

(e1, e2, e3) 3,1(R)
(V1, V2, V3)

V1, V2, V3

e1, e2, e3 e1, e2, e3
V1, V2, V3

[
(1) (2)

]
=⇒ (3)

[
(1) (3)

]
=⇒ (2)

[
(2) (3)

]
=⇒ (1).

E n(K).

G 2(R)

(e1, ..., en) n,1(R),
(C1, ..., Cn) A, C1, ..., Cn

e1, ..., en,
e1, ..., en

C1, ..., Cn, A−1.

M M = 3 + N

A(AB −BA) B(AB −BA).

n

n.

A

A

Y =
k−1∑

i=0

AiX = X +AX + · · ·+Ak−1X.

A n U
1

U2 = nU
A.

j ∈ {0, ..., n},
j + 2 An

j + 1 j An

(H) = 1,
H

H

HAH = ( V AU)U V.

AH H.

Cn ←− Cn −C1 +C2 + · · ·+ (−1)n−1Cn−1,
n

A ∈ (D), AD = DA

G
J = M(0, 1/2) G

M(a, b)
G

⎧
⎨

⎩

M(a, b)M(c, d) = J

M(c, d)M(a, b) = J

(c, d) ∈ R× R∗.
G 3(R),

3 G.

5 + − 1
2 + + 1.

ij .



M2 =

(
a b
c d

)(
a b
c d

)
=

(
a2 + bc ab+ bd
ca+ dc cb+ d2

)
,

M2 − (a+ d)M + (ad− bc) 2 = 0.

(e1, e2, e3) 3,1(R)
(V1, V2, V3)

V1, V2, V3

e1, e2, e3, e1, e2, e3
V1, V2, V3

A

⎧
⎪⎪⎨

⎪⎪⎩

V1 = e1

V2 = e1 + e2

V3 = e1 + e2 + e3

⇐⇒

⎧
⎪⎪⎨

⎪⎪⎩

e1 = V1

e2 = V2 − V1

e3 = V3 − V2

A A−1 =

⎛

⎝
1 −1 0
0 1 −1
0 0 1

⎞

⎠ .

B

⎧
⎪⎪⎨

⎪⎪⎩

V1 = e1 + e2

V2 = e1 + e2 + e3

V3 = e2 + e3

⇐⇒

⎧
⎪⎪⎨

⎪⎪⎩

e1 = V2 − V3

e3 = V2 − V1

e2 = V1 − (V2 − V3)

B B−1 =

⎛

⎝
0 1 −1
1 −1 1
−1 1 0

⎞

⎠ .

[
(1) (2)

]
=⇒ (3)

AA = n A2 = n. A
A−1 = A A−1 = A, A = A.

[
(1) (3)

]
=⇒ (2)

AA = n A = A.
A2 = AA = n

[
(2) (3)

]
=⇒ (1)

A2 = n A = A. AA = A2 = n.

A,B ∈ E A B
1

AB AB ∈ E

n ∈ E

A ∈ E A
A

A−1

1−1 1 A−1 ∈ E

E n(K) E

G 2(R)

(a, t) ∈ R∗+ × R

(
M(a, t)

)
=

∣∣∣∣
a t −a t
−a t a t

∣∣∣∣ = a2( 2t− 2t) = a2 ̸= 0,

M(a, t) ∈ 2(R).

2 = M(1, 0) ∈ G.

(a, t), (a′, t′) ∈ R∗+ × R.

M(a, t)M(a′, t′) =

(
a t −a t
−a t a t

)(
a′ t′ −a′ t′

−a′ t′ a′ t′

)

=

(
aa′( t t′ + t t′) −aa′( t t′ + t t′)
−aa′( t t′ + t t′) aa′( t t′ + t t′)

)

=

(
aa′ (t+ t′) −aa′ (t+ t′)
−aa′ (t+ t′) aa′ (t+ t′)

)
= M(aa′, t+ t′) ∈ G,

(aa′, t+ t′) ∈ R∗+ × R.

(a, t) ∈ R∗+ × R.

(a−1,−t) ∈ R∗+ × R
⎧
⎨

⎩

M(a, t)M(a−1,−t) = M(aa−1, t− t) = M(1, 0) = 2

M(a−1,−t)M(a, t) = M(a−1a, −t+ t) = M(1, 0) = 2.

(
M(a, t)

)−1
= M(a−1,−t) ∈ G.

G 2(R), G

(e1, ..., en) n,1(R)
C1, ..., Cn A.

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

C1 = e1 + e2 + · · ·+ en

C2 = e1 + 2e2 + · · ·+ 2en

Cn−1 = e1 + 2e2 + · · ·+ (n− 1)en−1 + (n− 1)en

Cn = e1 + 2e2 + · · ·+ (n− 1)en−1 + nen

⇐⇒

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

e1 + e2 + · · ·+ en = C1

e2 + · · ·+ en = C2 − C1

en−1 + en = Cn−1 − Cn−2

en = Cn − Cn−1



⇐⇒

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

e1 = C1 − (C2 − C1) = 2C1 − C2

e2 = (C2 − C1)− (C3 − C2) = −C1 + 2C2 − C3

en−1 = −Cn−2 + 2Cn−1 − Cn

en = −Cn−1 + Cn.

A

A−1 =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

2 −1 0 . . . 0

−1 2 (0)

0 0

(0) 2 −1
0 . . . 0 −1 1

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

.

n = 3

⎛

⎝
1 1 1
1 2 2
1 2 3

⎞

⎠

⎛

⎝
2 −1 0
−1 2 −1
0 −1 1

⎞

⎠ =

⎛

⎝
1 0 0
0 1 0
0 0 1

⎞

⎠ .

M = 3 +N, N =

⎛

⎝
0 a b
0 0 c
0 0 0

⎞

⎠ ,

N
︷ ︸︸ ︷⎛

⎝
0 a b
0 0 c
0 0 0

⎞

⎠

N
︷ ︸︸ ︷⎛

⎝
0 a b
0 0 c
0 0 0

⎞

⎠

⎛

⎝
0 a b
0 0 c
0 0 0

⎞

⎠

︸ ︷︷ ︸
N

⎛

⎝
0 0 ac
0 0 0
0 0 0

⎞

⎠

︸ ︷︷ ︸
N2

⎛

⎝
0 0 0
0 0 0
0 0 0

⎞

⎠

︸ ︷︷ ︸
N3

.

3 N
k ∈ N

Mk = ( 3 +N)k =
k∑

i=0

(k
i

)
N i =

(k
0

)
3 +

(k
1

)
N +

(k
2

)
N2

=

⎛

⎝
1 0 0
0 1 0
0 0 1

⎞

⎠+ k

⎛

⎝
0 a b
0 0 c
0 0 0

⎞

⎠+
k(k − 1)

2

⎛

⎝
0 0 ac
0 0 0
0 0 0

⎞

⎠

=

⎛

⎝
1 ka kb+ k(k−1)

2 ac
0 1 kc
0 0 1

⎞

⎠ .

M ′ k −1

MM ′ =

⎛

⎝
1 a b
0 1 c
0 0 1

⎞

⎠

⎛

⎝
1 −a −b+ ac
0 1 −c
0 0 1

⎞

⎠ =

⎛

⎝
1 0 0
0 1 0
0 0 1

⎞

⎠ ,

M M−1 = M ′.

k ∈ Z.

k ∈ Z−. k # 0, −k " 0,
⎛

⎝
1 ka kb+ k(k−1)

2 ac
0 1 kc
0 0 1

⎞

⎠

⎛

⎝
1 −ka −kb+ k(k+1)

2 ac
0 1 −kc
0 0 1

⎞

⎠

︸ ︷︷ ︸
M−k

=

⎛

⎝
1 0 0
0 1 0
0 0 1

⎞

⎠ .

∀k ∈ Z, Mk =

⎛

⎝
1 ka kb+ k(k−1)

2 ac
0 1 kc
0 0 1

⎞

⎠ .

{
A(AB −BA) = ABA−A2B = 0

B(BA−AB) = B2A−BAB = 0,

(A+B)(AB −BA) = 0.

A + B AB − BA = 0,
AB = BA.

(A− 3 n)(B − 2 n) = AB − 2A− 3B + 6 n = 6 n.

(A− 3 n)
(1
6
(B − 2 n)

)
= n.

A− 3 n
1

6
(B − 2 n).

(1
6
(B − 2 n)

)
(A− 3 n) = n,

BA = 2A+ 3B = AB.

(i+ j) = j i+ j i,

j ∈ {1, ..., n} j A

j

⎛

⎜
⎝

1

n

⎞

⎟
⎠+ j

⎛

⎜
⎝

1

n

⎞

⎟
⎠ .

A
(A) # 2

n = 1 (A) = 1

n " 2 A∣∣∣∣
2 3
3 4

∣∣∣∣ ne0,

(A) = 2;

(A) =

⎧
⎨

⎩

1 n = 1

2 n " 2.

A = (aij)ij , B = (bij)ij ∈ n,p(R)
A + B = (aij + bij)ij

(i, j) ∈ {1, ..., n}2 aij > 0 bij > 0, aij + bij > 0,
A+B



A = (aij)ij ∈ n,p(R), B = (bjk)jk ∈ p,q(R)

AB = (cik)ik,

(i, k) ∈ {1, ..., n}× {1, ..., q} cik =
p∑

j=1

aijbjk > 0,

> 0, AB

Y =
k−1∑

i=0

AiX.

A X
i ∈ {1, ..., k− 1}, AiX Y

AY = A(X +AX + · · ·+Ak−1X)

= AX +A2X + · · ·+Ak−1X +AkX

= (AX + · · ·+Ak−1X) +X = Y.

Y

I = n U = (1) ∈ n(K)

A = (a− b)I + bU.

U2 = nU

A2 = (a− b)2I +
(
2(a− b)b+ nb2

)
U

= (a− b)2I +
(
2(a− b) + nb

)(
A− (a− b)I

)

=
(
2(a− b) + nb

)
A−

(
(a− b)2 + nb(a− b)

)
I,

A
(
A−

(
2(a− b) + nb

)
I
)
= −(a− b)

(
a+ (n− 1)b

)
I.

a ̸= b a+ (n− 1)b ̸= 0

B = −
(
(a− b)

(
a+ (n− 1)b

))−1(
A−

(
2(a− b) + nb

)
I
)
,

AB = I A A−1 = B

a = b A = aU A

a + (n − 1)b = 0 A
A

C0, ..., Cn An. j ∈
{0, ..., n− 2}

Cj + Cj+1 =

⎛

⎜
⎝

φj

φj+n

⎞

⎟
⎠+

⎛

⎜
⎝

φj+1

φj+n+1

⎞

⎟
⎠

=

⎛

⎜
⎝

φj + φj+1

φj+n + φj+n+1

⎞

⎟
⎠ =

⎛

⎜
⎝

φj+2

φj+n+2

⎞

⎟
⎠ = Cj+2.

An C1 C2

An

C1 C2, (An) # 2.

C1 =

⎛

⎜
⎝

0
1

⎞

⎟
⎠ , C2 =

⎛

⎜
⎝

1
1

⎞

⎟
⎠ , (C1, C2)

(An) " 2.

(An) = 2.

(H) # 1 U =

⎛

⎜
⎝

u1

un

⎞

⎟
⎠

n,1(K) H
U

v1, ..; , vn ∈ K

H =
(
v1U . . . vnU

)
=

⎛

⎜
⎝

u1v1 . . . u1vn

unv1 . . . unvn

⎞

⎟
⎠ = U V.

(H) =
n∑

i=1

uivi = V U.

A ∈ n(K)

HAH = (U V )A(U V ) = U( V AU︸ ︷︷ ︸
∈K

) V = ( V AU)U V.

(AH) = V AU.

HAH = (AH)H.

C1, ..., Cn An.
Cn ←− Cn − C1 + C2 + · · ·+ (−1)n−1Cn−1,

(An) =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

1 0 . . . 0 0

1 1 (0) 0

0

(0) 1 0
0 . . . 0 1 1 + (−1)n−1

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

.

n An

(n − 1) An

(An) = n− 1.

n n An

(An) = n.

(An) =

⎧
⎨

⎩

n− 1 n

n n

∀n ∈ N− {0, 1}, (An) = 2
⌊n− 1

2

⌋
+ 1,

⌊.⌋



A ∈ n(K). D A
A ∈ (D).

A ∈ (D).

A ∈ (D) ⇐⇒ AD = DA

⇐⇒ ∀(i, j) ∈ [[1 ; n]]2,
n∑

k=1

(A)ik(D)kj =
n∑

k=1

(D)ik(A)kj

⇐⇒ ∀(i, j) ∈ [[1 ; n]]2, (A)ijdj = di(A)ij

⇐⇒ ∀(i, j) ∈ [[1 ; n]]2, (dj − di)(A)ij = 0.

(i, j) ∈ [[1 ; n]]2 i ̸= j.

di ̸= dj , (A)ij = 0.

A
A ∈ n(K).

(D) = n(K).

G
(a, b), (c, d) ∈ R× R∗

M(a, b)M(c, d) =

⎛

⎝
1 a a
0 b b
0 b b

⎞

⎠

⎛

⎝
1 c c
0 d d
0 d d

⎞

⎠

=

⎛

⎝
1 c+ 2ad c+ 2ad
0 2bd 2bd
0 2bd 2bd

⎞

⎠ = M(c+ 2ad, 2bd) ∈ G.

(a, b) ∈ R× R∗

M(a, b)M(0, 1/2) = M(a, b) M(0, 1/2)M(a, b) = M(a, b),

M(0, 1/2) G.

(a, b) ∈ R × R∗. M(a, b)
G

(c, d) ∈ R× R∗
⎧
⎨

⎩

M(a, b)M(c, d) = M(0, 1/2)

M(c, d)M(a, b) = M(0, 1/2)

⇐⇒

⎧
⎨

⎩

M(c+ 2ad, 2bd) = M(0, 1/2)

M(a+ 2cb, 2db) = M(0, 1/2)

⇐⇒ c+ 2ad = 0, 2bd = 1/2, a+ 2cb = 0, 2db = 1/2

⇐⇒ c = −
a

2b
, d =

1

4b
̸= 0.

M(a, b)

G M
(
−

a

2b
,

1

4b

)
.

G

3(R).
G 3(R) G

3(R) M(0, 1)
3(R)

3 3(R)
G.

A2 +A+ n

A.

A5 + A− n = 0,
5 + − 1 2 + + 1

5 + − 1 2 + + 1

− 4 − 3 + − 1 3 − 2 + 1
2 + − 1

−2

5 + − 1 = ( 2 + + 1)( 3 − 2 + 1)− 2.

A

0 = A5 +A− n = (A2 +A+ n)(A
3 −A2 + n)− 2 n.

(A2 +A+ n)
(1
2
(A3 −A2 + n)

)
= n,

A2 +A+ n
1

2

(
A3 −A2 + n

)
.

A n(K)

(i, j) ∈ {1, ..., n}2

A ij = ijA.

A ij

j i
A ijA

i j A

⎧
⎪⎪⎨

⎪⎪⎩

∀k ̸= i, aki = 0

∀ℓ ̸= j, aℓj = 0

aii = ajj .

(i, j) ∈ {1, ..., n}2 i ̸= j
aij = 0 aii = ajj

A
a11 A = a11 n

α ∈ K α n

n(K)

n(K) {α n ; α ∈ K}.



A ∈ n,p(K) X ∈ p,1(K) AX A

A, B, C ∈ n(K) BA+ CA = A(B + C)

A,B ∈ n(K) AB = n ⇐⇒ BA = n

A,B ∈ n(K) AB = 0 ⇐⇒ BA = 0

n " 2 A,B n(R) (A+B)2 = A2 + 2AB +B2

A,B ∈ n(K) (AB)−1 = A−1B−1

A ∈ n,p(K), B ∈ p,q(K) (AB) = B A

A,B n(R) AB

A,B n(R) ABA



BA+CA = (B+C)A B+C A

n = 2, A =

(

0 0
1 0

)

, B =

(

0 0
0 1

)

.

n = 2, A =

(

0 0
1 0

)

, B =

(

0 0
0 1

)

.

A B

(A+B)2 = A2 +AB +BA+B2.

n = 2, A =

(

1 1
0 1

)

, B =

(

1 0
1 1

)

.

AB (AB)−1 = B−1A−1

(

3 4
3 4

)

1 2

n = 2, A =

(

1 1
1 0

)

, B =

(

0 1
1 1

)

, AB =

(

1 2
0 1

)

.

(ABA) = A B A = ABA.



K

A = P n,p,rQ



A

f : E −→ F
B = (e1, ..., ep)

E
C = (f1, ..., fp) F

j ∈ [[1 ; n]], j A
f(ej) C F

➟

f : R2[ ] −→ R2[ ], P .−→ P ′

R2[ ]

f R2[ ]

f(1) = 0, f( ) = 1, f( 2) = 2 , f

R2[ ]

⎛

⎝
0 1 0
0 0 2
0 0 0

⎞

⎠ .

f : R2[ ] −→ R3[ ], P .−→ P

R2[ ]

R3[ ].

f R2[ ] R3[ ]

f(1) = , f( ) = 2, f( 2) = 3, f
R2[ ] R3[ ]
⎛

⎜⎜
⎝

0 0 0
1 0 0
0 1 0
0 0 1

⎞

⎟⎟
⎠ .

A =

(
0 1
1 0

)

f : 2(R) −→ 2(R), M .−→ AM.

f

2(R)

f 2(R)

2(R) B = (E11, E12, E21, E22),

E11 =

(
1 0
0 0

)
, E12 =

(
0 1
0 0

)
, E21 =

(
0 0
1 0

)
, E22 =

(
0 0
0 1

)
.

f(E11) = AE11 =

(
0 1
1 0

)(
1 0
0 0

)
=

(
0 0
1 0

)
= E21,

f(E12) = AE12 =

(
0 1
1 0

)(
0 1
0 0

)
=

(
0 0
0 1

)
= E22,

f(E21) = AE21 =

(
0 1
1 0

)(
0 0
1 0

)
=

(
1 0
0 0

)
= E11,

f(E22) = AE22 =

(
0 1
1 0

)(
0 0
0 1

)
=

(
0 1
0 0

)
= E12.



f B

⎛

⎜⎜
⎝

0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

⎞

⎟⎟
⎠ .

A ∈ n(K)
A f

E n
f f−1 A−1.

➟

A =

⎛

⎝
1 2 1
1 3 1
−1 4 0

⎞

⎠

A−1

A f
R3 (e1, e2, e3) R3

u1 = f(e1), u2 = f(e2), u3 = f(e3),

u1 = e1 + e2 − e3, u2 = 2e1 + 3e2 + 4e3, u3 = e1 + e2.

e1 = 4u1 − u2 + 7u3, e2 = 4u1 + u2 − 6u3, e3 = u3 − u1.

A−1 =

⎛

⎝
−4 4 −1
−1 1 0
7 −6 1

⎞

⎠ .

A
A P n,p,rQ, P Q

A ∈ n,p(K)

(A) = p−
(

(A)
)

,

(A)

➟

n, p ∈ N∗, A ∈ n,p(K)

( A) = (A).

r = (A)

P ∈ n(K), Q ∈ p(K)
A = P n,p,rQ

A = Q n,p,r P = Q p,n,r P.

P Q P Q

( A) = r = (A)



➟

n ∈ N∗, A,B,C,D ∈ n(K)

M =

(
AC AD
BC BD

)
∈ 2n(K)

(
A A
B B

)(
C 0
0 D

)
=

(
AC AD
BC BD

)
= M.

(
A A
B B

)

C1 Cn+1

M

P B = PAP−1.
➟

n ∈ N∗ A ∈ n(K)

B ∈ n(K) AB BA

AB = AB(AA−1) = A(BA)A−1,

AB BA

A =

(
0 0
1 0

)
, B =

(
0 1
0 0

)
∈ 2(R).

A B

B = (e1, e2) 2,1(R) f

2,1(R) A B
f(e1) = e2, f(e2) = 0.

C = (e2, e1) C 2,1(R) f(e2) = 0
f(e1) = e2 f C B

A B A B



A,B

(A) ̸= (B), (A) ̸= (B),
(A) ̸= (B)

A,B

λ ∈ K (A− λ n) ̸= (B − λ n).

➟

A =

⎛

⎝
1 0 0
0 2 0
0 0 0

⎞

⎠ , B =

⎛

⎝
1 0 0
1 1 0
1 1 1

⎞

⎠ ,

C =

⎛

⎝
1 −1 0
1 −1 0
1 −1 −1

⎞

⎠ ∈ 3(R).

A, B, C

(A) = 2 (B) = 3 (A) ̸= (B) A B

(A) = (B) = 3 (C) = −1 (A) ̸= (C)

(B) ̸= (C) A C B C



E K f ∈ L(E) f2 = 0 f ̸= 0.

B E f B N =

(

0 0
1 0

)

.

E R 2 E = (e1, e2) E, F R 3

F = (f1, f2, f3) F. A =

⎛

⎝

2 1
3 −1
0 2

⎞

⎠ ∈ 3,2(R), u

E F A E E F F.

u(e1) u(e2) f1, f2, f3.

e′1 = e1, e′2 = e1 + e2, E ′ = (e′1, e
′
2), f ′1 = f1 + f2, f ′2 = f1 + f3,

f ′3 = f2 + f3, F ′ = (f ′1, f
′
2, f

′
3). E ′ E F ′

F A′ u E ′ E F ′ F.

A =

⎛

⎝

1 0 2 1
2 3 1 1
−1 2 −5 −3

⎞

⎠ ∈ 3,4(R) f : R4 −→ R3

A

(f), (f)
(

(f)
)

.

(f) f

Cn[ ] Cn+1

n ∈ N∗, (a0, ..., an) ∈ Cn+1.

f : Cn[ ] −→ Cn+1, P -−→ f(P ) =
(

P (a0), P
′(a1), ..., P

(n)(an)
)

.

f

A =

(

2 −4
3 −6

)

∈ 2(R) f : 2(R) −→ 2(R), M -−→ AM.

f

(f)

(f)



E K f ∈ L(E) f3 = 0 f2 ̸= 0.

B E f B

N =

⎛

⎝

0 0 0
1 0 0
0 1 0

⎞

⎠ .

CN N 3(R),

CN =
{

A ∈ 3(R) ; AN = NA
}

.

e = E

{

g ∈ L(E) ; g ◦ f = f ◦ g
}

= (e, f, f2).

n ∈ N∗. A n + 1

i j

(
j

i

)

,

i > j.

f : Rn[ ] −→ Rn[ ], P ( ) -−→ P ( + 1)

Rn[ ] f
Rn[ ].

A A−1.

A, B, C ∈ n(K) A

A, B, C

∃ (X, Y, Z) ∈
(

n(K)
)3
, XY Z = A, Y ZX = B, ZXY = C.

A B

A =

⎛

⎝

1 0 2
1 1 −1
0 2 1

⎞

⎠ , B =

⎛

⎝

2 0 1
1 1 2
1 −2 −1

⎞

⎠

A =

⎛

⎝

2 1 1
0 2 1
0 0 1

⎞

⎠ , B =

⎛

⎝

3 1 1
0 1 1
0 0 1

⎞

⎠

A =

⎛

⎝

0 1 0
0 0 0
0 0 0

⎞

⎠ , B =

⎛

⎝

0 0 0
0 0 1
0 0 0

⎞

⎠

A =

⎛

⎝

0 0 1
0 0 0
0 0 0

⎞

⎠ , B =

⎛

⎝

0 1 0
0 0 1
0 0 0

⎞

⎠

A =

⎛

⎝

1 1 1
0 2 0
0 0 2

⎞

⎠ , B =

⎛

⎝

1 0 1
0 2 1
0 0 2

⎞

⎠

A =

⎛

⎝

0 1 0
0 0 1
0 0 0

⎞

⎠ , B =

⎛

⎝

0 −1 0
0 0 −1
0 0 0

⎞

⎠ .



(P,Q) A = P n,p,rQ

A =

⎛

⎝

1 2 3
1 −1 0
1 1 2

⎞

⎠ , =

⎛

⎝

1 0 0
0 1 0
0 0 0

⎞

⎠ ∈ 3(R).

(P,Q) ∈
(

3(R)
)2

A = P Q (P,Q).

n(K)
n ∈ N∗, a1, ..., an ∈ K

D = (a1, ..., an) ∈ n(K)

f : n(K) −→ n(K), M -−→ f(M) = DM −MD.

f n(K).

(f).

(f) F n(K)

n ∈ N∗, A,B ∈ n(C).
f : n(C) −→ n(C), M -−→ f(M) = AM −MB.

f n(C).

∀p ∈ N, ∀M ∈ n(C), fp(M) =
p

∑

k=0

(
p

k

)

(−1)p−kAkMBk.

A B f

n ∈ N∗, A, B, C, D ∈ n(K), M =

(

A B
C D

)

∈ 2n(K).

M M−1 =

(

E F
G H

)

, E, F, G, H ∈ n(K)

∀X ∈ (E), BGX = X ∀X ∈ (E), X ∈ (D)

f : (E) −→ (D), X -−→ GX.

f (E) # (D).

(E) = (D)



e1 ∈ E f(e1) ̸= 0. e2 = f(e1)
B = (e1, e2)

A.

e1, e2 E ′.

f1, f2, f3 F ′.

u(e′1) u(e′2) f ′1, f
′
2, f
′
3.

u = (x, y, z, t) ∈ R4, f(u) = 0.

V1, ..., V4 R3

A, (V1, V2, V3) V4

(V1, V2, V3).

f

f
Cn[ ] Cn+1

M =

(
x y
z t

)
∈ 2(R)

f(M) = 0.

M =

(
x y
z t

)
∈ 2(R), f(M)

f(M)

e1 ∈ E f2(e1) ̸= 0,
e2 = f(e1), e3 = f(e2), B = (e1, e2, e3).

N.

f
B Rn[ ] ( +1)j

g : Rn[ ] −→ Rn[ ], P ( ) .−→ P ( − 1).

A,B
P ∈ n(K)

B = P−1AP.

=⇒
P,Q ∈ n(K) B = P−1AP

C = Q−1BQ, X, Y, Z

=⇒
X, Y, Z

B = X−1AX, C.

A,B
P ∈ 3(R)

B = P−1AP

A,B

(A) = (B), (A) = (B), (A) = (B),

A B
P

B =
P−1AP, PB = AP.

A2 B2.

A− 2 3 B − 2 3.

P
1 −1

B = P−1AP.

(P,Q)
f : E −→ F A

(f), E,
f

(f) F.

(P,Q)
P Q.

f(M) = 0

(f) = n(K).

(f) ⊂ F,

p.

( p

k − 1

)
+
(p
k

)
=
(p+ 1

k

)
.

Ap = 0 Bq = 0, fp+q(M).

MM−1 = 2n

AE +BG = n CE +DG = 0.



f ̸= 0, e1 ∈ E f(e1) ̸= 0.
e2 = f(e1) B = (e1, e2).

(λ1,λ2) ∈ K2 λ1e1 + λ2e2 = 0.

0 = f(λ1e1 + λ2e2) = λ1f(e1) + λ2f(e2)

= λ1e2 + λ2 f
2(e1)
︸ ︷︷ ︸

= 0

= λ1 e2︸︷︷︸
̸= 0

,

λ1 = 0, λ2e2 = 0, λ2 = 0.

B
B (B) = 2 = (E),

B E.

f(e1) = e2 f(e2) = f2(e1) = 0, f

B N =

(
0 0
1 0

)
.

A =

⎛

⎝
2 1
3 −1
0 2

⎞

⎠

u(e1) = 2f1 + 3f2, u(e2) = f1 − f2 + 2f3.

e′1 = e1, e′2 = e1 + e2,

e1 = e′1, e2 = e′2 − e′1.

(e′1, e
′
2) E E ′
E

f ′1 = f1 + f2, f ′2 = f1 + f3, f ′3 = f2 + f3,

f1 =
1

2
(f ′1+f ′2−f ′3), f2 =

1

2
(f ′1+f ′3−f ′2), f3 =

1

2
(f ′2+f ′3−f ′1).

(f ′1, f
′
2, f
′
3) F F ′
F.

u(e′1) = u(e1) = 2f1 + 3f2

= (f ′1 + f ′2 − f ′3) +
3

2
(f ′1 + f ′3 − f ′2)

=
5

2
f ′1 −

1

2
f ′2 +

1

2
f ′3,

u(e′2) = u(e1 + e2) = u(e1) + u(e2)

= (2f1 + 3f2) + (f1 − f2 + 2f3) = 3f1 + 2f2 + 2f3

=
3

2
(f ′1 + f ′2 − f ′3) + (f ′1 + f ′3 − f ′2) + (f ′2 + f ′3 − f ′2)

=
3

2
f ′1 +

3

2
f ′2 +

1

2
f ′3.

A′ u E ′ E

F ′ F A′ =

⎛

⎝
5/2 3/2
−1/2 3/2
1/2 1/2

⎞

⎠ .

u = (x, y, z, t) ∈ R4

u ∈ (f) ⇐⇒ f(u) = 0

⇐⇒

⎛

⎝
1 0 2 1
2 3 1 1
−1 2 −5 −3

⎞

⎠

⎛

⎜⎜
⎝

x
y
z
t

⎞

⎟⎟
⎠ =

⎛

⎜⎜
⎝

0
0
0
0

⎞

⎟⎟
⎠

⇐⇒ ( )

⎧
⎪⎨

⎪⎩

x+ 2z + t = 0

2x+ 3y + z + t = 0

−x+ 2y − 5z − 3t = 0.

(f).

( ) ⇐⇒

⎧
⎪⎪⎨

⎪⎪⎩

x+ 2z + t = 0 L1

3y − 3z − t = 0 L2 ←− L2 − 2L1

2y − 3z − 2t = 0 L3 ←− L3 + L1

⇐⇒

⎧
⎪⎪⎨

⎪⎪⎩

x+ 2z + t = 0

3y − 3z − t = 0

−3z − 4t = 0 L3 ←− 3L3 − 2L2.

⇐⇒

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

z = −
4

3
t

y = z +
1

3
t = −t

x = −2z − t =
5

3
t.

(f) (V0), V0 = (5, −3, −4, 3),(
(f)
)
= 1.

V1, ..., V4 R3

C1, ..., C4 A
V1=(1, 2,−1), V2=(0, 3, 2), V3=(2, 1,−5), V4=(1, 1,−3).

(f) = (V1, ..., V4).

(V1, V2, V3)

(a1, a2, a3) ∈ R3

a1V1 + a2V2 + a3V3 = 0 ⇐⇒

⎧
⎪⎪⎨

⎪⎪⎩

a1 + 2a3 = 0

2a1 + 3a2 + a3 = 0

−a1 + 2a2 − 5a3 = 0

⇐⇒

⎧
⎪⎪⎨

⎪⎪⎩

a1 + 2a3 = 0

3a2 − 3a3 = 0 L2 ←− L2 − 2L1

2a2 − 3a3 = 0 L3 ←− L3 + L1

⇐⇒

⎧
⎪⎪⎨

⎪⎪⎩

a2 = 0

a3 = 0

a1 = 0.

(V1, V2, V3)
(

(f)
)
" 3.

(f) = (V1, ..., V4) ⊂ R3,(
(f)
)

# 3. (f)
(V1, V2, V3)

(
(f)
)
= 3, (f) = 3.



(
(f)
)

(
(f)
)
= (R4)−

(
(f)
)
= 4− 1 = 3.

R3 (f)

f
α ∈ C P,Q ∈ Cn[ ]

f(αP +Q) =
(
(αP +Q)(a0), ..., (αP +Q)(n)(an)

)

=
(
αP (a0)+Q(a0), ...,αP

(n)(an)+Q(n)(an)
)
= αf(P )+f(Q).

(i, j) ∈ {0, ..., n}2

f( j) =
(
aj0, ja

j−1
1 , j(j − 1)aj−2

2 , . . . , j!, 0, ..., 0
)
.

f Cn[ ]
Cn+1

⎛

⎜⎜⎜⎜⎜⎜⎜
⎝

0!
0 1! . . .

2!

(0)
0 . . . . . . 0 n!

⎞

⎟⎟⎟⎟⎟⎟⎟
⎠

.

f C
Cn[ ] Cn+1.

α ∈ R M,N ∈ 2(R)
f(αM +N) = A(αM +N) = αAM +AN = αf(M)+ f(N),

f

M =

(
x y
z t

)
∈ 2(R).

M ∈ (f) ⇐⇒ f(M) = 0

⇐⇒
(
2 −4
3 −6

)(
x y
z t

)
=

(
0 0
0 0

)

⇐⇒ 2x− 4z = 0, 2y − 4t = 0, 3x− 6z = 0, 3y − 6t = 0

⇐⇒ x = 2z, y = 2t.

(f) =
{(2z 2t

z t

)
; (z, t) ∈ R2

}

=
{
z

(
2 0
1 0

)

︸ ︷︷ ︸
B

+t

(
0 2
0 1

)

︸ ︷︷ ︸
C

; (z, t) ∈ R2
}

= (B,C).

(B,C) B,C
(B,C) (f)(

(f)
)
= 2.

M =

(
x y
z t

)
∈ 2(R)

f(M) = AM =

(
2 −4
3 −6

)(
x y
z t

)

=

(
2x− 4z 2y − 4t
3x− 6z 3y − 6t

)
=

(
2(x− 2z) 2(y − 2t)
3(x− 2z) 3(y − 2t)

)

= (x− 2z)

(
2 0
3 0

)

︸ ︷︷ ︸
D

+(y − 2t)

(
0 2
0 3

)

︸ ︷︷ ︸
E

∈ (D,E).

(f) ⊂ (D,E).

D = f
((1 0

0 0

))
∈ (f) E = f

((0 1
0 0

)
∈ (f).

(f) = (D,E).

(D,E) (D,E)
(f)

(
(f)
)
= 2.

4 =
(

2(R)
)
=

(
(f)
)
+

(
(f)
)
= 2 + 2.

f2 ̸= 0, e1 ∈ E f2(e1) ̸= 0
e2 = f(e1), e3 = f(e2) = f2(e1), B = (e1, e2, e3).

(a1, a2, a3) ∈ K3 a1e1 + a2e2 + a3e3 = 0,
a1e1 + a2f(e1) + a3f2(e1) = 0.

f2 f3 = 0
a1f2(e1) = 0 f2(e1) ̸= 0, a1 = 0,

a2f(e1) + a3f2(e1) = 0. f
a2 = 0, a3f2(e1) = 0, a3 = 0.

B

(E) = 3 B 3
B E.

f B N =

⎛

⎝
0 0 0
1 0 0
0 1 0

⎞

⎠ .

A =

⎛

⎝
a d g
b e h
c f i

⎞

⎠ ∈ 3(K)

AN = NA ⇐⇒⎛

⎝
a d g
b e h
c f i

⎞

⎠

⎛

⎝
0 0 0
1 0 0
0 1 0

⎞

⎠ =

⎛

⎝
0 0 0
1 0 0
0 1 0

⎞

⎠

⎛

⎝
a d g
b e h
c f i

⎞

⎠

⇐⇒

⎛

⎝
d g 0
e h 0
f i 0

⎞

⎠ =

⎛

⎝
0 0 0
a d g
b e h

⎞

⎠

⇐⇒ d = 0, g = 0, e = a, h = d, g = 0, f = b, i = e, h = 0

⇐⇒ d = g = h = 0, a = e = i, f = h.

CN =
{
⎛

⎝
a 0 0
b a 0
c b a

⎞

⎠ ; (a, b, c) ∈ K3
}
.

CN =
{
a

⎛

⎝
1 0 0
0 1 0
0 0 1

⎞

⎠+ b

⎛

⎝
0 0 0
1 0 0
0 1 0

⎞

⎠+ c

⎛

⎝
0 0 0
0 0 0
1 0 0

⎞

⎠

; (a, b, c) ∈ K3
}

=
{
a 3 + bN + cN2 ; (a, b, c) ∈ K3}.

{
g ∈ L(E) ; g ◦ f = f ◦ g

}

=
{
ae+ bf + cf2 ; (a, b, c) ∈ K3} = (e, f, f2).



P ( ) ∈ Rn[ ]
f(P ) = P ( + 1) ∈ Rn[ ]

a ∈ R, P,Q ∈ Rn[ ]

f(aP +Q) = (aP +Q)( + 1)

= aP ( + 1) +Q( + 1) = af(P ) + f(Q).

f Rn[ ].

j ∈ {0, ..., n},

f( j) = ( + 1)j =
j∑

i=0

(j
i

)
i.

f B = (1, , ..., n)
Rn[ ] A,

g : Rn[ ] −→ Rn[ ], P ( ) .−→ P ( − 1),

Rn[ ] f

P ∈ Rn[ ]
⎧
⎨

⎩

(g ◦ f)
(
P ( )

)
= g
(
P ( + 1)

)
= P

(
( + 1)− 1

)
= P ( )

(f ◦ g)
(
P ( )

)
= f

(
P ( − 1)

)
= P

(
( − 1) + 1

)
= P ( ),

g ◦ f = Rn[ ] f ◦ g = Rn[X].

A A−1 = B(g).

f
j ∈ {0, ..., n}

g( j) = ( − 1)j =
j∑

i=0

(−1)j−i
(j
i

)
i.

B(g) =
(
(−1)j−i

(j
i

))

0"i,j"n
.

A−1 =
(
(−1)j−i

(j
i

))

0"i,j"n
.

n = 3

A =
((j

i

))

0"i,j"3
=

⎛

⎜⎜
⎝

1 1 1 1
0 1 2 3
0 0 1 3
0 0 0 1

⎞

⎟⎟
⎠ ,

A−1 =
(
(−1)i

(j
i

))

0"i,j"3
=

⎛

⎜⎜
⎝

1 −1 1 −1
0 1 −2 3
0 0 1 −3
0 0 0 1

⎞

⎟⎟
⎠ .

=⇒

A, B, C
P,Q ∈ n(K) B = P−1AP C = Q−1BQ.

X = P ∈ n(K) Y = Q ∈ n(K)
Z = Q−1BP−1 A P

B = P−1AP ∈ n(K)
Z = Q−1BP−1 ∈ n(K)

XY Z = PQQ−1BP−1 = PBP−1 = A,

Y ZX = QQ−1BP−1P = B,

ZXY = Q−1BP−1PQ = Q−1BQ = C.

=⇒

X, Y, Z ∈ n(K)

XY Z = A, Y ZX = B, ZXY = C.

A XY Z = A,
X, Y, Z

B = Y ZX = (X−1X)Y ZX = X−1(XY Z)X = X−1AX,

C = ZXY = ZXY (ZZ−1) = Z(XY Z)Z−1 = ZAZ−1,

A, B, C

(A) = 3 (B) = 2, (A) ̸= (B),
A B

(A) = 4 (B) = 3, (A) ̸= (B),
A B

P =

⎛

⎝
0 0 1
1 0 0
0 1 0

⎞

⎠ ,

(e1, e2, e3) R3 f
f(e1) = e2, f(e2) = e3, f(e3) = e1.

P

P−1 =

⎛

⎝
0 1 0
0 0 1
1 0 0

⎞

⎠ . PAP−1

A
︷ ︸︸ ︷⎛

⎝
0 1 0
0 0 0
0 0 0

⎞

⎠

P−1

︷ ︸︸ ︷⎛

⎝
0 1 0
0 0 1
1 0 0

⎞

⎠

⎛

⎝
0 0 1
1 0 0
0 1 0

⎞

⎠

︸ ︷︷ ︸
P

⎛

⎝
0 0 0
0 1 0
0 0 0

⎞

⎠

︸ ︷︷ ︸
PA

⎛

⎝
0 0 0
0 0 1
0 0 0

⎞

⎠

︸ ︷︷ ︸
PAP−1=B

.

A B

A2 = 0 B2 =

⎛

⎝
0 0 1
0 0 0
0 0 0

⎞

⎠ ̸= 0,

A B A B
P ∈ 3(R) B = P−1AP,

B2 = (P−1AP )2 = P−1A2P = P−10P = 0,

(A− 2 3) =

⎛

⎝
−1 1 1
0 0 0
0 0 0

⎞

⎠ = 1

(B − 2 3) =

⎛

⎝
−1 0 1
0 0 1
0 0 0

⎞

⎠ = 2.



A B

A B P ∈ 3(R)
B = P−1AP.

B − 2 3 = P−1AP − 2 3 = P−1(A− 2 3)P,

(B − 2 3) = (A− 2 3),

A B

P =

⎛

⎝
1 0 0
0 −1 0
0 0 −1

⎞

⎠ ∈ 3(R). P−1 = P

PAP−1

A
︷ ︸︸ ︷⎛

⎝
0 1 0
0 0 1
0 0 0

⎞

⎠

P−1

︷ ︸︸ ︷⎛

⎝
1 0 0
0 −1 0
0 0 −1

⎞

⎠

⎛

⎝
1 0 0
0 −1 0
0 0 −1

⎞

⎠

︸ ︷︷ ︸
P

⎛

⎝
0 1 0
0 0 −1
0 0 0

⎞

⎠

︸ ︷︷ ︸
PA

⎛

⎝
0 −1 0
0 0 −1
0 0 0

⎞

⎠

︸ ︷︷ ︸
PAP−1=B

.

A B

C1, C2, C3 A
C3 = C1 + C2 (C1, C2) (A) = 2.

(P,Q) ∈
(

3(R)
)2

A = P 3,3,2Q.

(P,Q).

B0 = (E1, E2, E3) 3,1(R) f

3,1(R)
A B0

(f).

X =

⎛

⎝
x1

x2

x3

⎞

⎠ ∈ 3,1(R)

X ∈ (f) ⇐⇒ f(X) = 0 ⇐⇒ AX = 0

⇐⇒

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

x1 + 2x2 + 3x3 = 0

x1 − x2 = 0

x1 + x2 + 2x3 = 0

⇐⇒

⎧
⎨

⎩

x3 = −x1

x2 = x1.

(f) (U3) U3 =

⎛

⎝
1
1
−1

⎞

⎠ .

(U3) B = (U1, U2, U3)
3,1(R),

U1 = E1 =

⎛

⎝
1
0
0

⎞

⎠ , U2 = E2 =

⎛

⎝
0
1
0

⎞

⎠ .

V1 = f(U1) = AU1 =

⎛

⎝
1
1
1

⎞

⎠ , V2 = f(U2) = AU2 =

⎛

⎝
2
−1
1

⎞

⎠ ,

A.
(V1, V2) C = (V1, V2, V3) 3,1(R)

V3 = E3 =

⎛

⎝
0
0
1

⎞

⎠ .

B0,B0 (f) = A B,C(f) =

⎛

⎝
1 0 0
0 1 0
0 0 0

⎞

⎠ = .

3,3,2 = S−1AR,

R = (B0,B) =

⎛

⎝
1 0 1
0 1 1
0 0 −1

⎞

⎠ ,

S = (B0, C) =

⎛

⎝
1 2 0
1 −1 0
1 1 1

⎞

⎠ .

P = S Q = R−1. (P,Q) ∈
(

3(R)
)2

A = P Q. R
(P,Q)

P =

⎛

⎝
1 2 0
1 −1 0
1 1 1

⎞

⎠ , Q =

⎛

⎝
1 0 1
0 1 1
0 0 −1

⎞

⎠ .

P Q A.

f a ∈ K
M,N ∈ n(K)

f(aM +N) = D(aM +N)− (aM +N)D

= a(DM −MD) + (DN −ND) = af(M) + f(N).

f

n(K).

M ∈ n(K).

M ∈ (f) ⇐⇒ f(M) = 0

⇐⇒ DM −MD = 0 ⇐⇒ DM = MD.

M = (mij)ij

DM = MD

⇐⇒ ∀(i, j) ∈ {1, ..., n}2, (DM)ij = (MD)ij

⇐⇒ ∀(i, j) ∈ {1, ..., n}2,
n∑

k=1

(D)ik(M)kj =
n∑

k=1

(M)ik(D)kj

⇐⇒ ∀(i, j) ∈ {1, ..., n}2, aimij = mijaj

⇐⇒ ∀(i, j) ∈ {1, ..., n}2, (ai − aj)mij = 0



⇐⇒ ∀(i, j) ∈ {1, ..., n}2,
(
i ̸= j =⇒ mij = 0

)
,

a1, ..., an

(f) n(K)
n(K)

F, n(K)
n(K).

(f) ⊂ F.

M = (mij)ij ∈ n(K),
i ∈ {1, ..., n}

(
f(M)

)
ii

= (DM −MD)ii

=
n∑

k=1

(D)ik(M)ki −
n∑

k=1

(M)ik(D)ki = aiimii −miiaii = 0,

f(M) ∈ F.

(f) ⊂ F.

(
(f)
)
=

(
n(K)

)
−

(
(f)
)

=
(

n(K)
)
−

(
n(K)

)
= n2 − n.

(F ) = n2 − n.
F

ij , (i, j) ∈ {1, ..., n}2, i ̸= j

(f) = F.

∀M ∈ n(C), f(M) = AM −MB ∈ n(C).

a ∈ C M,N ∈ n(C)

f(aM +N) = A(aM +N)− (aM +N)B

= a(AM −MB) + (AN −NB) = af(M) + f(N),

f

f

n(C).
p.

p = 0,

p ∈ N

∀M ∈ n(C), fp(M) =
p∑

k=0

(p
k

)
(−1)kAp−kMBk.

M ∈ n(C)

fp+1(M) = f
(
fp(M)

)

= f
( p∑

k=0

(p
k

)
(−1)kAp−kMBk

)

=
p∑

k=0

(p
k

)
(−1)kf(Ap−kMBk)

=
p∑

k=0

(p
k

)
(−1)k

(
A(Ap−kMBk)− (Ap−kMBk)B

)

=
p∑

k=0

(p
k

)
(−1)k

(
Ap−k+1MBk −Ap−kMBk+1)

=
p∑

k=0

(p
k

)
(−1)kAp−k+1MBk

−
p∑

k=0

(p
k

)
(−1)kAp−kMBk+1

=
j=k+1

p∑

k=0

(p
k

)
(−1)kAp+1−kMBk

−
p+1∑

j=1

( p

j − 1

)
(−1)j−1Ap−j+1MBj

=
p+1∑

k=0

(p
k

)
(−1)kAp+1−kMBk

−
p+1∑

k=0

( p

k − 1

)
(−1)k−1Ap−k+1MBk

=
p+1∑

k=0

((p
k

)
+
( p

k − 1

))
(−1)kA(p+1)−kMBk,

p+ 1.

p

A B p, q ∈ N∗
Ap = 0 Bq = 0. M ∈ n(C)

fp+q(M)

=
p+q∑

k=0

(p+ q

k

)
(−1)kAkMBp+q−k

=
p∑

k=0

(p+ q

k

)
(−1)kAkMBp+q−k

+
q∑

k=p+1

(p+ q

k

)
(−1)kAkMBp+q−k

=
( p∑

k=0

(p+ q

k

)
(−1)kAkMBp−k

)
Bq

+Ap
( p+q∑

k=p+1

(p+ q

k

)
(−1)kAk−pMBp+q−k

)

= 0.

fp+q = 0 f

2n = MM−1

=

(
A B
C D

)(
E F
G H

)
=

(
AE +BG AF +BH
CE +DG CF +DH

)
,

AE +BG = n CE +DG = 0.

X ∈ (E)

X = nX = (AE +BG)X = A(EX︸︷︷︸
= 0

) +BGX = BGX,

0 = (CE +DG)X = C(EX︸︷︷︸
= 0

) +DGX = DGX,

GX ∈ (D)



f : (E) −→ (D), X .−→ GX

α ∈ K, X1, X2 ∈ (E)

f(αX1 +X2) = G(αX1 +X2)

= αGX1 +GX2 = αf(X1) + f(X2).

X ∈ (E)

X ∈ (f) ⇐⇒ f(X) = 0

⇐⇒ GX = 0 =⇒ B(GX) = 0 ⇐⇒ X = 0.

(f) = {0}, f

(E) = (f)
︸ ︷︷ ︸

= 0

+ (f)

= (f) # (D).

(E) = n− (E) " n− (D) = (D).

(E) " (D)

M−1M = 2n

EB + FD = 0 GB +HD = n

g : (D) −→ (E), Y .−→ BY

(D) " (E)

(D) = (E).



B C D E F G f ∈ L(E,F )
g ∈ L(F,G)

B,D(g ◦ f) = C,D(g) B,C(f).

B,B′ E x ∈ E X = B(x), X ′ = B′(x) P
B B′ X ′ = PX

B,B′ E f ∈ L(E) A = B(f), A′ = B′(f) P
B B′ A′ = P−1AP.

A =

(

1 1
1 0

)

, f : 2(R) −→ 2(R), M -−→ AM −MA

A f

n ∈ N∗ f : P -−→ P ′+P R Rn[ ]

A ∈ n,p(K) (A) = p−
(

(A)
)

α ∈ K, A ∈ n,p(K) (αA) = (A)

A, B ∈ n(K) (AB) = n ⇐⇒ (A) = (B) = n

A,B ∈ n(K), f : n(K) −→ n(K), M −→ AMB
f n(K)

f−1 : n(K) −→ n(K), N -−→ A−1NB−1.

E, F K f ∈ L(E,F ), g ∈ L(F,E)
g ◦ f = E f g g = f−1



X X ′ X = PX ′

A f f 2(R)
4 2

A ̸= 0 f(A) = A2 −A2 = 0 = f(0) f

f Rn[ ]
k ∈ {0, ..., n} f( k) = (k + 1) k f
Rn[ ]

f R Rn[ ]

α = 0 A ̸= 0

α ̸= 0

(AB) = n ⇐⇒ AB ∈ n(K) ⇐⇒ (A,B) ∈
(

n(K)
)2 ⇐⇒ (A) = (B) = n.

A B AB
AB C ∈ n(K) (AB)C = n

A(BC) = n A B

f n(K)

(M,N) ∈
(

n(K)
)2

f(M) = N ⇐⇒ AMB = N ⇐⇒ M = A−1NB−1,

f f−1 : n(K) −→ n(K), N -−→ A−1NB−1.

B E B′ F A = B,B′(f), B = B′,B(g) ∈ n(K).

g ◦ f = E BA = n AB = n f ◦ g = F

f g g = f−1



K

n n

(A)
A ∈ n(K)

A (A) = (A)A = (A) n.



0

➟

(a, b, c) ∈ K3

D =

∣∣∣∣∣∣

0 a b
−a 0 c
−b −c 0

∣∣∣∣∣∣
.

D = −(−a)
∣∣∣∣
a b
−c 0

∣∣∣∣− b

∣∣∣∣
a b
0 c

∣∣∣∣ = abc− abc = 0.

(a, b, c, d) ∈ K4

D =

∣∣∣∣∣∣∣∣

1 a b ab
1 c b cb
1 a d ad
1 c d cd

∣∣∣∣∣∣∣∣

.

L4 ←− L4 − L2, L3 ←− L3 − L1, L2 ←− L2 − L1

D =

∣∣∣∣∣∣∣∣

1 a b ab
0 c− a 0 b(c− a)
0 0 d− b a(d− b)
0 0 d− b c(d− b)

∣∣∣∣∣∣∣∣

= 1 · (c− a)

∣∣∣∣
d− b a(d− b)
d− b c(d− b)

∣∣∣∣ = (c− a)(d− b)2
∣∣∣∣
1 a
1 c

∣∣∣∣

= (c− a)2(d− b)2.

n

0

0



➟

n ∈ N∗

Dn =

∣∣∣∣∣∣∣∣∣

1 1 . . . 1
1 0 . . . 0

(0)
1 0 . . . 0

∣∣∣∣∣∣∣∣∣
[n]

.

n " 3 C2 = C3 Dn = 0

n # 2 D1 = 1, D2 =

∣∣∣∣
1 1
1 0

∣∣∣∣ = −1.

n ∈ N∗

Dn =

∣∣∣∣∣∣∣

1 (1)

(0) n

∣∣∣∣∣∣∣
.

Dn = 1 · 2 · · ·n = n! .

n ∈ N∗ a ∈ K

D =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a 1 . . . 1 1

1 a (1) 1

1 (1) a 1
1 1 . . . 1 a

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
[n]

.

D =
C1←−C1+C2+···+Cn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a+ n− 1 1 . . . 1 1

a+ n− 1 a (1) 1

a+ n− 1 (1) a 1
a+ n− 1 1 . . . 1 a

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
[n]

=
Li←−Li−L1, i=2,...,n

∣∣∣∣∣∣∣∣∣∣∣∣∣

a+ n− 1 1 1 . . . 1
0 a− 1 0 . . . 0

0

0 (0) 0
0 0 . . . 0 a− 1

∣∣∣∣∣∣∣∣∣∣∣∣∣
[n]

= (a+ n− 1)(a− 1)n−1.



n ∈ N∗

Dn

1

Dn = (−1)n+1Dn−1

= (−1)n−1Dn−1 n+ 1 n− 1

= (−1)n−1(−1)n−2Dn−2

= . . .

= (−1)n−1(−1)n−2 . . . (−1)1D1 = (−1)1+2+···+(n−1)

= (−1)
(n−1)n

2

n ∈ N− {0, 1}, a ∈ C∗.

A =
(
a (i,j))

1"i,j"n
∈ n(C).

(A)

(A) =

∣∣∣∣∣∣∣∣∣∣∣

a a a . . . a
a a2 a2 . . . a2

a a2 a3 . . . a3

a a2 a3 . . . an

∣∣∣∣∣∣∣∣∣∣∣
[n]

=
Li←Li−Li−1

i=n,...,2

∣∣∣∣∣∣∣∣∣∣∣

a a a . . . a
0 a2 − a a2 − a . . . a2 − a
0 0 a3 − a2 . . . a3 − a2

0 0 0 . . . an − an−1

∣∣∣∣∣∣∣∣∣∣∣
[n]

= a(a2 − a)(a3 − a2) · · · (an − an−1)

= a
[
a(a− 1)

][
a2(a− 1)

]
· · ·
[
an−1(a− 1)

]

= a1+(1+···+(n−1))(a− 1)n−1

= a1+
(n−1)n

2 (a− 1)n−1

= a
n2−n+2

2 (a− 1)n−1.

n ∈ N∗, a, b, c ∈ K.

Dn =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a b 0 . . . 0

c a (0)

0 0

(0) a b
0 . . . 0 c a

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
[n]

.

Dn+2 Dn+1 Dn

Dn+2 = aDn+1−b

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

c b 0 . . . . . . 0

0 a b (0)

0 c a

(0) a b
0 . . . . . . . . . c a

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
[n+1]

= aDn+1−bcDn.



A

A.

n ∈ N∗, A ∈ n(R)
A2 = A− n. (A)

A2 −A+ n = 0,

A3 + n = (A+ n)(A2 −A+ n) = 0,

A3 = − n.
(

(A)
)3

= (A3) = (− n) = (−1)n = (−1)3n.
R −→ R, x .−→ x3

(A) = (−1)n.

(

A B
0 C

)

= (A) (C)

A C

A ∈ n(K) B,C,D ∈ n(K)
AB = BA

(
A B
C D

)
= (AD −BC).

(
A B
C D

)(
n −B
0 A

)
=

(
A 0
C AD −BC

)
,

(
A B
C D

) (
n −B
0 A

)
=

(
A 0
C AD −BC

)
.

(
n −B
0 A

)
= ( n) (A) = (A),

(
A 0
C AD −BC

)
= (A) (AD −BC).

A (A) ̸= 0 (A)(
A B
C D

)
= (AD −BC).



E

f E.
➟

n ∈ N∗

f : Rn[ ] −→ Rn[ ], P .−→ P ′ + P.

f Rn[ ] Rn[ ]
f f Rn[ ]

f(1) = 1
∀k ∈ {1, ..., n}, f( k) = k k−1 + k = (k + 1) k,

A f (1, , ..., n) Rn[ ]
A = (1, 2, ..., n+ 1).

A

(A) = 1 · 2 · · · (n+ 1) = (n+ 1)!

(f) = (n+ 1)! .

A n

(A) (A)
A

A (A) = (A)A = (A) n,

A

(A) A−1 A−1 =
1

(A)
(A).

➟

n ∈ N∗, A ∈ n(R)
A3 = n

(A) = A2.

A (A) = (A)A = (A) n.

(A) = A3 (A) = A2( (A) n
)
= (A)A2.

(
(A)
)3

= (A3) = ( n) = 1,

(A) ∈ R (A) = 1

(A) = A2.



(a, b, c) ∈ K3

∣
∣
∣
∣
∣
∣

a b ab
a c ac
b c bc

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

1 a bc
1 b ca
1 c ab

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

1 1 1
a2 b2 c2

a3 b3 c3

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

2a a− b− c 2a
b− c− a 2b 2b

2c 2c c− a− b

∣
∣
∣
∣
∣
∣

.

a, b, c, d, x ∈ K

∣
∣
∣
∣
∣
∣
∣
∣

a b c b
b a b c
c b a b
b c b a

∣
∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣
∣

(1 + x)2 (2 + x)2 (3 + x)2 (4 + x)2

22 32 42 52

32 42 52 62

42 52 62 72

∣
∣
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
∣
∣

1 a a2 b+ c+ d
1 b b3 c+ d+ a
1 c c4 d+ a+ b
1 d d5 a+ b+ c

∣
∣
∣
∣
∣
∣
∣
∣

n(R)

n ∈ N∗. f : n(R) −→ n(R), M -−→ f(M) = M.

f ∈ L
(

n(R)
)

.

(f), (f), (f).

n

n ∈ N∗, a1, ..., an, x, a, b ∈ K
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 n n . . . n
n 2 n . . . n
n n 3 . . . n

n n n . . . n

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
[n]

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

a1 a2 a3 . . . an
a1 a1 + a2 − x a3 . . . an
a1 a2 a2 + a3 − x . . . an

a1 a2 a3 . . . an−1 + an − x

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
[n]



(

a (i,j)
)

1"i,j"n
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

x+ a1 a1 a1 . . . a1
a2 x+ a2 a2 . . . a2
a3 a3 x+ a3 . . . a3

an an an . . . x+ an

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
[n]

(

(ij + i+ j)1"i,j"n

)

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 −1 0 . . . 0

a b (0)

a2 ab 0

b −1
an an−1b . . . ab b

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

[n+1]
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1 + a2 a 0 . . . 0

a 1 + a2 (0)

0 0

(0) 1 + a2 a
0 . . . 0 a 1 + a2

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

[n]

n ∈ N∗, A = (aij)ij ∈ n(K) B =
(

(−1)i+jaij
)

ij
∈ n(K).

(B) = (A).

n

n a1, ..., an, x ∈ K

D =

∣
∣
∣
∣
∣
∣
∣
∣
∣

a21 + x a1a2 . . . a1an
a2a1 a22 + x . . . a2an

ana1 ana2 . . . a2n + x

∣
∣
∣
∣
∣
∣
∣
∣
∣
[n]

.

n ∈ N∗, A = (aij)ij ∈ n(R)
⎧

⎨

⎩

∀i ∈ {1, ..., n}, aii ∈ 2Z

∀(i, j) ∈ {1, ..., n}2,
(

i ̸= j =⇒ aij ∈ 2Z+ 1
)

.

n+ (A) ∈ 2Z+ 1.

n A



n ∈ N∗, A,B ∈ n(R) AB = BA, (p, q) ∈ R2 p2 − 4q # 0.

(A2 + pAB + qB2) " 0.

n ∈ N− {0, 1} x1, ..., xn ∈ K

D =

∣
∣
∣
∣
∣
∣
∣

1 x1 . . . xn−2
1 x2 · · ·xn

1 xn . . . xn−2
n x1 · · ·xn−1

∣
∣
∣
∣
∣
∣
∣
[n]

.

n ∈ N− {0, 1}, A =

⎛

⎜
⎝

1 + n (1)

(1) 1 + n

⎞

⎟
⎠ ∈ n(R).

A A−1 A.

(A).

(A).

n ∈ N− {0, 1}, A ∈ n(K)

⎧

⎪
⎪
⎨

⎪
⎪
⎩

(A) = n =⇒
(

(A)
)

= n

(A) = n− 1 =⇒
(

(A)
)

= 1

(A) # n− 2 =⇒
(

(A)
)

= 0.



0

0

0

0.

s = a + b + c + d,

f n(R)
n(R)

n(R).

Cj ←− Cj−Cn j = 1, ..., n−1,

Li ←− Li − L1 i = 2, ..., n

Li ←− Li−Li+1 i = 1, ..., n−1

Cj ←− Cj − C1 j = 2, ..., n
0 x −x

L1 ←− L1 +
n∑

i=2

Li,

Dn+1

Dn+1 Dn

Dn

n−1
(Dn)n

B = DAD, D(
(−1)i

)
1"i"n

.

B = ( 1, ..., n)

n,1(R) A =

⎛

⎜
⎝

a1

an

⎞

⎟
⎠ ,

1, ..., n, A.

B.

2.

2 + p + q C[ ].

i, i
xi,

A n

U ∈ n(R) 1.
U2 = nU

A,
A A−1.

C1 ←− C1 + C2 + · · · + Cn,
Cj ←− Cj − C1 j = 2, ..., n,

A
(A) A−1

(A) = n, (A) = n− 1, (A) # n− 2.

(A) = n,
A.

(A) = n − 1,(
(A)
)

= 1
A (A) = (A)(

(A)
)
⊂ (A).

(A) # n− 2, (A) = 0.



∣∣∣∣∣∣

a b ab
a c ac
b c bc

∣∣∣∣∣∣

=
L2 ←− L2 − L1

L3 ←− L3 − L2

∣∣∣∣∣∣

a b ab
0 c− b a(c− b)

b− a 0 (b− a)c

∣∣∣∣∣∣

= (c− b)(b− a)

∣∣∣∣∣∣

a b ab
0 1 a
1 0 c

∣∣∣∣∣∣

= ac(c− b)(b− a).

∣∣∣∣∣∣

1 a bc
1 b ca
1 c ab

∣∣∣∣∣∣

=
L2 ←− L2 − L1

L3 ←− L3 − L1

∣∣∣∣∣∣

1 a bc
0 b− a c(a− b)
0 c− a b(a− c)

∣∣∣∣∣∣

= (b− a)(c− a)

∣∣∣∣∣∣

1 a bc
0 1 −c
0 1 −b

∣∣∣∣∣∣

= (b− a)(c− a)

∣∣∣∣
1 −c
1 −b

∣∣∣∣

= (a− b)(b− c)(c− a).

∣∣∣∣∣∣

1 1 1
a2 b2 c2

a3 b3 c3

∣∣∣∣∣∣

=
C2 ← C2 − C1

C3 ← C3 − C1

∣∣∣∣∣∣

1 0 0
a2 b2 − a2 c2 − a2

a3 b3 − a3 c3 − a3

∣∣∣∣∣∣

= (b− a)(c− a)

∣∣∣∣∣∣

1 0 0
a2 b+ a c+ a
a3 b2 + ba+ a2 c2 + ca+ a2

∣∣∣∣∣∣

= (b− a)(c− a)

∣∣∣∣
b+ a c+ a

b2 + ba+ a2 c2 + ca+ a2

∣∣∣∣

=
L2←L2−aL1

(b− a)(c− a)

∣∣∣∣
b+ a c+ a
b2 c2

∣∣∣∣

=
C2←C2−C1

(b− a)(c− a)

∣∣∣∣
b+ a c− b
b2 c2 − b2

∣∣∣∣

= (b− a)(c− a)(c− b)

∣∣∣∣
b+ a 1
b2 c+ b

∣∣∣∣

= (b− a)(c− a)(c− b)(ab+ ac+ bc).

∣∣∣∣∣∣

2a a− b− c 2a
b− c− a 2b 2b

2c 2c c− a− b

∣∣∣∣∣∣

=
C2 ← C2 − C1

C3 ← C3 − C1

∣∣∣∣∣∣

2a −(a+ b+ c) 0
b− c− a a+ b+ c a+ b+ c

2c 0 −(a+ b+ c)

∣∣∣∣∣∣

= (a+ b+ c)2

∣∣∣∣∣∣

2a −1 0
b− c− a 1 1

2c 0 −1

∣∣∣∣∣∣

=
L1 ← L1 + L2 + L3

L2 ← L2 + L3

(a+ b+ c)2

∣∣∣∣∣∣

a+ b+ c 0 0
b+ c− a 1 0

2c 0 −1

∣∣∣∣∣∣

= −(a+ b+ c)3.

∣∣∣∣∣∣∣∣

a b c b
b a b c
c b a b
b c b a

∣∣∣∣∣∣∣∣

=
C3 ←− C3 − C1

C4 ←− C4 − C2

∣∣∣∣∣∣∣∣

a b c− a 0
b a 0 c− a
c b a− c 0
b c 0 a− c

∣∣∣∣∣∣∣∣

=
L1 ←− L1 + L3

L2 ←− L2 + L4

∣∣∣∣∣∣∣∣

a+ c 2b 0 0
2b a+ c 0 0
c b a− c 0
b c 0 a− c

∣∣∣∣∣∣∣∣

= (a− c)2
∣∣∣∣
a+ c 2b
2b a+ c

∣∣∣∣

= (a− c)2
(
(a+ c)2 − (2b)2

)

= (a− c)2(a+ c− 2b)(a+ c+ 2b).

∣∣∣∣∣∣∣∣

(1 + x)2 (2 + x)2 (3 + x)2 (4 + x)2

22 32 42 52

32 42 52 62

42 52 62 72

∣∣∣∣∣∣∣∣

=
Cj ←− Cj − Cj−1,

j = 2, 3, 4

∣∣∣∣∣∣∣∣

(1 + x)2 2x+ 3 2x+ 5 2x+ 7
22 5 7 9
32 7 9 11
62 9 11 13

∣∣∣∣∣∣∣∣



=
Cj ←− Cj − Cj−1,

j = 3, 4

∣∣∣∣∣∣∣∣

(1 + x)2 2x+ 3 2 2
22 5 2 2
32 7 2 2
42 9 2 2

∣∣∣∣∣∣∣∣

= 0.

s = a+ b+ c+d C1, C2, C3, C4

S =

⎛

⎜⎜
⎝

b+ c+ d
c+ d+ a
d+ a+ b
a+ b+ c

⎞

⎟⎟
⎠ =

⎛

⎜⎜
⎝

s− a
s− b
s− c
s− d

⎞

⎟⎟
⎠ = s

⎛

⎜⎜
⎝

1
1
1
1

⎞

⎟⎟
⎠−

⎛

⎜⎜
⎝

a
b
c
d

⎞

⎟⎟
⎠ = sC1 −C2.

α ∈ R A,B ∈ n(R)

f(αA+B) = (αA+B) = α A+ B = αf(A) + f(B),

f ∈ L
(

n(R)
)
.

n(R) n(R)

n(R)
(

n(R)
)
=

n(n+ 1)

2
,

(
n(R)

)
=

n(n− 1)

2
.

B n(R)
n(R) n(R)

f

D = (1, ..., 1,−1, ...,−1)
n(n+ 1)

2

1
n(n− 1)

2
−1.

(f) = n2, (f) =
n(n+ 1)

2
−

n(n− 1)

2
= n,

(f) = 1
n(n+1)

2 (−1)
n(n−1)

2 = (−1)
n(n−1)

2 .

∣∣∣∣∣∣∣∣∣∣∣

1 n n . . . n
n 2 n . . . n
n n 3 . . . n

n n n . . . n

∣∣∣∣∣∣∣∣∣∣∣
[n]

=
Cj ←− Cj − Cn,
j = 1, ..., n− 1

∣∣∣∣∣∣∣∣∣∣∣∣∣

1− n 0 0 . . . 0 n
0 2− n 0 . . . 0 n
0 0 3− n . . . 0 n

0 0 0 . . . −1 n
0 0 0 . . . 0 n

∣∣∣∣∣∣∣∣∣∣∣∣∣
[n]

= (1− n)(2− n) · · · (−1)n = (−1)n−1n! .

∣∣∣∣∣∣∣∣∣∣∣

a1 a2 a3 . . . an
a1 a1 + a2 − x a3 . . . an
a1 a2 a2 + a3 − x . . . an

a1 a2 a3 . . . an−1 + an − x

∣∣∣∣∣∣∣∣∣∣∣

=
Li ←− Li − L1,

i = 2, ..., n

∣∣∣∣∣∣∣∣∣∣∣

a1 a2 a3 . . . an
0 a1 − x 0 . . . 0
0 0 a2 − x 0

0
0 . . . . . . 0 an−1 − x

∣∣∣∣∣∣∣∣∣∣∣

= a1(a1 − x)(a2 − x) · · · (an−1 − x).

(
a (i,j))

1"i,j"n

=

∣∣∣∣∣∣∣∣∣∣∣

a a2 a3 . . . an

a2 a2 a3 . . . an

a3 a3 a3 . . . an

an an an . . . an

∣∣∣∣∣∣∣∣∣∣∣

=
Li ← Li − Li+1,
i = 1, ..., n− 1

∣∣∣∣∣∣∣∣∣∣∣

a− a2 0 . . . 0 0
a2 − a3 . . . 0 0

. . . an−1 − an 0
an

∣∣∣∣∣∣∣∣∣∣∣

= (a− a2)(a2 − a3) · · · (an−1 − an)an

=
(
a(1− a)

)(
a2(1− a)

)
· · ·
(
an−1(1− a)

)
an

= a1+2+···+n(1− a)n−1 = a
n(n+1)

2 (1− a)n−1.

∣∣∣∣∣∣∣∣∣∣∣

x+ a1 a1 a1 . . . a1
a2 x+ a2 a2 . . . a2
a3 a3 x+ a3 . . . a3

an an an . . . x+ an

∣∣∣∣∣∣∣∣∣∣∣

=
Cj ←− Cj − C1,

j = 2, ..., n

∣∣∣∣∣∣∣∣∣∣∣

x+ a1 −x −x . . . −x
a2 x 0 . . . 0
a3 0 x . . . 0

an 0 0 . . . x

∣∣∣∣∣∣∣∣∣∣∣

=
L1←−L1+(L2+···+Ln)

∣∣∣∣∣∣∣∣∣∣∣∣∣

x+ a1 + · · ·+ an 0 0 . . . 0
a2 x 0 . . . 0

a3 0 x

0
an 0 . . . 0 x

∣∣∣∣∣∣∣∣∣∣∣∣∣

= xn−1
(
x+

n∑

i=1

ai

)
.

j ∈ {1, ..., n}, Cj j
j ∈ {1, ..., n}

Cj =
(
ij + i+ j

)
1"i"n

=
(
i(j + 1) + j

)
1"i"n

= (j + 1)

⎛

⎜
⎝

1

n

⎞

⎟
⎠+ j

⎛

⎜
⎝

1

1

⎞

⎟
⎠ .

Cj

j



n " 3,

n = 1, 3

n = 2,

∣∣∣∣
3 5
5 8

∣∣∣∣ = −1.

Dn+1 n+1

Dn+1 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 −1 0 . . . 0

a b (0)

a2 ab 0

b −1
an an−1b . . . ab b

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
[n+1]

= bDn +

∣∣∣∣∣∣∣∣∣∣∣∣∣

1 −1 0 . . . 0

a b (0)

0
an−2 an−3b . . . b −1
an an−1b . . . . . . ab

∣∣∣∣∣∣∣∣∣∣∣∣∣
[n]

.

a
Dn

Dn+1 = bDn + aDn = (a+ b)Dn.

Dn+1 = (a+ b)nD1 = (a+ b)n.

Dn

n " 3

Dn = (1 + a2)Dn−1 − a2Dn−2.

D0 = 1 D1 = 1+a2 D2 = (1+a2)2−a2,

n = 2

Dn −Dn−1 = a2(Dn−1 −Dn−2),

Dn −Dn−1 = (a2)n−1(D1 −D0) = a2n,

Dn = a2n + a2n−2 + · · ·+ a2 +D0 = a2n + · · ·+ a2 + 1.

a2 ̸= 1 Dn =
1− a2n+2

1− a2
.

a2 = 1 Dn = n+ 1

B = (bij)ij ,

(B) =
∑

σ∈Sn

ε(σ)bσ(1),1 · · · bσ(n),n

=
∑

σ∈Sn

ε(σ)(−1)σ(1)+1aσ(1),1 · · · (−1)σ(n)+naσ(n),n

=
∑

σ∈Sn

ε(σ)(−1)
(
σ(1)+···+σ(n)

)
+(1+···+n)aσ(1),1 · · · aσ(n),n

=
∑

σ∈Sn

ε(σ)(−1)2(1+···+n)aσ(1),1 · · · aσ(n),n

=
∑

σ∈Sn

ε(σ)aσ(1),1 · · · aσ(n),n = (A).

∀(i, j) ∈ {1, ..., n}2, bij = (−1)iaij(−1)j .

B B = DAD, D
D =

(
(−1)i

)
1"i,j"n

.

(B) = (DAD) = (D) (A) (D)

=
(

(D)
)2

(A) =
( n∏

i=1

(−1)i
)2

(A) = (A).

B = ( 1, ..., n) n,1(R)
Cj j D

j = 1, ..., n A =

⎛

⎜
⎝

a1

an

⎞

⎟
⎠ .

D =

∣∣∣∣∣∣∣∣∣

a21 + x a1a2 . . . a1an
a2a1 a22 + x . . . a2an

ana1 ana2 . . . a2n + x

∣∣∣∣∣∣∣∣∣

= B
(
a1A+ x 1, . . . , anA+ x n).

n+ 1

D = B(x 1, ..., x n) +
n∑

j=1

B(x 1, ..., ajA, ..., x n)

= xn + xn−1
n∑

j=1

aj B( 1, ..., A, ..., n).

j ∈ {1, ..., n}
n

j



B( 1, ..., A, ..., n)

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 0 . . . 0 a1 0 . . . . . . 0

0 (0)

(0) 0 (0)

0 . . . 0 1
0 . . . . . . 0 aj 0 . . . . . . 0

1 0 . . . 0

(0) 0 (0)

(0) 0
0 . . . . . . 0 an 0 . . . 0 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
[n]

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 . . . . . . 0 a1

0 (0)

0

(0) 1
0 . . . . . . 0 aj

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
[j]

= 1.

D = xn + xn−1
n∑

j=1

a2j .

2.

M = (mij)ij ∈ n(Z/2Z)
n Z/2Z mij aij
2.

2

(A) ≡

∣∣∣∣∣∣∣∣∣∣∣

0 1 . . . 1

1 (1)

(1) 1
1 . . . 1 0

∣∣∣∣∣∣∣∣∣∣∣
[n]

=
C1←−C1+C2+···+Cn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

n− 1 1 . . . . . . 1

0 1 (1)

1

(1) 0 1
n− 1 1 . . . 1 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
[n]

= (n− 1)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 . . . . . . 1

0 1 (1)

1

(1) 0 1
1 1 . . . 1 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
[n]

=
Cj ←− Cj − C1,

j = 2, ..., n

(n− 1)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 0 . . . . . . 0

−1 0 (0)

0

(0) −1 0
1 0 . . . 0 −1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
[n]

= (n− 1)(−1)n−1.

n+ (A) ≡
[2]

n+ (n− 1)(−1)n−1

≡
[2]

n+ (n− 1) = 2n− 1 ≡
[2]

1.

n+ (A)

n n + (A)
(A)

A

p2− 4q # 0, 2 + p + q
p2 − 4q = 0,

p2 − 4q < 0 z ∈ C
2 + p + q = ( − z)( − z).

z + z = −p zz = q.

(A− zB)(A− zB) = A2 − zBA− zAB + zzB2

= A2 − (z + z)AB + zzB2 = A2 + pAB + qB2,

(A2 + pAB + qB2) =
(
(A− zB)(A− zB)

)

= (A− zB) (A− zB)

= (A− zB) (A− zB) =
∣∣ (A− zB)

∣∣2 " 0.

σn = x1 · · ·xn,

i ∈ {1, ..., n}, i
D xi

x1 · · ·xnD = x1 · · ·xn

∣∣∣∣∣∣∣∣

1 x1 . . . xn−2
1 x2 · · ·xn

1 xn . . . xn−2
n x1 · · ·xn−1

∣∣∣∣∣∣∣∣
[n]

=

∣∣∣∣∣∣∣∣

x1 x2
1 . . . xn−1

1 σn

xn x2
n . . . xn−1

n σn

∣∣∣∣∣∣∣∣
[n]

= σn

∣∣∣∣∣∣∣∣

x1 x2
1 . . . xn−1

1 1

xn x2
n . . . xn−1

n 1

∣∣∣∣∣∣∣∣
[n]

.

c =

(
1 2 . . . n
n 1 . . . n− 1

)

n− 1
ε(c) = (−1)n−1,

σnD = x1 · · ·xnD = σn(−1)n−1 (x1, ..., xn).



x1, ..., xn

D = (−1)n−1 (x1, ..., xn).

x1 = 0.
D

D =

∣∣∣∣∣∣∣∣∣∣

1 x1 . . . xn−1
1 x2 · · ·xn

1 x2 . . . xn−1
2 0

1 xn . . . xn−1
n 0

∣∣∣∣∣∣∣∣∣∣
[n]

= (−1)n+1x2 · · ·xn (x2, ..., xn)
= (−1)n−1(x2 − 0) · · · (xn − 0) (x2, ..., xn)

= (−1)n−1 (0, x2, ..., xn) = (−1)n−1 (x1, x2, ..., xn).
(x1, ..., xn) ∈ Kn

D = (−1)n−1 (x1, ..., xn).

U n
1, A = n n + U.

U2 = nU, (A − n n)2 = n(A − n n)
A2 − 3nA+ 2n2

n = 0,

A
(
−

1

2n2
(A− 3n n)

)
= n,

(
−

1

2n2
(A− 3n n)

)
A = n.

A

A−1 = −
1

2n2
(A− 3n n).

(A) =

∣∣∣∣∣∣∣

1 + n (1)

(1) 1 + n

∣∣∣∣∣∣∣

=
C1←−C1+C2+···+Cn

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2n 1 . . . . . . 1

2n 1 + n (1)

1

(1) 1
2n 1 . . . 1 1 + n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
[n]

= 2n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 . . . . . . 1

1 1 + n (1)

1

(1) 1
1 1 . . . 1 1 + n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
[n]

=
Cj ←− Cj − C1,

j = 2, ..., n

2n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 0 . . . . . . 0

1 n (0)

0

(0) 0
1 0 . . . 1 n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
[n]

= 2nnn−1 = 2nn.

A

A−1 =
1

(A)
(A),

(A) = (A) A−1

= 2nn
(
−

1

2n2
(A− 3n n)

)
= −nn−2(A− 3n n).

(A) = n A (A) ̸= 0
( 1

(A)
A
)

(A) = n, (A)

(A)(
(A)
)
= n

(A) = n− 1

A (A) = (A) n = 0,

(
(A)
)
⊂ (A),

(
(A)
)
=

(
(A)
)
# (A).

(A) = n−1
n − 1 A

A (A) ̸= 0(
(A)
)
" 1.

(
(A)
)
= 1.

(A) # n − 2, (A)

n− 1 A (A) = 0(
(A)
)
= 0.



α ∈ K A ∈ n(K) (αA) = α (A)

A (A) ̸= 0

(A−1) =
1

(A)

B A
A (B) = − (A)

f K E
f ∈ GL(E) ⇐⇒ (f) ̸= 0

f K E h E
(h ◦ f ◦ h−1) = (f)



(αA) = αn (A).

B A (B) = − (A)

B A
(B) = (A) (B) = − (A)

A ∈ n(K)

(A) = ( A) = (−A) = (−1)n (A) = − (A)

2 (A) = 0 2 (A) = 0.

C1 ←− 2C1 1
2

C1 C1 +C2 C2 C1 +C2

C1

(h ◦ f ◦ h−1) = (h) (f) (h−1) = (h) (f)
1

(h)
= (f).



E2 E3

2 3

E3

O(E), SO(E), n(R), n(R)

E3



E×E −→ R
➟

n ∈ N∗ E = Rn[ ]
ϕ : E × E −→ R

(P,Q) ∈ E × E

ϕ(P,Q) =
n∑

k=0

P (k)Q(k).

ϕ

E

(P,Q) ∈ E × E

ϕ(Q,P ) =
n∑

k=0

Q(k)P (k) =
n∑

k=0

P (k)Q(k) = ϕ(P,Q),

ϕ

α ∈ R, P,Q,R ∈ E

ϕ(P, αQ+R) =
n∑

k=0

P (k)(αQ+R)(k) =
n∑

k=0

P (k)
(
αQ(k) +R(k)

)

= α

n∑

k=0

P (k)Q(k) +
n∑

k=0

P (k)R(k) = αϕ(P,Q) + ϕ(P,R),

ϕ

ϕ
ϕ

P ∈ E ϕ(P, P ) =
n∑

k=0

(
P (k)

)2
" 0.

P ∈ E ϕ(P, P ) = 0
n∑

k=0

(
P (k)

)2
︸ ︷︷ ︸

#0

= 0,

∀k ∈ {0, ..., n}, P (k) = 0. P # n
n + 1 0, 1, ..., n

P = 0

ϕ E

x

||x||2 (x |x)

➟



E = C([0 ; 2π], R)

(f, g) .−→ (f | g) =
∫ 2π

0
fg,

||f ||

f : [0 ; 2π] −→ R, x .−→ x.

||f || = (f | f)1/2 =
(∫ 2π

0

2 x x
)1/2

.

∫ 2π

0

2 x x =

∫ 2π

0

1 + 2x

2
x =

[x
2
+

2x

4

]2π

0
= π,

||f || =
√
π.

(
E, (. | .)

)

n ∈ N∗, (e1, ..., en)

E x ∈ E y =
n∑

i=1

(ei |x)2ei.

∀k ∈ {1, ..., n}, (ek | y) " 0.

k ∈ {1, ..., n}

(ek | y) =
(
ek

∣∣∣
n∑

i=1

(ei |x)2ei
)

=
n∑

i=1

(ei |x)2 (ek | ei)
︸ ︷︷ ︸

= 0 i ̸=k

= (ek |x)2||ek||2 " 0.

E

F⊥ F E
F⊥ =

{

y ∈ E ; ∀f ∈ F, (f | y) = 0
}

.

F ⊂ F⊥⊥, F ⊂ G =⇒ G⊥ ⊂ F⊥.

➟

E F

E F ⊕ F⊥ = E

F = F⊥⊥.

x ∈ F

F⊥ ∀y ∈ F⊥, (x | y) = 0,

F⊥⊥ x ∈ F⊥⊥

F ⊂ F⊥⊥



x ∈ F⊥⊥

F ⊕ F⊥ = E u ∈ F, v ∈ F⊥ x = u+ v

v = x− u, x ∈ F⊥⊥, u ∈ F ⊂ F⊥⊥

F⊥⊥ E v ∈ F⊥⊥

v ∈ F⊥ ∩ F⊥⊥ = {0} v = 0 x = u+ v = u ∈ F

F⊥⊥ ⊂ F.

F = F⊥⊥.

x E

(. | .)
||.||

||x||2 = 0

∀y ∈ E, (x | y) = 0.

➟

E
n ∈ N∗ (e1, ..., en)

E x ∈ E

||x||2 #
n∑

i=1

(ei |x)2.

x =
n∑

i=1

(ei |x)ei.

∣∣∣
∣∣∣x−

n∑

i=1

(ei |x)ei
∣∣∣
∣∣∣
2

= ||x||2 − 2
(
x
∣∣∣

n∑

i=1

(ei |x)ei
)
+
∣∣∣
∣∣∣

n∑

i=1

(ei |x)ei
∣∣∣
∣∣∣
2

= ||x||2 − 2
n∑

i=1

(ei |x)2 +
n∑

i=1

(ei |x)2

= ||x||2 −
n∑

i=1

(ei |x)2 # 0,

∣∣∣
∣∣∣x−

n∑

i=1

(ei |x)ei
∣∣∣
∣∣∣ = 0, x−

n∑

i=1

(ei |x)ei = 0,

x =
n∑

i=1

(ei |x)ei.

➟



n ∈ N∗, a1, ..., an ∈ R

( n∑

i=1

ai

)2
# n

n∑

i=1

a2i .

Rn

u = (1, ..., 1) v = (a1, ..., an)

(u | v)2 # ||u||2||v||2,

( n∑

i=1

ai

)2
# n

n∑

i=1

a2i .

A ∈ n(R)
A n,1(R)

A 1,n(R)

AA = n

A A = n

A ∈ n(R) A = A−1

A

➟

A =

⎛

⎝
a a b
b a a
a b a

⎞

⎠ , (a, b) ∈ R2.

A ∈ 3(R) ⇐⇒

⎧
⎨

⎩

2a2 + b2 = 1

a2 + 2ab = 0
⇐⇒

⎧
⎨

⎩

2a2 + b2 = 1

a(a+ 2b) = 0

⇐⇒
(
⎧
⎨

⎩

a = 0

b2 = 1

⎧
⎨

⎩

a = −2b

9b2 = 1

)
.

⎛

⎝
0 0 1
1 0 0
0 1 0

⎞

⎠ ,

⎛

⎝
0 0 −1
−1 0 0
0 −1 0

⎞

⎠ ,

1

3

⎛

⎝
−2 −2 1
1 −2 −2
−2 1 −2

⎞

⎠ ,
1

3

⎛

⎝
2 2 −1
−1 2 2
2 −1 2

⎞

⎠ .

C ∈ n,1(R)− {0}.
α ∈ R∗

A = n + αC C

A ∈ n(R)

A ∈ n(R)⇐⇒ AA = n ⇐⇒ ( n + αC C)( n + αC C) = n

⇐⇒ ( n + αC C)( n + αC C) = n ⇐⇒ 2αC C + α2C CC C = 0.

CC = ||C||2 ∈ R,

A ∈ n(R) ⇐⇒ α(2 + α||C||2)C C = 0.

C C = 0

||C||2 = ( CC)2 = ( CC)( CC) = C(C C)C = 0,

C = 0

C C ̸= 0



A ∈ n(R) ⇐⇒ α(2 + α||C||2) = 0 ⇐⇒ α = −
2

||C||2
.

α −
2

||C||2
.

F E

F⊥, E
F F⊥.

(v1, ...vp) F
pF (x)

x E F pF (x) =
p

∑

k=1

(ek |x)ek.

➟

n ∈ N− {0, 1}
E = n(R)

F = n, (R)
G = ′

n, (R)

G = F⊥

F

M = (1)

1

F G E

A ∈ F, B ∈ G (A |B) = ( AB)

A A

A B
B AB

( AB) = 0

G ⊂ F⊥.

(G) =
n(n− 1)

2

(F⊥) = (E)− (F ) = n2 −
n(n+ 1)

2
=

n(n− 1)

2
.

G = F⊥.

M =

⎛

⎜
⎝

1 . . . 1

(1)
1 . . . 1

⎞

⎟
⎠ =

⎛

⎜
⎝

1 (1)

(0) 1

⎞

⎟
⎠

︸ ︷︷ ︸
∈F

+

⎛

⎜
⎝

0 (0)

(1) 0

⎞

⎟
⎠

︸ ︷︷ ︸
∈G

,

M F

s
F E

u ∈ E s(u) + u ∈ F s(u)− u ∈ F⊥.



A

R3

s a = (1, 1, 1)

u = (x, y, z) ∈ R3

s(u) + u ∈ Ra s(u)− u ⊥ a.

s(u) = (X, Y, Z) λ ∈ R

X + x = Y + y = Z + z = λ (X − x) + (Y − y) + (Z − z) = 0.

λ =
2

3
(x+ y + z),

X = λ− x =
1

3
(−x+ 2y + 2z) Y Z

A =
1

3

⎛

⎝
−1 2 2
2 −1 2
2 2 −1

⎞

⎠ .

E3

a ∧ (b ∧ c) = (a · c) b− (a · b) c.
➟

(u, v, w) ∈ E3
3

u ∧ (v ∧ w) = (u · w)v − (u · v)w.

v = 0

v ̸= 0 w v λ ∈ R w = λv
u ∧ (v ∧ w) = u ∧ 0 = 0

(u · w)v − (u · v)w = λ(u · v)v − λ(u · v)v = 0,

(v, w)

(I, J,K) E3 α, β, γ, a, b, c ∈ R
v = αI, w = βI + γJ, u = aI + bJ + cK.

v ∧ w = αγK,

u ∧ (v ∧ w) = (aI + bJ + cK) ∧ (αγK) = −aαγJ + bαγI,

(u · w)v − (u · v)w = (aβ + bγ)αI − (aα)(βI + γJ) = bγαI − aαγJ,

x, y E2 E3

x · y (̂x, y),
x ∧ y

➟



R2 α

−→x = (1, 3), −→y = (2, 1).

α =
−→x ·−→y
||x|| ||y||

=
1 · 2 + 3 · 1

√
12 + 32

√
22 + 12

=
5

5
√
2
=

1
√
2
.

[−→x , −→y ] =

∣∣∣∣
1 2
3 1

∣∣∣∣ = −5 < 0.

α = −
π

4
[2π].

E3

a, b, c ∈ E3 − {0}.
a′ = b ∧ c, b′ = c ∧ a, c′ = a ∧ b, v = ||a|| a′ + ||b|| b′ + ||c|| c′

v ̸= 0.

v a, b, c

(̂v, a) = (̂v, b) = (̂v, c).

(a, b, c, d) ∈ R4 A =
1

7

⎛

⎝

3 2 b
−2 −6 c
6 a d

⎞

⎠

E f : [−1 ; 1] −→ R C∞ [−1 ; 1]

∀n ∈ N, f (n)(−1) = f (n)(1) = 0.

E R (f, g) -−→ (f | g) =
∫ 1

−1
fg

E.

T : f -−→ f ′ E,
∀(f, g) ∈ E2,

(

T (f)
∣
∣ g

)

= −
(

f
∣
∣T (g)

)

.



n ∈ N∗. E = Rn[ ] ϕ : E × E −→ R

∀(P,Q) ∈ E × E, ϕ(P,Q) =
n
∑

k=0

P (k)(0)Q(k)(0).

ϕ E.

(i, j) ∈ {1, ..., n}2, ϕ( i, j).

(E,ϕ).

n(R) n(R)

n ∈ N∗. n(R)
(M,N) -−→ (M |N) = ( MN).

n(R) n(R) n(R).

M ∈ n(R) d
(

M, n(R)
)

M.

M =
n
∑

i=1

i1, d
(

M, n(R)
)

.

R4 p
F

F =
{

(x1, x2, x3, x4) ∈ R4 ;

⎧

⎨

⎩

x1 + 2x2 + 3x3 + 4x4 = 0

x1 + 3x2 + 5x3 + 7x4 = 0

}

.

P ∈ R[ ] " 0,

(x, y) ∈ (R+)2
(

P (
√
xy )

)2
# P (x)P (y).

Ω = (aij)ij ∈ n(R)
∑

1"i,j"n

|aij | # n
√
n.

n ∈ N∗. n(R) ∩ n, (R).

A ∈ n(R) fA : n(R) −→ n(R), M -−→ AM.

A fA n(R)

x -−→ x+ a ∧ x E3

a ∈ E3. f : E3 −→ E3, x -−→ f(x) = x+ a ∧ x.

f ∈ GL(E3) f−1(y) y y ∈ E3.



E3

(a, b, c) ∈ R3 a2+b2+c2 = 1
(i, j, k) E3 P ax+ by + cz = 0

E R (. | .) E, F,G
E F ⊂ G⊥ F +G = E.

G⊥ = F F⊥ = G.

x -−→
n
∑

i=1

(ei |x)ei
(

E, (. | .)
)

n = (E).

F = (e1, ..., en) ∈ En.

f : E −→ E, x -−→ f(x) =
n
∑

i=1

(ei |x)ei.

f E.

(f) = F⊥ (f) = (F).

f F E.

E B = (e1, ..., en) E,
∀(c1, ..., cn) ∈ Rn, ∃ !v ∈ E, ∀i ∈ {1, ..., n}, (ei |x) = ci.

(

E, (. | .)
)

n ∈ N∗, (e1, ..., en) ∈ En.
⎧

⎪
⎪
⎨

⎪
⎪
⎩

∀i ∈ {1, ..., n}, ||ei|| " 1

∀x ∈ E,

n
∑

i=1

(ei |x)2 = ||x||2.

(e1, ..., en) E.

E, F R
||.||E , ||.||F f : E −→ F f(0) = 0

∀(x, y) ∈ E2, ||f(x)− f(y)||F = ||x− y||E .
f

E p E

(p) ⊥ (p) ⇐⇒
(

∀x ∈ E, ||p(x)|| # ||x||
)

.

(

E, (. | .)
)

||.|| p, q

∀x ∈ E, ||p(x)||2 + ||q(x)||2 # ||x||2.
p ◦ q = q ◦ p = 0 p+ q



E n ∈ N∗ (x1, ..., xn) ∈ En,

G(x1, ..., xn) =
(

(xi |xj)
)

1"i,j"n
∈ n(R) γ(x1, ..., xn) =

(

G(x1, ..., xn)
)

.

(

G(x1, ..., xn)
)

= (x1, ..; , xn).
{

(x1, ..., xn) ⇐⇒ γ(x1, ..., xn) = 0

(x1, ..., xn) ⇐⇒ γ(x1, ..., xn) > 0.

(x1, ..., xn) X = (x1, ..., xn), x ∈ E, pX(x)
x X d = ||x− pF (x)|| x X

d =
(γ(x, x1, ..., xn)

γ(x1, ..., xn)

)1/2
.

n(R)
n ∈ N∗, A,B,C ∈ n(R) AA = A A, BB = B B, AC = CB.

AC = C B.

n(R) ||.||
|| AC − C B||2.

(̂v, a) v · a
v · a = ||a|| [b, c, a]

(̂v, a) =
v · a

||v|| ||a||
=

[b, c, a]

||v||
.

A ∈ 3(R)
(C1, C2, C3) A

3,1(R),

||C1|| = 1, ||C2|| = 1, C1·C2 = 0, C3 = C1∧C2.

( i)(k) k < i
k = i k > i ( i)(k)(0)

k ̸= i k = i
( i

i!

)

0"i"n

(S |A)
S ∈ n(R) A ∈ n(R),

(S |A) = 0

M n(R) n(R).

F,
x1 x2

x3 x4.

V1 F
V2 F V1.

(v1, v2) F.

p
R4.

P



Rn2

(1) (|aij |)ij .

A = (aij)ij ∈ n(R) ∩ n, (R),
A,

a211 = 0 a12 = ... = a1n = 0.

(M,N) ∈
(

n(R)
)2

(
fA(M)

∣∣ fA(N)
)
= (M |N).

f

(f) = {0}.
y ∈ E3, y = f(x),
x ∈ E3. a · y a ∧ y.

f−1(y) =
1

1 + ||a||2
(
y − a ∧ y + (a · y) a

)
.

u ∈ E3 u′ = P (u) u′ + u ∈ P
u′ − u ∈ P⊥,

(i, j, k) E3.

G⊥ ⊂ F
E = F +G.

F ⊂ G⊥, G ⊂ F⊥

F G

F⊥ ⊂ (f)

x ∈ (f),
f(x) x

(f) ⊂ (F)

j ∈ {1, ..., n} ej
x (ei | ej) = 0 i ̸= j

||ej ||2 = ||ej ||4, ||ej || = 1.

(e1, ..., en)

E,
∣∣∣
∣∣∣x−

n∑

i=1

(ei |x)ei
∣∣∣
∣∣∣
2
,

∀x ∈ E, ||f(x)||F = ||x||E .

∀(x, y) ∈ E2, ⟨f(x) , f(y)⟩F = ⟨x , y⟩E .

λ ∈ R, (x, y) ∈ E2,
∣∣∣∣f(λx+ y)− λf(x)− f(y)

∣∣∣∣2

f(λx+ y) = λf(x) + f(y).

(p)⊥ (p). x ∈ E,
x − p(x) ∈ (p) p(x) ∈ (p),

∀x ∈ E
||p(x)|| # ||x|| x ∈ (p), y ∈ (p),
p(x) = 0 y = p(y).

λx + y x λ ∈ R
(x | y) = 0.

x ∈ E,
q(x) x. p ◦ q = 0 q ◦ p = 0.

(p+q)2 p+q
E

x ∈ E, p(x)⊥ q(x),
||(p+ q)(x)||2 # ||x||2

X = (x1, ..., xn) p= (X)
(e1, ..., ep) X,

xi =
p∑

k=1

ξkiek xi

(e1, ..., ep), i ∈ {1, ..., n}. (xi |xj)
M = (ξki)ki ∈ p,n(R)

G(x1, ..., xn) = MM.

( MM) = (M).

(x1, ..., xn) p = n M

y = x−pX(x), x = y+pX(x).
γ(x, x1, ..., xn)

n(R)

∀(M,N) ∈
(

n(R)
)2

, (M |N) = ( MN)

∀(X,Y ) ∈
(

n(R)
)2

, (XY ) = (Y X).



v · a = ||a|| a′ · a+ ||b|| b′ · a+ ||c|| c′ · a
= ||a|| (b ∧ c) · a+ ||b|| (c ∧ a) · a+ ||c|| (a ∧ b) · a
= ||a|| [b, c, a] + ||b|| [c, a, a] + ||c|| [a, b, a] = ||a|| [b, c, a],

(̂v, a) =
v · a

||v|| ||a||
=

[b, c, a]

||v||
.

(̂v, b) =
[c, a, b]

||v||
, (̂v, c) =

[a, b, c]

||v||
.

[a, b, c] = [b, c, a] = [c, a, b],

(̂v, a) = (̂v, b) = (̂v, c).

C1, C2, C3 A.

A ∈ 3(R) ⇐⇒
||C1|| = 1, ||C2|| = 1, C1 · C2 = 0, C3 = C1 ∧ C2.

||C1||2 =
1

72
(
32 + (−2)2 + 62

)
= 1, ||C1|| = 1.

||C2||2 = 1 ⇐⇒
1

72
(
22 + (−6)2 + a2

)
= 1

⇐⇒ a2 + 40 = 49 ⇐⇒ a = ±3.

C1 · C2 = 0 ⇐⇒ 6 + 12 + 6a = 0 ⇐⇒ a = −3.

a = −3.

C1 ∧ C2 =
1

7

⎛

⎝
3
−2
6

⎞

⎠ ∧
1

7

⎛

⎝
2
−6
−3

⎞

⎠ =
1

72

⎛

⎝
42
21
−14

⎞

⎠ =
1

7

⎛

⎝
6
3
−2

⎞

⎠ .

A

a = −3, b = 6, c = 3, d = −2.

E ⊂ C∞
(
[−1 ; 1], R

)
0 ∈ E.

α ∈ R f1, f2 ∈ E

∀n ∈ N, (αf1 + f2)
(n)(−1)

= αf
(n)
1 (−1) + f

(n)
2 (−1) = α0 + 0 = 0,

1, αf1 + f2 ∈ E.

E R
C∞

(
[−1 ; 1], R

)
, E R

(f, g) ∈ E2,

∫ 1

−1
fg fg

[−1 ; 1].

(f, g) ∈ E2

(g | f) =
∫ 1

−1
gf =

∫ 1

−1
fg = (f | g),

(. | .)

α ∈ R f, g1, g2 ∈ E

(f |αg1 + g2) =

∫ 1

−1
f(αg1 + g2)

= α

∫ 1

−1
fg1 +

∫ 1

−1
fg2 = α(f | g1) + (f | g2),

(. | .)

∀f ∈ E, (f | f) =
∫ 1

−1
f2 " 0.

f ∈ E. (f | f) = 0,

∫ 1

−1
f2 = 0,

f [−1 ; 1] f2 " 0,
f = 0.

(. | .) E.

f ∈ E, T (f) = f ′ T (f) ∈ E.

α ∈ R f1, f2 ∈ E

T (αf1 + f2) = (αf1 + f2)
′

= αf ′1 + f ′2 = αT (f1) + T (f2),

T

T E.

(f, g) ∈ E2.
C1

(
T (f)

∣∣ g
)
=

∫ 1

−1
f ′g

= [fg]1−1 −
∫ 1

−1
fg′ = −

∫ 1

−1
g′f = −

(
f
∣∣T (g)

)
.

T
E

(P,Q) ∈ E × E

ϕ(Q,P ) =
n∑

k=0

Q(k)(0)P (k)(0)

=
n∑

k=0

P (k)(0)Q(k)(0) = ϕ(P,Q),

ϕ

α ∈ R P,Q,R ∈ E

ϕ(P,αQ+R) =
n∑

k=0

P (k)(0)(αQ+R)(k)(0)

=
n∑

k=0

P (k)(0)
(
αQ(k)(0) +R(k)(0)

)

= α

n∑

k=0

P (k)(0)Q(k)(0) +
n∑

k=0

P (k)(0)R(k)(0)

= αϕ(P,Q) + ϕ(P,R),

ϕ



P ∈ E ϕ(P, P ) =
n∑

k=0

(
P (k)(0)

)2
" 0.

P ∈ E ϕ(P, P ) = 0.

n∑

k=0

(
P (k)(0)

)2
︸ ︷︷ ︸

#0

= 0,

∀k ∈ {0, ..., n}, P (k)(0) = 0.

(P ) # n,

P ( ) =
n∑

k=0

P (k)(0)

k!
k = 0.

ϕ E.

(i, j) ∈ {0, ..., n}2.

( i)(k) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

i(i− 1) · · · (i− k + 1) i−k k < i

i! k = i

0 k > i

( i)(k)(0) =

⎧
⎨

⎩

0 k ̸= i

i! k = i.

ϕ( i, j) =
n∑

k=0

( i)(k)(0)( j)(k)(0) =

⎧
⎨

⎩

0 i ̸= j

i!j! i = j.

( i)0"i"n ϕ
(E) = n + 1

n+ 1 E

∀i ∈ {0, ..., n}, ϕ( i, i) = (i!)2.
( i

i!

)

0"i"n

(E,ϕ).

n(R) n(R) n(R).

S ∈ n(R), A ∈ n(R).

(S |A) = ( SA) = (SA) = (AS)

=
(
(− A)S

)
= − ( AS) = −(A |S) = −(S |A),

(S |A) = 0.

n(R) n(R) (. | .)
n(R).

n(R) ∩ n(R) = {0}.

M ∈ n(R)

M =
1

2
(M + M)
︸ ︷︷ ︸
∈ n(R)

+
1

2
(M − M)
︸ ︷︷ ︸
∈ n(R)

,

n(R) = n(R) + n(R).

n(R) n(R)
n(R).

M ∈ n(R).

S =
1

2
(M + M), A =

1

2
(M − M).

M = S +A, S ∈ n(R), A ∈ n(R) =
(

n(R)
)⊥

.

S M n(R)

(
d
(
M, n(R)

))2
= ||M − S||2 = ||A||2 = ( AA)

=
[ (1

2
(M − M)

)1
2
(M − M)

]
= −

1

4

(
(M − M)2

)
.

M =
n∑

i=1

i1 =

⎛

⎜
⎝

1 0 . . . 0

(0)
1 0 . . . 0

⎞

⎟
⎠ ,

A =
1

2
(M − M) =

⎛

⎜⎜⎜
⎝

0 −1/2 . . . −1/2
1/2 0 . . . 0

(0)
1/2 0 . . . 0

⎞

⎟⎟⎟
⎠

,

(
d
(
M, n(R)

))2
= ||A||2 =

∑

1"i,j"n

(
(A)ij

)2
=

n− 1

2
.

d
(
M, n(R)

)
=

√
n− 1

2
.

F

(x1, x2, x3, x4) ∈ F

⇐⇒

⎧
⎨

⎩

x1 + 2x2 + 3x3 + 4x4 = 0

x1 + 3x2 + 5x3 + 7x4 = 0

∣∣∣∣∣

3

−2

∣∣∣∣∣

∣∣∣∣∣

−1

1

∣∣∣∣∣

⇐⇒

⎧
⎨

⎩

x1 = x3 + 2x4

x2 = −2x3 − 3x4.

F V1 =
(1,−2, 1, 0), x3 = 1, x4 = 0

x1 x2.

V2 = (x1, x2, x3, x4) F
V1

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

x1 = x3 + 2x4

x2 = −2x3 − 3x4

x1 − 2x2 + x3 = 0.

x1 x2 x3 x4

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

x1 = x3 + 2x4

x2 = −2x3 − 3x4

6x3 + 8x4 = 0.

x3 = 4, x4 = −3
V2 F V1

V2 = (−2, 1, 4,−3).



v1 =
V1

||V1||
=

1
√
6
V1, v2 =

V2

||V2||
=

1
√
30

V2.

(v1, v2) F.

p(X) X
R4 F

p(X) = (v1 |X)v1+(v2 |X)v2 =
1

6
(V1 |X)V1+

1

30
(V2 |X)V2.

X = (x1, x2, x3, x4),

p(X) =
1

6

(
x1 − 2x2 + x3

)

⎛

⎜⎜
⎝

1
−2
1
0

⎞

⎟⎟
⎠

+
1

30

(
−2x1 + x2 + 4x3 − 3x4

)

⎛

⎜⎜
⎝

−2
1
4
−3

⎞

⎟⎟
⎠

=
1

6

⎛

⎜⎜
⎝

x1 − 2x2 + x3

−2x1 + 4x2 − 2x3

x1 − 2x2 + x3

0

⎞

⎟⎟
⎠

+
1

30

⎛

⎜⎜
⎝

4x1 − 2x2 − 8x3 + 6x4

−2x1 + x2 + 4x3 − 3x4

−8x1 + 4x2 + 16x3 − 12x4

6x1 − 3x2 − 12x3 + 9x4

⎞

⎟⎟
⎠

=
1

30

⎛

⎜⎜
⎝

9x1 − 12x2 − 3x3 + 6x4

−12x1 + 21x2 − 6x3 − 3x4

−3x1 − 6x2 + 21x3 − 12x4

6x1 − 3x2 − 12x3 + 9x4

⎞

⎟⎟
⎠ .

p R4

1

10

⎛

⎜⎜
⎝

3 −4 −1 2
−4 7 −2 −1
−1 −2 7 −4
2 −1 −4 3

⎞

⎟⎟
⎠ .

n ∈ N, a0, ..., an ∈ R+

P =
n∑

k=0

ak
k.

(x, y) ∈ (R+)2

(
P (
√
xy )

)2
=
( n∑

k=0

ak(
√
xy )k

)2

=
( n∑

k=0

(√
ak
√
x k
)(√

ak
√
y k
))2

.

Rn+1
(√

ak
√
x k
)
0"k"n

,
(√

ak
√
y k
)
0"k"n

( n∑

k=0

(√
ak
√
x k
)(√

ak
√
y k
))2

#
( n∑

k=0

(√
ak
√
x k
)2)(

n∑

k=0

(√
ak
√
y k
)2)

=
( n∑

k=0

akx
k
)( n∑

k=0

aky
k
)
= P (x)P (y),

Rn2

u = (1)
1 a = (|aij |)1"i,j"n

( ∑

1"i,j"n

|aij |
)2

= (u | a)2 # ||u||2||a||2 = n2
∑

1"i,j"n

a2ij .

A ∈ n(R) ∀i ∈ {1, ..., n},
n∑

j=1

a2ij = 1,

∑

1"i,j"n

a2ij = n
∑

1"i,j"n

|aij | # n
√
n.

A = (aij)ij ∈ n(R) ∩ n, (R).

A
a211 = 1 a211 + a212 + · · ·+ a21n = 1,

a11 ∈ {−1, 1} a12 = ... = a1n = 0.

A

a222 = 1 a222 + · · ·+ a22n = 1,

a22 ∈ {−1, 1} a23 = ... = a2n = 0.

A = (a11, ..., ann)
(a11, ..., ann) ∈ {−1, 1}n.

(d1, ..., dn) ∈ {−1, 1}n,
A = (d1, ..., dn)

A ∈ n(R) ∩ n, (R).

n(R)∩ n, (R)=
{

(d1, ..., dn), (d1, ..., dn)∈{−1, 1}n
}
.

n(R) ∩ n, (R) 2n

A ∈ n(R).

fA : n(R) −→ n(R), M .−→ AM

fA n(R)

∀M,N ∈ n(R),
(
fA(M)

∣∣ fA(N)
)
= (M |N).

M,N ∈ n(R)(
fA(M)

∣∣ fA(N)
)
= (AM |AN)

=
(

(AM)(AN)
)
= ( M AAN).

fA ∈ O
(

n(R)
)

⇐⇒ ∀M,N ∈ n(R), ( M AAN) = ( MN)

⇐⇒ ∀M,N ∈ n(R),
(

M( AA− n)N
)
= 0

⇐⇒ ∀M,N ∈ n(R),
( [

( AA− n)M
]
N
)
= 0

⇐⇒ ∀M ∈ n(R),
(
∀N ∈ n(R), ( AA− n)M ⊥N

)

⇐⇒ ∀M ∈ n(R), ( AA− n)M = 0

⇐⇒ AA− n = 0 ⇐⇒ A ∈ n(R).

fA n(R)
A ∈ n(R).



f λ ∈ R
x, x′ ∈ E3

f(λx+ x′) = λx+ x′ + a ∧ (λx+ x′)

= λ(x+ a ∧ x) + (x′ + a ∧ x′) = λf(x) + f(x′).

x ∈ E3

x ∈ (f) ⇐⇒ f(x) = 0 ⇐⇒ x+ a ∧ x = 0

=⇒ x · (x+ a ∧ x) = 0 ⇐⇒ x · x+ x · (a ∧ x) = 0

⇐⇒ ||x||2 + [x, a, x] = 0 ⇐⇒ ||x||2 = 0 ⇐⇒ x = 0.

(f) = {0}, f

f E3

f
f ∈ GL(E).

y ∈ E3.

x = f−1(y) y = f(x) = x+ a∧ x,

a · y = a · (x+ a ∧ x) = a · x+ a · (a ∧ x) = a · x

a∧y = a∧(x+a∧x) = a∧x+a∧(a∧x) = a∧x+(a·x) a−(a·a)x,

∀(a, b, c) ∈ E3
3 , a ∧ (b ∧ c) = (a · c) b− (a · b) c.

x = y − a ∧ x = y −
(
a ∧ y − (a · x) a+ ||a||2x

)

= y− a∧ y+(a · x) a− ||a||2x = y− a∧ y+(a · y) a− ||a||2x,
(
1 + ||a||2

)
x = y − a ∧ y + (a · y) a.

∀y ∈ E3, f−1(y) =
1

1 + ||a||2
(
y − a ∧ y + (a · y) a

)
.

(x, y, z) ∈ R3 u = xi + yj + zk, u′ =

P (u), (x′, y′, z′) ∈ R3 u′ = x′i+ y′j + z′k

u′ + u ∈ P u′ − u ∈ P⊥.

λ ∈ R

x′ − x = λa, y′ − y = λb, z′ − z = λc.

0 = a(x′ + x) + b(y′ + y) + c(z′ + z) = 2ax+ 2by + 2cz + λ,

λ = −2(ax+ by + cz),
⎧
⎪⎪⎨

⎪⎪⎩

x′ = x+ λa = (1− 2a2)x− 2aby − 2acz

y′ = y + λb = −2abx+ (1− 2b)2y − 2bcz

z′ = z + λc = −2acx− 2bcy + (1− 2c2)z.

⎛

⎝
1− 2a2 −2ab −2ac
−2ab 1− 2b2 −2bc
−2ac −2bc 1− 2c2

⎞

⎠ .

F ⊂ G⊥.

f ∈ G⊥.

f ∈ G⊥ ⊂ E = F + G, u ∈ F, v ∈ G
f = u+v. v = f−u, f ∈ G⊥, u ∈ F ⊂ G⊥.

G⊥ E, v ∈ G⊥.

v ∈ G v ∈ G⊥, v = 0, f = u ∈ F.

G⊥ ⊂ F.

G⊥ = F.

F ⊂ G⊥, F⊥ ⊃ G⊥⊥.

G ⊂ G⊥⊥, G ⊂ F⊥.

(G,F )
(F,G) G ⊂ F⊥ G+F = E.

(G,F ) (F,G), F⊥ = G.

α ∈ R, x, y ∈ E.

f(αx+ y) =
n∑

i=1

(ei |αx+ y)ei =
n∑

i=1

(
α(ei |x)ei + (ei | y)ei

)

= α

n∑

i=1

(ei |x)ei +
n∑

i=1

(ei | y)ei = αf(x) + f(y),

f

f
E.

x ∈ F⊥.

∀i ∈ {1, ..., n}, (ei |x) = 0,

f(x) =
n∑

i=1

(ei |x)ei =
n∑

i=1

0ei = 0,

x ∈ (f).

F⊥ ⊂ (f).

x ∈ (f).

f(x) =
n∑

i=1

(ei |x)ei = 0,

x

0 = (0 |x) =
( n∑

i=1

(ei |x)ei
∣∣∣x
)

=
n∑

i=1

(ei |x)(ei |x) =
n∑

i=1

(ei |x)2
︸ ︷︷ ︸

#0

.

∀i ∈ {1, ..., n}, (ei |x) = 0,

x ∈ F⊥.

(f) ⊂ F⊥.

(f) = F⊥.

∀x ∈ E, f(x) =
n∑

i=1

(ei |x)ei ∈ (F),

(f) ⊂ (F).



(
(f)
)
= (E)−

(
(f)
)

= n− (F⊥) = n−
((

(F)
)⊥

) =
(

(F)
)
.

(f) ⊂ (F)
(f) = (F).

f E

f ⇐⇒ f

⇐⇒ (f) = E ⇐⇒ (F) = E.

F n (E) = n,
F E F E.

f F
E.

f B. (c1, ..., cn) ∈
Rn. B E, f

∃ !v ∈ E, f(v) =
n∑

i=1

ciei (1).

B E

(1) ⇐⇒
n∑

i=1

(ei |x)ei =
n∑

i=1

ciei

⇐⇒ ∀i ∈ {1, ..., n}, (ei |x) = ci.

∀(c1, ..., cn) ∈ Rn, ∃ !v ∈ E, ∀i ∈ {1, ..., n}, (ei |x) = ci.

j ∈ {1, ..., n}

||ej ||2 =
n∑

i=1

(ei | ej)2 = ||ej ||4 +
∑

i, i ̸=j

(ei | ej)2,

∑

i, i ̸=j

(ei | ej)2 = ||ej ||2 − ||ej ||4 = ||ej ||2
(
1− ||ej ||2

)
# 0.

∀i ∈ {1, ..., n},
(
i ̸= j =⇒ (ei | ej) = 0

)
,

(e1, ..., en)

j ∈ {1, ..., n}
||ej ||2

(
1− ||ej ||2

)
= 0 ej ̸= 0 ||ej || " 1,

||ej || = 1.

(e1, ..., en) E.

x ∈ E.

∣∣∣
∣∣∣x−

n∑

i=1

(ei |x)ei
∣∣∣
∣∣∣
2
=
(
x−

n∑

i=1

(ei |x)ei
∣∣∣x−

n∑

j=1

(ej |x)ej
)

= (x |x)−
n∑

i=1

(ei |x)(ei |x)

−
n∑

j=1

(ej |x)(x | ej) +
∑

i,j

(ei |x)(ej |x)(ei | ej)

= ||x||2 −
n∑

i=1

(ei |x)2 −
n∑

j=1

(ej |x)2 +
n∑

i=1

(ei |x)2

= ||x||2 −
n∑

i=1

(ei |x)2 = 0,

x−
n∑

i=1

(ei |x)ei = 0, x =
n∑

i=1

(ei |x)ei.

(e1, ..., en) E.

(e1, ..., en) E.

y 0 ∀x ∈ E, ||f(x)|| = ||x||.
(x, y) ∈ E2

⟨f(x) , f(y)⟩ = −
1

2

(
||f(x)− f(y)||2 − ||f(x)||2 − ||f(y)||2

)

= −
1

2

(
||x− y||2 − ||x||2 − ||y||2

)
= ⟨x , y⟩.

(λ ∈ R x, y ∈ E

∣∣∣∣|f(x+ λy)−
(
λf(x) + f(y)

)∣∣∣∣2

= ||f(λx+ y)||2 + λ2||f(x)||2 + ||f(y)||2
− 2λ ⟨f(λx+ y) , f(x)⟩ − 2⟨f(λx+ y) , f(y)⟩

+2λ ⟨f(x) , f(y)⟩

= ||λx+ y||2 + λ2||x||2 + ||y||2
− 2λ⟨λx+ y , x⟩ − 2⟨λx+ y , y⟩+ 2λ⟨x , y⟩

= ||(λx+ y)− λx− y||2 = 0,

f(λx+ y) = λf(x) + f(y) f

(p) ⊥ (p)

x ∈ E x− p(x) ∈ (p) p(x) ∈ (p)(
x− p(x) | p(x)

)
= 0,

||x||2 = ||x− p(x)||2 + ||p(x)||2,
||p(x)|| # ||x||.

∀x ∈ E, ||p(x)|| # ||x||.
x ∈ (p), y ∈ (p)

p(x) = 0 p(y) = y

λ ∈ R ||p(λx+ y)||2 # ||λx+ y||2,
λ2||x||2 + 2λ(x | y) " 0.

λ .−→ λ2||x||2 + 2λ(x | y)
" 0 R # 0 (x | y)2 # 0

(x | y) = 0

∀x ∈ (p), ∀y ∈ (p), (x | y) = 0.

(p) ⊥ (p).

x ∈ E. p(x)
x

∣∣∣∣p
(
p(x)

)∣∣∣∣2 +
∣∣∣∣q
(
p(x)

)∣∣∣∣2 # ||p(x)||2.

p
(
p(x)

)
= p(x),

∣∣∣∣q
(
p(x)

)∣∣∣∣2 = 0,
(q ◦ p)(x) = 0.

q ◦ p = 0.

p q p◦q = 0.

(p+ q)2 = p2 + p ◦ q + q ◦ p+ q2 = p2 + q2 = p+ q,



p+ q

x ∈ E.

q ◦ p = 0, (p) ⊂ (q) =
(

(q)
)⊥

.

p(x) ∈ (p) q(x) ∈ (q)
p(x) ⊥ q(x),

(
p(x)

∣∣ q(x)
)
= 0.

x ∈ E

||(p+ q)(x)||2 = ||p(x)||2 + 2
(
p(x)

∣∣ q(x)
)
+ ||q(x)||2

= ||p(x)||2 + ||q(x)||2 # ||x||2.
p+q

X = (x1, ..., xn), p = (X)
(e1, ..., ep) X

xi(1 # i # n)
(e1, ..., ep) M = (ξki)1"k"p, 1"i"n ∈ p,n(R)

∀i ∈ {1, ..., n}, xi =
p∑

j=1

ξkiek.

∀(i, j) ∈ {1, ..., n}2, (xi |xj) =
p∑

k=1

ξkiξkj .

G G(x1, ..., xn)
G = MM

( MM) = (M)
(
G(x1, ..., xn)

)
= (M) = (x1, ..., xn).

(x1, ..., xn) ⇐⇒ (x1, ..., xn) < n

⇐⇒
(
G(x1, ..., xn)

)
< n

⇐⇒
(
G(x1, ..., xn)

)
= 0 ⇐⇒ γ(x1, ..., xn) = 0.

(x1, ..., xn)
p = n, M ∈ n(R)

γ(x1, ..., xn) = ( MM)

= ( M) (M) =
(

(M)
)2

> 0.

γ(x1, ..., xn) > 0
(x1, ..., xn)

y = x− pX(x) y ∈ X⊥

γ(x1, ..., xn)

=

∣∣∣∣∣∣∣∣∣

||y||2 + ||pX(x)||2
(
pX(x) |x1

)
. . .

(
pX(x) |xn

)
(
x1 | pX(x) (x1 |x1) . . . (x1 |xn)

(
xn | pX(x)

)
(xn |x1) . . . (xn |xn)

∣∣∣∣∣∣∣∣∣

= ||y||2γ(x1, ..., xn) + γ
(
pX(x), x1, ..., xn

)
.

pX(x) ∈ X
(
pX(x), x1, ..., xn

)

γ
(
pX(x), x1, ..., xn

)
= 0.

γ(x, x1, ..., xn) = d2γ(x1, ..., xn)

d =
(γ(x, x1, ..., xn)

γ(x1, ..., xn)

)1/2
.

|| AC − C B||2

=
(

( AC − C B)( AC − C B)
)

=
(
( CA−B C)( AC − C B)

)

= ( CA AC − CAC B −B C AC +B CC B)

=
(

C(A A)C
)
−

(
C(AC) B

)

−
(
B( C AC)

)
+

(
B( CC B)

)

= ( C AAC)− ( CCB B)
−

(
C A(CB)

)
+

(
CC( BB)

)

= ( C AAC)− ( CCB B)
− ( C AAC) + ( CCB B) = 0.

AC − C B = 0, AC = C B.



(

(x1, y1), (x2, y2)
)

-−→ x1x2 + y1y2 R2

x, y (. | .)

||.|| (x | y) =
1

2

(

||x+ y||2 − ||x− y||2
)

x, y
(

E, (. | .)
)

(x | y) = 0
x = 0 y = 0

x, y
(

E, (. | .)
)

(x | y)2 # ||x||2||y||2

V E V V ⊥

E

(

E, (. | .)
)

B E x, y ∈ E X = B(x),
Y = B(y) (x | y) = XY

(e1, ..., en) E

x ∈ E x =
n
∑

i=1

(ei |x)ei

x
(

E, (. | .)
)

(x | y) = 0
y E x = 0

F,G
(

E, (. | .)
)

F ⊂ G G⊥ ⊂ F⊥



1

2

1

4
(x | y) =

1

4

(

||x+ y||2 − ||x− y||2
)

.

(x | y) = 0 x = 0 y = 0 x y

y ∈ E (x | y) = 0 (x |x) = 0 x = 0

x ∈ G⊥ y ∈ G (x | y) = 0 y ∈ F
(x | y) = 0 x ∈ F⊥



x -−→
∫ x

x0

f(t) t



➟

f : [−1 ; 1] −→ R

M =
x∈[−1;1]

|f(x)|.

∣∣∣
∫ 1

−1

(
f(x2) + xf(x)

)
x
∣∣∣ # 3M.

f [−1 ; 1],
M

x .−→ f(x2) + xf(x)
[−1 ; 1]

∣∣∣
∫ 1

−1

(
f(x2) + xf(x)

)
x
∣∣∣ #

∫ 1

−1

∣∣f(x2) + xf(x)
∣∣ x

#

∫ 1

−1

(
|f(x2)|+ |x| |f(x)|

)
x #

∫ 1

−1

(
M + |x|M

)
x

= M

∫ 1

−1

(
1 + |x|

)
x = 2M

∫ 1

0
(1 + x) x

= 2M
[
x+

x2

2

]1

0
= 2M

3

2
= 3M.

a < b f : [a ; b] −→ R
∫ b

a

f = 0, f = 0.

➟

f : [0 ; 1] −→ R

f # 1

∫ 1

0
f = 1.

f = 1

∫ 1

0
(1− f) = 1−

∫ 1

0
f = 1− 1 = 0.

1−f

1− f = 0 f = 1



0
➟

n∞

∫ 1

0
xn −x2

x.

n ∈ N

0 #

∫ 1

0
xn −x2

x #

∫ 1

0
xn x =

[ xn+1

n+ 1

]1

0
=

1

n+ 1
.

1

n+ 1
−→
n∞

0,

∫ 1

0
xn −x2

x −→
n∞

0.

∫ b

a

f(x) x = F (b)− F (a),

f [a ; b] F f

➟

I =

∫ π/2

0

1 + x

1 + x
x.

I

t =
x

2
,

I =

∫ 1

0

1 +
2t

1 + t2

1 +
1− t2

1 + t2

2

1 + t2
t =

∫ 1

0

1 + t2 + 2t

1 + t2
t

=

∫ 1

0

(
1 +

2t

1 + t2

)
t =

[
t+ (1 + t2)

]1
0
= 1 + 2.



n ∈ N

Wn =

∫ π/2

0

n x x.

Wn+2 Wn

n ∈ N

n ∈ N. ⎧
⎨

⎩

u = n+1 x

v′ = x

⎧
⎨

⎩

u′ = (n+ 1) n x x

v = − x

C1

[0 ; π/2]

Wn+2 =

∫ π/2

0

n+1 x x x

=
[

n+1 x(− x)
]π/2
0

+

∫ π/2

0
(n+ 1) n x 2 x x

= (n+ 1)

∫ π/2

0

n x(1− 2 x) x = (n+ 1)(Wn −Wn+2).

∀n ∈ N, (n+ 2)Wn+2 = (n+ 1)Wn.

➟

f : R −→ R

g : R∗ −→ R, x .−→
∫ 1

0
f
( t

x

)
t

C1 R∗.

x ∈ R∗ u =
t

x

g(x) =

∫ 1

0
f
( t

x

)
t =

∫ 1/x

0
f(u)x u = x

∫ 1/x

0
f(u) u.

f R

F : R −→ R, y .−→
∫ y

0
f(u) u

C1 R F ′ = f

∀x ∈ R∗, g(x) = xF
( 1
x

)
,

g C1 R∗

x -−→
∫ x

a

f x -−→
∫ v(x)

u(x)
f.

➟



g : R −→ R, x .−→
∫ x2

x

√
1 + t4 t

C1 R g′(x)

x ∈ R

t .−→
√
1 + t4 R

x .−→ x x .−→ x2 C1 R
g C1 R x ∈ R

g′(x) =
√

1 + (x2)4 2x−
√

1 + x4 1 = 2x
√

1 + x8 −
√

1 + x4.

un

k
k

n

un

vn
un un − vn −→

n∞
0

vn, un.

un

➟

n∞

n∑

k=1

√
n+ k

n
√
n

.

n ∈ N∗
n∑

k=1

√
n+ k

n
√
n

=
1

n

n∑

k=1

√

1 +
k

n
,

x .−→
√
1 + x [0 ; 1]

1

n

n∑

k=1

√

1 +
k

n
−→
n∞

∫ 1

0

√
1 + x x.

∫ 1

0

√
1 + x x =

[ (1 + x)3/2

3/2

]1

0
=

2

3
(23/2 − 1).

n∞

n∑

k=1

√
n+ k

n
√
n

=
2

3
(23/2 − 1).

un =
n∑

k=1

√
k2 + k k/n

n

n ∈ N∗ vn =
n∑

k=1

k k/n.

n ∈ N∗ vn = n2
( 1

n

n∑

k=1

k

n
k/n
)
,

x .−→ x x [0 ; 1]



1

n

n∑

k=1

k

n
k/n −→

n∞

∫ 1

0
x x x.

∫ 1

0
x x x = [x x]10 −

∫ 1

0

x x = − [ x]10 = − ( − 1) = 1.

vn −→
n∞

1.

un vn n
n ∈ N∗

0 # un − vn =
n∑

k=1

(√
k2 + k − k

)
k/n =

n∑

k=1

k
√
k2 + k + k

k/n

#
n∑

k=1

k

2k
k/n =

1

2

n∑

k=1

k/n #
1

2
n .

0 #
un

n2
−

vn

n2
#

2n
.

2n
−→
n∞

0,

un

n2
−

vn

n2
−→
n∞

0.

un

n2
=
(un

n2
−

vn

n2

)
+

vn

n2
−→
n∞

0 + 1 = 1,

un ∼
n∞

n2.

➟

f : [0 ; +∞[ −→ R C1

f(0) = 0

∀x ∈ [0 ; +∞[, f ′(x) + f(x) # 1.

∀x ∈ [0 ; +∞[, f(x) < 1.

g : [0 ; +∞[ −→ R, x .−→ x f(x).

f C1 [0 ; +∞[ g
C1 [0 ; +∞[

∀x ∈ [0 ; +∞[, g′(x) = x
(
f ′(x) + f(x)

)
.

∀x ∈ [0 ; +∞[, g′(x) # x.

X ∈ [0 ; +∞[

0 X

∫ X

0
g′(x) x #

∫ X

0

x x,

g(X)− g(0)
︸︷︷︸
= 0

# X − 1.

f(X) = −Xg(X) # −X( X − 1) = 1− −X < 1.

∀x ∈ [0 ; +∞[, f(x) < 1.



➟

f : R −→ R C1 R

(1) ∀x ∈ R,
(
f(x)

)2
= 1 +

∫ x

0

(
f(t)2 + f ′(t)2

)
t.

f : R −→ R C1 R

f f2 + f ′2 R

x .−→
∫ x

0
(f2 + f ′2) C1 R

(1) ⇐⇒

⎧
⎨

⎩

f(0)2 = 1

∀x ∈ R, 2f(x)f ′(x) = f(x)2 + f ′(x)2 (2)
.

(2) ⇐⇒ ∀x ∈ R,
(
f ′(x)− f(x)

)2
= 0

⇐⇒ ∀x ∈ R, f ′(x)− f(x) = 0

⇐⇒ ∃C ∈ R, ∀x ∈ R, f(x) = C x.

f(0)2 = 1 ⇐⇒ C2 = 1 ⇐⇒ C = ±1.

S =
{
f : R −→ R, x .−→ C x ; C ∈ {−1, 1}

}
.

f : [0 ; 1] −→ R M =
x∈[0;1]

|f(x)|.

∣
∣
∣

∫ 1

0

(

f(x) + xf(1− x)
)

x
∣
∣
∣ #

3

2
M.

(a, b) ∈ R2 a < b, f : [a ; b] −→ R x1 ∈ [a ; b]

f(x1) > 0,

∫ b

a

f = 0. x2 ∈ [a ; b] f(x2) < 0.



I =

∫ 2π

0

√

1 + x

2
x.

a∈R

∫ 1

0
(x2 − ax)2 x.

un

n
∑

k=1

1√
n2 + 2kn

n
∏

k=1

(

1 +
k2

n2

)1/n
.

n∞

∫ 1

0

xn

1 + x
x

n∞

∫ π

0

x

x+ n
x

n∞

∫ π

0

n x

x+ n
x.

n∞

∫ 1

0

√
1 + xn x.

I =

∫ π/4

0
(1 + x) x.

f, g : [0 ; 1] −→ R f " 0, g " 0, fg " 1.

(∫ 1

0
f
)(∫ 1

0
g
)

" 1.



f : [0 ; 1] −→ R
∫ 1

0
f2 =

∫ 1

0
f3 =

∫ 1

0
f4, f2 f · f.

f = 0 f = 1.

(α,β) ∈ (R∗+)2 α + β = 1

un =
n
∑

k=0

(n+ k)−α(n+ k + 1)−β

u −→ 0+

∫ π/2

0

−u x x

u −→ 0+

∫ 3u

u

x

x
x.

f : [0 ; +∞[ −→ R f " 0

∀x ∈ [0 ; +∞[, f(x) #

∫ x

0
f(t) t.

f

f(x) =

∫ 2x

x

−t2 t.

k ∈ R f : [0 ; +∞[ −→ R k

F : [0 ; +∞[ −→ R, x -−→ F (x) =

⎧

⎪
⎨

⎪
⎩

1

x

∫ x

0
f(t) t x ̸= 0

f(0) x = 0.

F
k

2

f : [0 ; 1] −→ R ∀(x, y) ∈ [0 ; 1]2, xf(y) + yf(x) # 1.
∫ 1

0
f(x) x #

π

4
.

u −→ +∞

∫ π

0

−u x x,

u −→ +∞
−u2

∫ u

0

x2

x.



f : R −→ R ∀(x, y) ∈ R2, f(x+ y) = f(x) + f(y).

∀x ∈ R, f(x) = xf(1).

f : [0 ; 1] −→ R
∫ 1

0
f(x) x =

1

3
+

∫ 1

0

(

f(x2)
)2

x.

f : R −→ R C1

∀x ∈ R,
(

f(x)
)2

=

∫ x

0

(
(

f(t)
)2

+
(

f ′(t)
)2
)

t− x+ 1.

(a, b) ∈ R2 a < b, f : [a ; b] −→ R C1 f(a) = 0

∀x ∈ [a ; b], 0 # f ′(x) # 1.
∫ b

a

f3 #
(∫ b

a

f
)2

.

(a, b) ∈ R2 a < b, f : [a ; b] −→ R C1 f(a) = 0.

F : [a ; b] −→ R, x -−→ F (x) =

∫ x

a

|f ′(t)| t.

∀x ∈ [a ; b], |f(x)| # F (x).
∫ b

a

|f(x)f ′(x)| x #
b− a

2

∫ b

a

(

f ′(x)
)2

x.

f, f ′, f ′′

f : R −→ R R f f ′′ R
M0 =

x∈R
|f(x)| M2 =

x∈R
|f ′′(x)|.

∀a ∈ R∗+, ∀x ∈ R, |f ′(x)| #
M0

a
+

1

2
M2a.

f ′ R M1 =
x∈R

|f ′(x)|,

M1 #
√

2M0M2.

(a, b) ∈ R2 a < b, f : [a ; b] −→ R " 0.
(∫ b

a

(

f(x)
)n

x
) 1

n −→
n∞ x∈[a ; b]

f(x).



1 + x = 2 2 x

2
,

a ∈ R,
a R.

0.

In =

∫ 1

0

√
1 + xn x

I =

∫ 1

0
1 x. In −→

n∞
I,

|In − I| −→
n∞

0.

I,

∫ 1

0
(f − f2)2 f(1− f) = 0.

vn
un.

0,

x .−→ −x
∫ x

0
f(t) t.

∫ v(x)

u(x)
f(t) t.

F (x)
0 1,

∫ 1

0
f(x) x,

x = u, x = v,

[
0 ;

π

2

]

∀x ∈
[
0 ;

π

2

]
, x "

2x

π
.

xu u2
.

F : x .−→
∫ x

0
f

f F.
∫ 1

0
f(x) x

t =
√
x, x = t2,

b

f

f ′ f(x) = f(a) +

∫ x

a
f ′(t) t.

f, f ′, f ′′

f [x−a ; x] [x ; x+a].

a .−→
M0

a
+

1

2
M2a.

f [a ; b]
M

x0 f(x) M x
x0.



f [0 ; 1],
M, x .−→ f(x)+

xf(1− x) [0 ; 1],

∣∣∣
∫ 1

0

(
f(x) + xf(1− x)

)
x
∣∣∣ #

∫ 1

0

∣∣f(x) + xf(1− x)
∣∣ x

#

∫ 1

0

(
|f(x)|+ x|f(1− x)|

)
x #

∫ 1

0
(M + xM) x

= M

∫ 1

0
(1 + x) x = M

[
x+

x2

2

]1

0
=

3

2
M.

∀x ∈ [a ; b], f(x) " 0.
∫ b

a
f = 0 f

[a ; b], f = 0,
x1 ∈ [a ; b] f(x1) > 0.

x2 ∈ [a ; b] f(x2) < 0.

x .−→
√

1 + x

2
[0 ; 2π].

I =

∫ 2π

0

√
1 + x

2
x =

∫ 2π

0

∣∣∣
x

2

∣∣∣ x.

x .−→
∣∣∣

x

2

∣∣∣ 2π

∫ 2π

0

∣∣∣
x

2

∣∣∣ x =

∫ π

−π

∣∣∣
x

2

∣∣∣ x = 2

∫ π

0

∣∣∣
x

2

∣∣∣ x

= 2

∫ π

0

x

2
x =

[
4

x

2

]π

0
= 4.

I = 4.

a ∈ R

I(a) =

∫ 1

0
(x2 − ax)2 x =

∫ 1

0
(x4 − 2ax3 + a2x2) x

=
[x5

5
− 2a

x4

4
+ a2

x3

3

]1

0
=

1

5
−

a

2
+

a2

3
.

I(a) a

I(a) a R,
I(a)

a .−→ I(a)

I(a) =
1

3

(
a2 −

3

2
a+

3

5

)

=
1

3

((
a−

3

4

)2
−

9

16
+

3

5

)
=

1

3

(
a−

3

4

)2
+

1

80
.

a∈R

∫ 1

0
(x2 − ax)2 x =

1

80
,

a =
3

4
.

∀n ∈ N∗, un =
1

n

n∑

k=1

1
√

1 + 2
k

n

.

[0 ; 1] −→ R, x .−→
1

√
1 + 2x

[0 ; 1],

un −→
n∞

∫ 1

0

1
√
1 + 2x

x =
[√

1 + 2x
]1
0
=
√
3− 1.

∀n ∈ N∗, un > 0 un =
1

n

n∑

k=1

(
1 +

k2

n2

)
.

[0 ; 1] .−→ R, x .−→ (1 + x2)

[0 ; 1], un −→
n∞

∫ 1

0
(1 + x2) x.

∫ 1

0
(1 + x2) x =

[
x (1 + x2)

]1
0
−
∫ 1

0
x

2x

1 + x2
x

= 2− 2

∫ 1

0

(
1−

1

1 + x2

)
x = 2− 2 + 2

∫ 1

0

1

1 + x2
x

= 2− 2 + 2 [ x]10 = 2− 2 +
π

2
.

R,

un −→
n∞

(
2− 2 +

π

2

)
= 2

π
2−2.

x ∈ [0 ; 1[,
xn

1 + x
−→
n∞

0,

0.

0 #

∫ 1

0

xn

1 + x
x #

∫ 1

0
xn x

=
[ xn+1

n+ 1

]1

0
=

1

n+ 1
−→
n∞

0,

n∞

∫ 1

0

xn

1 + x
x = 0.



x ∈ [0 ; π],
x

x+ n
−→
n∞

0,

0.

0 #

∫ π

0

x

x+ n
x #

∫ π

0

1

n
x =

π

n
−→
n∞

0,

n∞

∫ π

0

x

x+ n
x = 0.

x ∈ [0 ; π],
n x

x+ n
−→
n∞

x,
∫ π

0
x x.

∣∣∣
∫ π

0

n x

x+ n
x−

∫ π

0
x x

∣∣∣ =
∣∣∣
∫ π

0

−x x

x+ n
x
∣∣∣

=

∫ π

0

x x

x+ n
x #

∫ π

0

π

n
x =

π2

n
−→
n∞

0,

n∞

∫ π

0

n x

x+ n
x =

∫ π

0
x x = [− x]π0 = 2.

n ∈ N∗

∣∣∣
∫ 1

0

√
1 + xn x−

∫ 1

0
1 x

∣∣∣ =
∣∣∣
∫ 1

0

(√
1 + xn − 1

)
x
∣∣∣

=

∫ 1

0

xn

√
1 + xn + 1

x #

∫ 1

0
xn x =

1

n+ 1
−→
n∞

0.

∫ 1

0

√
1 + xn x− 1 −→

n∞
0,

n∞

∫ 1

0

√
1 + xn x = 1.

x .−→ (1 + x)
[
0 ;

π

4

]
.

y =
π

4
− x,

I =

∫ 0

π/4

(
1 +

(π
4
− y
))

(− y)

=

∫ π/4

0

(
1 +

1− y

1 + y

)
y =

∫ π/4

0

( 2

1 + y

)
y

=

∫ π/4

0

(
2− (1 + y)

)
y

=

∫ π/4

0
2 y −

∫ π/4

0
(1 + y) y =

π

4
2− I.

2I =
π

4
2, I =

π 2

8
.

√
f,
√
g,
√
fg [0 ; 1],

√
f

√
g

(∫ 1

0
f
)(∫ 1

0
g
)
"
(∫ 1

0

√
f
√
g
)2

=
(∫ 1

0

√
fg
)2

.

fg " 1,
√
fg " 1,

∫ 1

0

√
fg "

∫ 1

0
1 = 1,

∫ 1

0
(f − f2)2 =

∫ 1

0
(f2 − 2f3 + f4)

=

∫ 1

0
f2 − 2

∫ 1

0
f3 +

∫ 1

0
f4 = 0.

(f−f2)2 " 0, (f−f2)2 = 0,
f − f2 = 0, f(1− f) = 0.

∀x ∈ [0 ; 1],
(
f(x) = 0 f(x) = 1

)
.

f = 0 f = 1,
f ̸= 0 f ̸= 1.

a ∈ [0 ; 1] f(a) ̸= 0 b ∈ [0 ; 1]
f(b) ̸= 1. f(a) = 1 f(b) = 0.

f [0 ; 1],

f
1

2
,

f = 0 f = 1.

n ∈ N∗

vn =
n∑

k=0

(n+ k)−1 =
1

n

n∑

k=0

1

1 +
k

n

,

un.

x .−→
1

1 + x
[0 ; 1],

vn −→
n∞

∫ 1

0

1

1 + x
x =

[
(1 + x)

]1
0
= 2.

n ∈ N∗

un #
n∑

k=0

(n+ k)−α(n+ k)−β =
n∑

k=0

(n+ k)−1 = vn,

un "
n∑

k=0

(n+ k + 1)−α(n+ k + 1)−β

=
n∑

k=0

(n+ k + 1)−1 =
p=k+1

n+1∑

p=1

(n+ p)−1

= vn −
1

n
+

1

2n+ 1
.

∀n ∈ N∗, vn −
1

n
+

1

2n+ 1
# un # vn.



vn −
1

n
+

1

2n+ 1
−→
n∞

2 vn −→
n∞

2,

un −→
n∞

2.

x ∈
[
0 ;

π

2

]
, −u x −→

u −→ 0+
1,

∫ π/2

0
1 x.

u ∈ [0 ; +∞[

∣∣∣
∫ π/2

0

−u x x−
∫ π/2

0
x
∣∣∣ =

∣∣∣
∫ π/2

0

( −u x − 1
)

x
∣∣∣

=

∫ π/2

0

(
1− −u x

)
x.

∀t ∈ [0 ; +∞[, 0 # 1− −t # t.

t .−→ −t − 1 + t.

∣∣∣
∫ π/2

0

−u x x−
π

2

∣∣∣ #
∫ π/2

0
u x x

#

∫ π/2

0
u x =

π

2
u −→

u −→ 0+
0.

u −→ 0+

∫ π/2

0

−u x x =
π

2
.

x −→
x −→ 0

1,
∫ 3u

u

1

x
x.

∫ 3u

u

1

x
x = [ x]3uu = (3u)− u = 3.

u ∈ ]0 ; +∞[

∣∣∣
∫ 3u

u

x

x
x−

∫ 3u

u

1

x
x
∣∣∣ =

∫ 3u

u

1− x

x
x

=

∫ 3u

u

1

x
2 2 x

2
x #

∫ 3u

u

2

x

(x
2

)2
x

=

∫ 3u

u

x

2
x =

[x2

4

]3u

u
=

(3u)2 − u2

4
= 2u2 −→

u −→ 0+
0.

∫ 3u

u

x

x
x −→

u −→ 0+
3.

f

g : [0 ; +∞[ −→ R, x .−→ g(x) = −x
∫ x

0
f(t) t.

f [0 ; +∞[, g C1

[0 ; +∞[ x ∈ [0 ; +∞[

g′(x) = − −x
∫ x

0
f(t) t+ −xf(x)

= −x
(
f(x)−

∫ x

0
f(t) t

)
# 0,

g [0 ; +∞[.

g(0) = 0, g # 0.

f " 0, g " 0.

g = 0, ∀x ∈ [0 ; +∞[,

∫ x

0
f(t) t = 0,

∀x ∈ [0 ; +∞[, f(x) = 0.

{0}, 0
[0 ; +∞[ R.

t .−→ −t2 R,

x ∈ R, f(x) =

∫ 2x

x

−t2 t

(f) = R.

x ∈ R

f(−x) =
∫ −2x

−x

−t2 t =
[u=−t]

−
∫ 2x

x

−u2
u = −f(x),

f

t .−→ −t2

x .−→ x x .−→ 2x C1, f
C1 R

∀x ∈ R, f ′(x) = 2 −(2x)2 − −x2
= −x2(

2 −3x2
− 1
)
.

x " 0

f ′(x) = 0⇐⇒ −3x2
=

1

2
⇐⇒ 3x2 = 2⇐⇒ x =

√
2

3
.

α =

√
2

3
≃ 0, 481.

x " 0

0 # f(x) =

∫ 2x

x

−t2 t

# (2x− x) −x2
= x −x2

−→
x −→ +∞

0,

f(x) −→
x −→ +∞

0.

f(0) = 0, f ′(0) = 1
f(α) ≃ 0, 286.

x

f ′(x)

f(x)

0 α +∞

+ 0 −

00 00

x

y

O α

y = f(x)



x ∈ ]0 ; +∞[,

u =
t

x
, t = ux

F (x) =
1

x

∫ x

0
f(t) t =

1

x

∫ 1

0
f(xu)x u =

∫ 1

0
f(xu) u.

F (0) = f(0) =

∫ 1

0
f(0) u.

∀x ∈ [0 ; +∞[, F (x) =

∫ 1

0
f(xu) u.

(x, y) ∈ [0 ; +∞[2

|F (x)− F (y)| =
∣∣∣
∫ 1

0
f(xu) u−

∫ 1

0
f(yu) u

∣∣∣

=
∣∣∣
∫ 1

0

(
f(xu)− f(yu)

)
u
∣∣∣ #

∫ 1

0

∣∣f(xu)− f(yu)
∣∣ u

#

∫ 1

0
k|xu− yu| u = k|x− y|

∫ 1

0
u u

= k|x− y|
[u2

2

]1

0
=

k

2
|x− y|,

F
k

2

I =

∫ 1

0
f(x) x.

u = x v = x

I =

∫ π/2

0
f( u) u u,

I =

∫ 0

π/2
f( v)(− v) v =

∫ π/2

0
f( v) v v,

2I =

∫ π/2

0

(
f( u) u+ f( u) u

)
u

#

∫ π/2

0
1 u =

π

2
.

I #
π

4
.

y = π − x
∫ π

π/2

−u x x =

∫ π/2

0

−u x x,

∫ π

0

−u x x = 2

∫ π/2

0

−u x x.

∀x ∈
[
0 ;

π

2

]
, x "

2x

π
.

ϕ : x .−→ x−
2x

π
C1

[
0 ;

π

2

]
, x ∈

[
0 ;

π

2

]

ϕ′(x) = x−
2

π
, ϕ′′(x) = − x.

x

ϕ′′(x)

ϕ′(x)

ϕ(x)

0 α π
2

0 − − −1

> 0> 0

< 0< 0
0

00 00

ϕ′(0) = 1−
2

π
> 0 ϕ′

(π
2

)
= −

2

π
< 0,

α ∈
]
0 ;

π

2

[
ϕ′ α,

ϕ.

ϕ(0) = ϕ
(π
2

)
= 0, ϕ " 0,

u ∈ R∗+

0 #

∫ π

0

−u x x = 2

∫ π/2

0

−u x x

# 2

∫ π/2

0

− 2ux
π x = 2

[
−

π

2u
− 2ux

π

]π/2

0

=
π

u
(1− −u) #

π

u
.

∫ π

0

−u x x −→
u −→ +∞

0.

u ∈ ]0 ; +∞[

0 # −u2
∫ u

0

t2 t # −u2
∫ u

0

tu t = −u2
[ tu

u

]u

0

= −u2 u2
− 1

u
=

1− −u2

u
#

1

u
,

−u2
∫ u

0

t2 t −→
u −→ +∞

0.

F : R −→ R, x .−→ F (x) =

∫ x

0
f(t) t,

C1 R F ′ = f.

∀(t, x) ∈ R2, f(t+ x) = f(t) + f(x),

0 y

∀(x, y) ∈ R2,

∫ y

0
f(t+ x) t =

∫ y

0
f(t) t+ yf(x).

u = t+ x, x
∫ y

0
f(t+ x) t =

∫ x+y

x
f(u) u = F (x+ y)− F (x).

∀(x, y) ∈ R2, F (x+ y) = F (x) + F (y) + yf(x).

x y

∀(x, y) ∈ R2, F (x+ y) = F (y) + F (x) + xf(y),

∀(x, y) ∈ R2, yf(x) = xf(y).

y 1

∀x ∈ R, f(x) = xf(1).



f : [0 ; 1] −→ R
t =
√
x, x = t2, x = 2t t
∫ 1

0
f(x) x =

∫ 1

0
f(t2)2t t.

1

3
=
[x3

3

]1

0
=

∫ 1

0
x2 x.

1

3
+

∫ 1

0

(
f(x2)

)2
x−

∫ 1

0
f(x) x

=

∫ 1

0
x2 x+

∫ 1

0

(
f(x2)

)2
x−

∫ 1

0
2xf(x2) x

=

∫ 1

0

(
x− f(x2)

)2
x.

x .−→
(
x−f(x2)

)2

[0 ; 1]
∫ 1

0
f(x) x =

1

3
+

∫ 1

0

(
f(x2)

)2
x

⇐⇒
∫ 1

0

(
x− f(x2)

)2
x = 0

⇐⇒ ∀x ∈ [0 ; 1], x− f(x2) = 0

⇐⇒ ∀x ∈ [0 ; 1], f(x2) = x

⇐⇒ ∀t ∈ [0 ; 1], f(t) =
√
t.

f
f : [0 ; 1] −→ R, x .−→

√
x.

f : R −→ R C1.

0

∀x ∈ R,
(
f(x)

)2
=

∫ x

0

((
f(t)

)2
+
(
f ′(t)

)2)
t− x+ 1

⇐⇒

⎧
⎨

⎩

∀x ∈ R, 2f(x)f ′(x) =
(
f(x)

)2
+
(
f ′(x)

)2 − 1
(
f(0)

)2
= 1

⇐⇒

⎧
⎪⎪⎨

⎪⎪⎩

∀x ∈ R,
(
f ′(x)− f(x)

)2
= 1

(
f(0)

)2
= 1.

f ′ − f R

(f ′ − f)2 = 1 ⇐⇒
(
f ′ − f = −1 f ′ − f = 1

)
.

ε ∈ {−1, 1}.

y′ − y = ε.

y′−y = 0 y : x .−→ λ x, λ ∈ R.

y = −ε.

y : x .−→ λ x − ε, λ ∈ R.

(
f(0)

)2
= 1 ⇐⇒ (λ− ε)2 = 1 ⇐⇒ λ2 − 2ελ+ ε2 = 1

⇐⇒ λ(λ− 2ε) = 0 ⇐⇒ λ = 0 λ = 2ε.

f : R −→ R ε = −1 1
λ = 0 2ε

x .−→ − 1, x .−→ 1, x .−→ 2 x − 1, x .−→ − 2 x + 1.

ϕ : [a ; b] −→ R

∀x ∈ [a ; b], ϕ(x) =
(∫ x

a
f
)2
−
∫ x

a
f3.

ϕ C1 [a ; b]

∀x ∈ [a ; b], ϕ′(x) = 2
(∫ x

a
f
)
f(x)−

(
f(x)

)3
= f(x)ψ(x),

ψ : [a ; b] −→ R, x .−→ ψ(x) = 2

∫ x

a
f −

(
f(x)

)2
.

ψ C1 [a ; b]

∀x ∈ [a ; b], ψ′(x) = 2f(x)−2f(x)f ′(x) = 2f(x)
(
1− f ′(x)

)

︸ ︷︷ ︸
#0

.

f ′ " 0, f f(a) = 0,
f " 0, ψ′ " 0, ψ

ψ(a) = 0, ψ " 0, ϕ′ " 0, ϕ

ϕ(a) = 0, ϕ " 0.
ϕ(b) " 0,

x ∈ [a ; b]

|f(x)| =
∣∣∣f(a) +

∫ x

a
f ′(t) t

∣∣∣ =
∣∣∣
∫ x

a
f ′(t) t

∣∣∣

#

∫ x

a
|f ′(t)| t = F (x).

∫ b

a
|f(x)f ′(x)| x =

∫ b

a
|f(x)| |f ′(x)| x

#

∫ b

a
F (x)|f ′(x)| x =

∫ b

a
F (x)F ′(x) x

=
[1
2

(
F (x)

)2]b

a
=

1

2

((
F (b)

)2 −
(
F (a)

)2)
=

1

2

(
F (b)

)2
.

1
|f ′|
(
F (b)

)2
=
(∫ b

a
|f ′(x)| x

)2
=
(∫ b

a
1 · |f ′(x)| x

)2

#
(∫ b

a
12 x

)(∫ b

a

(
f ′(x)

)2
x
)
= (b− a)

∫ b

a

(
f ′(x)

)2
x,

∫ b

a
|f(x)f ′(x)| x #

b− a

2

∫ b

a

(
f ′(x)

)2
x.



a ∈ R∗+, x ∈ R.

f [x− a ; x]
[x ; x+ a]
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∣∣f(x− a)− f(x) + af ′(x)
∣∣ #

a2

2
M2

∣∣f(x+ a)− f(x)− af ′(x)
∣∣ #

a2

2
M2.

∣∣f(x+ a)− f(x− a)− 2af ′(x)
∣∣

=
∣∣∣
(
f(x+ a)− f(x)− af ′(x)

)
−
(
f(x− a)− f(x) + af ′(x)

)∣∣∣

#
∣∣f(x+a)−f(x)−af ′(x)

∣∣+
∣∣f(x−a)−f(x)+af ′(x)

∣∣ # a2M2,

2a|f ′(x)|

=
∣∣∣
(
f(x+ a)− f(x− a)

)
−
(
f(x+ a)− f(x− a)− 2af ′(x)

)∣∣∣

#
∣∣f(x+ a)− f(x− a)

∣∣+ a2M2 # 2M0 + a2M2

|f ′(x)| #
M0

a
+

1

2
M2a.

ϕ : ]0 ; +∞[ −→ R, a .−→ ϕ(a) =
M0

a
+

1

2
M2a

C1 a ∈ ]0 ; +∞[

ϕ′(a) = −
M0

a2
+

1

2
M2

=
M2

2a2

(

a−

√
2M0

M2

)(

a+

√
2M0

M2

)

ϕ

a

ϕ′(a)

ϕ(a)

0
√

2M0
M2

+∞

− 0 +

√
2M0M2
√
2M0M2

a∈]0 ; +∞[
ϕ(a) = ϕ

(
√

2M0

M2

)
=
√

2M0M2

∀x ∈ R, |f ′(x)| #
√

2M0M2.

f ′ R M1 #
√
2M0M2.

f [a ; b],
f

M =
x∈[a ; b]

f(x) n ∈ N∗,

un =
(∫ b

a

(
f(x)

)n
x
) 1

n
.

∀n ∈ N∗, un #
(∫ b

a
Mn

) 1
n = M(b− a)

1
n .

ε > 0

f [a ; b],
f M.

x0 ∈ [a ; b] f(x0) = M. f
x0, η > 0

∀x ∈ [x0 − η ; x0 + η] ∩ [a ; b], f(x) " M −
ε

2
.

S [x0 − η ; x0 + η] ∩ [a ; b] λ
S λ > 0 n ∈ N∗

un "
(∫

S

(
f(x)

)n
x
) 1

n "
(∫

S

(
M−

ε

2

)n) 1
n =

(
M−

ε

2

)
λ

1
n .

M(b− a)
1
n −→

n∞
M

(
M −

ε

2

)
λ

1
n −→

n∞
M −

ε

2
,

N ∈ N∗ ∀n " N,

⎧
⎪⎨

⎪⎩

M(b− a)
1
n # M + ε

(
M −

ε

2

)
λ

1
n " M − ε.

∀n " N, M − ε # un # M,

un −→
n∞

M.



a # b f : [a ; b] −→ R [a ; b]

∣
∣
∣

∫ b

a

f(x) x
∣
∣
∣ #

∫ b

a

|f(x)| x # (b− a)
x∈[a;b]

|f(x)|.

a # b f : [a ; b] −→ R [a ; b]

F : [a ; b] −→ R, x -−→
∫ x

a

f(t) t x -−→ f(x)− f(a)

a # b f : [a ; b] −→ R C1 [a ; b]

∫ b

a

f ′(t) t = f(b)− f(a)

a # b f : [a ; b] −→ R C1 [a ; b]
∫ b

a

|f ′(t)| t = |f(b)|− |f(a)|

a # b f : [a ; b] −→ R
b− a

n

n−1
∑

k=0

f
(

a+ k
b− a

n

)

−→
n∞

∫ b

a

f(x) x

f : I −→ C Cn+1 I a, x ∈ I

f(x) =
n
∑

k=0

(x− a)k

k!
f (k)(a) +

∫ x

a

(x− t)n

n!
f (n+1)(t) t

f : R −→ R, x -−→
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n ∈ N∗, Pn Pn > 0.

∀n ∈ N∗, Pn =
n∑

k=1

k2 + a

k2 + b
.

k

k2 + a

k2 + b
=

(
1 +

a

k2

)
−

(
1 +

b

k2

)

=
[ a

k2
+ o
( 1

k2

)]
−
[ b

k2
+ o
( 1

k2

)]
=

a− b

k2
+ o
( 1

k2

)
.

2 > 1
∑

k#1

a− b

k2

o
∑

k#1

o
( 1

k2

)

∑

k#1

k2 + a

k2 + b

S =
+∞∑

k=1

k2 + a

k2 + b
∈ R. Pn −→

n∞
S.

S,

Pn −→
n∞

S > 0.

n ∈ N∗

un+1 − un

=
1

a+ n+ 1
− (n+ 1) + n

=
1

n

1

1 +
a+ 1

n

−
(
1 +

1

n

)

=
1

n

[
1−

a+ 1

n
+ o
( 1

n

)]
−
[ 1
n
−

1

2n2
+ o
( 1

n2

)]

= −
2a+ 1

2n2
+ o
( 1

n2

)
.

2 > 1
∑

n#1

−
2a+ 1

n2

2 > 1

o
∑

n#1

o
( 1

n2

)

∑

n

(un+1 − un)

(un)n∈N∗

(a, b, c) ∈ R3. x ∈ [0 ; +∞[

a

x
+

b

x+ 1
+

c

x+ 2

=
a(x+ 1)(x+ 2) + bx(x+ 2) + cx(x+ 1)

x(x+ 1)(x+ 2)

=
(a+ b+ c)x2 + (3a+ 2b+ c)x+ 2a

x(x+ 1)(x+ 2)
.

∀x ∈ [0 ; +∞[,

(a+ b+ c)x2 + (3a+ 2b+ c− 1)x+ (2a+ 1) = 0.

( ) ⇐⇒

⎧
⎪⎪⎨

⎪⎪⎩

a+ b+ c = 0

3a+ 2b+ c− 1 = 0

2a+ 1 = 0

⇐⇒

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

a = −
1

2

b = 2

c = −
3

2
.

(a, b, c) ∈ R3

(a, b, c) =
(
−

1

2
, 2, −

3

2

)
.

N " 3,

N∑

n=1

n− 1

n3 + 3n2 + 2n

=
N∑

n=1

(
−

1

2

1

n
+

2

n+ 1
−

3

2

1

n+ 2

)

= −
1

2

N∑

n=1

1

n
+ 2

N∑

n=1

1

n+ 1
−

3

2

N∑

n=1

1

n+ 2

= −
1

2

N∑

n=1

1

n
+ 2

N+1∑

n=2

1

n
−

3

2

N+2∑

n=3

1

n



= −
1

2

(1
1
+

1

2
+

N∑

n=3

1

n

)
+ 2
(1
2
+

N∑

n=3

1

n
+

1

N + 1

)

−
3

2

( N∑

n=3

1

n
+

1

N + 1
+

1

N + 2

)

=
1

4
+

1

2(N + 1)
−

3

2(N + 2)
−→
N∞

1

4
.

+∞∑

n=1

n− 1

n3 + 3n2 + 2n
=

1

4
.

∀n ∈ N, φn " 0.

∀n ∈ N, φn+2 − φn+1 = φn " 0,

(φn)n#1

φ0 = 0 # 1 = φ1, (φn)n#0

ℓ ∈ R φn −→
n∞

ℓ,

(φn)n#0,
ℓ = ℓ+ ℓ, ℓ = 0, ℓ " φ1 = 1.

(φn)n#0

φn −→
n∞

+∞.

∀n ∈ N∗, φn " φ1 = 1 > 0.

n ∈ N∗

1

φ2n
−

1

φ2n+1

=
φ2n+1 − φ2n
φ2nφ

2
n+1

=
(φn+1 − φn)(φn+1 + φn)

φ2nφ
2
n+1

=
φn−1φn+2

φ2nφ
2
n+1

.

N " 1,

N∑

n=1

φn−1φn+2

φ2nφ
2
n+1

=
N∑

n=1

( 1

φ2n
−

1

φ2n+1

)

=
1

φ21
−

1

φ2N+1

−→
N∞

1

φ21
= 1.

+∞∑

n=1

φn−1φn+2

φ2nφ
2
n+1

= 1.

" 0.

0 # n2un = n2 −
√
n = 2 n−

√
n −→

n∞
0,

N ∈ N∗ ∀n " N, 0 # n2un # 1,

∀n " N, 0 # un #
1

n2
.

2 > 1
" 0,

−
√
n

0 # n3/2un = n3/2 n

n2
=

n
√
n
−→
n∞

0,

N ∈ N∗ ∀n " N, n3/2un # 1,

∀n " N, 0 # un #
1

n3/2
.

(3/2 > 1
" 0

n

n2

un = n
1
n2 − 1 =

n
n2 − 1.

n

n2
−→
n∞

0, un ∼
n∞

n

n2
" 0.

n

n2

" 0,
1
n2 − 1

un =
(
1 +

1

n3

)n2

− 1 =
[
n2

(
1 +

1

n3

)]
− 1

=
[
n2
( 1

n3
+ o
( 1

n3

))]
− 1 =

[ 1
n

+ o
( 1

n

)]
− 1

=
[
1 +

1

n
+ o
( 1

n

)]
− 1 =

1

n
+ o
( 1

n

)
∼
n∞

1

n
.

(
1 +

1

n3

)n2

− 1

f : [2 ; +∞[ −→ R, x .−→
1

x x

∀n " 2, f(n+ 1) #

∫ n+1

n
f(x) x # f(n),

∀N " 2,
N∑

n=2

f(n+ 1) #

∫ N+1

2
f(x) x #

N∑

n=2

f(n).

N∑

n=2

1

n n
"

∫ N+1

2

1

x x
x =

[
( x)

]N+1
2

=
(

(N + 1)
)
− ( 2) −→

N∞
+∞.

1

n n

f : [2 ; +∞[ −→ R, x .−→
1

x( x)2

∀n " 2, f(n+ 1) #

∫ n+1

n
f(x) x # f(n),

∀N " 2,
N∑

n=2

f(n+ 1) #

∫ N+1

2
f(x) x #

N∑

n=2

f(n).



∀N " 2,
N∑

n=2

f(n+ 1) #

∫ N+1

2

1

x( x)2
x

=
[
−

1

x

]N+1

2
= −

1

(N + 1)
+

1

2
#

1

2
,

∀N " 3,
N∑

n=3

un =
N−1∑

n=2

f(n+ 1) #
1

2
.

∑

n

un

" 0,
1

n( n)2

∀(a, b) ∈ (R+)2, ab #
1

2
(a2 + b2).

∀n " 1, 0 # un =
1

n
(nun) #

1

2

( 1

n2
+ n2u2

n

)
.

∑

n#1

1

n2
2 > 1

∑

n#1

n2u2
n

∑

n#1

1

2

( 1

n2
+ n2u2

n

)

" 0,∑

n#1

un

n

un = (n2 + n+ 1) + a (n2 + 2n+ 4) + b (n2 + 3n+ 10)

=
[
2 n+

(
1 +

1

n
+

1

n2

)]
+ a
[
2 n+

(
1 +

2

n
+

4

n2

)]

+b
[
2 n+

(
1 +

3

n
+

10

n2

)]

= 2(1 + a+ b) n+
[( 1

n
+

1

n2

)
−

1

2

1

n2
+ o
( 1

n2

)]

+a
[( 2

n
+

4

n2

)
−
1

2

4

n2
+o
( 1

n2

)]
+b
[( 3

n
+

10

n2

)
−
1

2

9

n2
+o
( 1

n2

)]

= 2(1+a+b) n+(1+2a+3b)
1

n
+
(1
2
+2a+

11b

2

)
+o
( 1

n2

)
.

1+ a+ b ̸= 0, un ∼
n∞

2(1+ a+ b) n, un

0 n
∑

n

un

1 + a + b = 0 1 + 2a + 3b ̸= 0,

un ∼
n∞

(1 + 2a+ 3b)
1

n
,

∑

n

1

n

∑

n

(1 + 2a+ 3b)
1

n

" 0,
∑

n

un

1 + a+ b = 0 1 + 2a+ 3b = 0,

un =
(1
2
+ 2a+

11b

2

) 1

n2
+ o
( 1

n2

)
.

2 > 1
∑

n

1

n2

2 > 1

o
∑

n

o
( 1

n2

)

∑

n

un

{
1 + a+ b = 0

1 + 2a+ 3b = 0
⇐⇒

{
a = −2

b = 1.
∑

n

un

a = −2 b = 1.

n ∀n ∈ N, un " 5.

n = 0, u0 = 5.

n ∈ N,

un+1 = u2
n − 5un + 8 = un(un − 5) + 8 " 8 " 5,

n+ 1.

∀n ∈ N, un " 5.

n ∈ N

un+1 − un = u2
n − 6un + 8 = (un − 3)2 − 1 " 3 " 0,

(un)n∈N

un −→
n∞

ℓ ∈ R.

(un)n∈N ℓ = ℓ2 − 5ℓ+8,
ℓ ∈ {2, 4}. ∀n ∈ N, un " 5,

ℓ " 5,

(un)n∈N

(un)n∈N

un −→
n∞

+∞.

n ∈ N

(−1)n

un − 2
−

(−1)n+1

un+1 − 2
=

(−1)n

un − 2
−

(−1)n+1

(un − 2)(un − 3)

=
(−1)n

(un − 2)(un − 3)

(
(un − 3) + 1

)
=

(−1)n

un − 3
.

N " 0

N∑

n=0

(−1)n

un − 3
=

N∑

n=0

( (−1)n

un − 2
−

(−1)n+1

un+1 − 2

)

=
N∑

n=0

(−1)n

un − 2
−

N∑

n=0

(−1)n+1

un+1 − 2
=

N∑

n=0

(−1)n

un − 2
−

N+1∑

n=1

(−1)n

un − 2

=
1

u0 − 2
−

(−1)N+1

uN+1 − 2
−→
N∞

1

u0 − 2
=

1

3
.



∑

n#0

(−1)n

un − 2

+∞∑

n=0

(−1)n

un − 2
=

1

3
.

N " 1,

∫ 1

0

1− (−1)NxN

1 + x
x =

∫ 1

0

(N−1∑

n=0

(−x)n
)

x

=
N−1∑

n=0

(−1)n
∫ 1

0
xn x =

N−1∑

n=0

(−1)n
1

n+ 1
=

N∑

n=1

(−1)n−1

n
.

N " 2

N∑

n=1

(−1)n−1

n
=

∫ 1

0

1

1 + x
x− (−1)N

∫ 1

0

xN

1 + x
x.

0 #

∫ 1

0

xN

1 + x
x #

∫ 1

0
xN x =

1

N + 1
−→
N∞

0,

∫ 1

0

xN

1 + x
x −→

N∞
0.

N∑

n=1

(−1)n−1

n
−→
N∞

∫ 1

0

1

1 + x
x =

[
(1 + x)

]1
0
= 2.

∑

n#1

(−1)n−1

n

+∞∑

n=1

(−1)n−1

n
= 2.

n " 1,
2n+1∑

k=n+1

uk.

(un)n#1 " 0,

∀n " 1,
2n+1∑

k=n+1

uk " nu2n " 0.

∑

n#1

un

2n+1∑

k=n+1

uk =
2n+1∑

k=1

uk −
n∑

k=1

uk −→
n∞

+∞∑

k=1

uk −
+∞∑

k=1

uk = 0.

nu2n −→
n∞

0,

2 (2n)u2n −→
n∞

0.

n " 1

0 # (2n+ 1)u2n+1 # (2n+ 1)u2n

=
2n+ 1

2n
(2n)u2n −→

n∞
1 · 0 = 0.

(2n+ 1)u2n+1 −→
n∞

0.

(2n)u2n −→
n∞

0 (2n+ 1)u2n+1 −→
n∞

0,

nun −→
n∞

0.

nun −→
n∞

0, N " 1

∀n " N, nun # 1.

∀n " 1, 0 # vn = nu2
n = (nun)un # un.

∑

n#1

un

" 0
∑

n#1

vn

n (1 + un) ∼
n∞

nun −→
n∞

0,

n (1+un) −→
n∞

1,

wn = un(1 + un)
n = un

(
n (1 + un)

)
∼
n∞

un " 0.

" 0,∑

n#1

wn

n ∈ N

Un =
n∑

k=0

uk, Vn =
n∑

k=0

vk.

∑

n#0

un

U =
+∞∑

n=0

un. n ∈ N

Vn =
n∑

k=0

vk =
n∑

k=0

(uk + uk+1) =
n∑

k=0

uk +
n∑

k=0

uk+1

=
n∑

k=0

uk +
n+1∑

k=1

uk = Un + (Un+1 − u0),

Vn −→
n∞

2U − u0,

∑

n#0

vn

∑

n#0

vn

V =
+∞∑

n=0

vn. n ∈ N

Vn = Un + Un+1 − u0 = 2Un + un+1 − u0,

Un =
1

2
Vn +

1

2
u0 −

1

2
un+1.

Vn −→
n∞

V un+1 −→
n∞

0



Un −→
n∞

1

2
V +

1

2
u0,

∑

n#0

un

un un + un+1

un −→
n∞

0

un = (−1)n, un

un 0
vn n, vn = 0

λ =
ℓ+ 1

2
. ℓ < λ < 1.

un+1

un
−→
n∞

ℓ < λ, N ∈ N

∀n " N,
un+1

un
# λ.

n " N + 1

un # λun−1, . . . , uN+1 # λuN .

> 0

∀n " N, un # λn−NuN = λnλ−NuN .

λ ∈ [0 ; 1[,
∑

n

λn

" 0,∑

n

un

∀n ∈ N, un > 0,

un+1

un
=

(
(n+ 1)!

)2
2n+1

(
2(n+ 1)!

)
(2n)!

(n!)22n

=
(n+ 1)2 · 2

(2n+ 1)(2n+ 2)
=

n+ 1

2n+ 1
−→
n∞

1

2
< 1.

∑

n

un

∀n ∈ N, vn > 0,

vn+1

vn
=

(4(n+ 1)

2(n+ 1)

)−1

(4n
2n

)−1 =

(4n
2n

)

(4n+ 4

2n+ 2

) =
(4n)!

(
(2n+ 2)!

)2

(4n+ 4)!
(
(2n)!

)2

=

(
(2n+ 1)(2n+ 2)

)2

(4n+ 1)(4n+ 2)(4n+ 3)(4n+ 4)
∼
n∞

16n4

256n4
=

1

16
.

vn+1

vn
−→
n∞

1

16
< 1.

∑

n

vn

p ∈ N

S2(p+1) − S2p = u2p+2 − u2p+1 = |u2p+2|− |u2p+1| # 0,

S2(p+1)+1−S2p+1 = u2p+2+u2p+3 = |u2p+2|− |u2p+3| " 0,

S2p+1 − S2p = u2p+1 −→
n∞

0.

(S2p)p∈N (S2p+1)p∈N

(S2p)p∈N (S2p+1)p∈N
ℓ.

Sn −→
n∞

ℓ.

∑

n#0

un

α ∈ ]0 ; +∞[.
∑

n#1

(−1)n

nα

n " 1,
1

nα
" 0

( 1

nα

)

n#1

1

nα
−→
n∞

0.

∑

n#1

(−1)n

nα

vn =
(−1)n

√
n+ (−1)n

=
(−1)n
√
n

1

1 +
(−1)n
√
n

︸ ︷︷ ︸
−→
n∞

0

=
(−1)n
√
n

(
1−

(−1)n
√
n

+
1

n
+ o
( 1

n

))

=
(−1)n
√
n
−

1

n
+

(−1)n

n
√
n

+ o
( 1

n
√
n

)
.

α = 1/2,
∑

n#1

(−1)n
√
n

∑

n

1

n

∑

n#1

(−1)n

n3/2

3/2 > 1

∑

n#1

1

n3/2
" 0,

∑

n#1

o
( 1

n3/2

)

vn

vn



0

0

un + vn un ∈ R vn ∈ R
un vn

z ∈ C |z| # 1
+∞
∑

n=0

zn =
1

1− z

z ∈ C |z| < 1
+∞
∑

n=1

zn =
1

1− z

un un+1−un

(un)n∈N, (vn)n∈N un ∼
n∞

vn,

un vn

α ∈ ]1 ; +∞[ nαun −→
n∞

0, un

(un)n∈N, (vn)n∈N n ∈ N un # vn
+∞
∑

n=1

un #
+∞
∑

n=1

vn

n ∈ N Sn = u0 + u1 + · · · + un n
n ∈ N S2n = u0 + u2 + · · ·+ u2n.



1

n
0

1

n

un

un 0

n

∑

n#0

zn |z| = 1

|z| # 1 |z| < 1

1 0
+∞
∑

n=0

zn =
1

1− z
,

+∞
∑

n=1

zn =
z

1− z
.

un

un+1 − un

un = (−1)n, vn = 2

S2n = u0 + u1 + · · ·+ u2n S2n

0 2n



p p

E (E)
(E) |E|

p p
n

p
p n

n

p p
n

n



➟

(x, y) N2

3x+ y = 11

(x, y) ∈ N2

3x+ y = 11 ⇐⇒

⎧
⎨

⎩

0 # 3x # 11

y = 11− 3x
⇐⇒

⎧
⎨

⎩

0 # x # 3

y = 11− 3x.

x {0, ..., 3} y = 11− 3x.

4

A E
A E A

(A) = (E)− (A).

➟

n ∈ N∗

(x, y, z) ∈ {0, ..., n}3 xyz = 0

E = {0, ..., n}3 A =
{
(x, y, z) ∈ E ; xyz = 0

}

A A E
{
(x, y, z) ∈ E ; xyz ̸= 0

}
=
{
1, ..., n}3.

(A) = n3,

(A) = (E)− (A) = (n+ 1)3 − n3 = 3n2 + 3n+ 1.

A B

(A \B) = (A)− (A ∩ B).

B ⊂ A

(A \B) = (A)− (B).
➟



18

4

A B
A "B

(A "B) = (A)− (A ∩ B) = 18− 4 = 14.

A B

A B A ∩ B = ∅
(A ∪ B) = (A) + (B).

(A ∪ B) = (A) + (B)− (A ∩ B).

➟

V n
1 100

2 n 3 n

E = {1, ..., 100} A = {n ∈ E ; 2 | n}, B = {n ∈ E ; 3 | n}
V = A ∪ B

A ∩ B =
{
n ∈ E ; 2 | n 3 | n

}
= {n ∈ E ; 6 | n}.

(A) =
⌊100

2

⌋
= 50,

(B) =
⌊100

3

⌋
= 33, (A ∩ B) =

⌊100
6

⌋
= 16.

(V ) = (A) + (B)− (A ∩ B) = 50 + 33− 16 = 67.

n

A1, A2, . . . , An

(A) =
n
∑

i=1

(Ai).

n ∈ N∗

(x, y, z) ∈ {1, ..., 4n}3

x, y, z

4

E = {1, ..., 4n}3 A B C D
(x, y, z) ∈ E x, y, z

4 0 1 2 3
A ∪ B ∪ C ∪ D

{x ∈ E ; 4 | x} = n, (A) = n3.

(B) = (n+ 1)3, (C) = (D) = n3.

A,B,C,D

(A ∪ B ∪ C ∪ D) = (n+ 1)3 + 3n3 = 4n3 + 3n2 + 3n+ 1.



n

A B

(A×B) = (A)× (B).

A1, A2, . . . , An
(

A1 ×A2 × · · ·×An

)

= (A1)× (A2)× · · ·× (An).

E p
ni

(E) = n1 × n2 × · · ·× np.

A n ∈ N∗

(An) =
(

(A)
)n

.

➟

(x, y) ∈ {1, ..., 10}2

2 | x 3 | y.

A = {x ∈ {1, ..., 10} ; 2 | x
}

B =
{
y ∈ {1, ..., 10} ; 3 | y

}

A×B

(A×B) = (A) (B) = 5 · 3 = 15.

p

E n

p
p E

np

p
p E p
E

n!

(n− p)!

p = n E

n!

p
p E
(
n

p

)

=
n!

p! (n− p)!

➟



1 6

3 {1, ..., 6}
63 = 216

{1, ..., 6}
6!

3!
= 120

3 {1, ..., 6}
(6
3

)
= 20

E n

(

P(E)
)

=
n
∑

k=0

(
n

k

)

= 2n.

➟

n

n ∈ N∗

n 2n

2n− 1

∀(n, p) ∈ N2 0 # p # n,

(
n

p

)

=

(
n

n− p

)

∀(n, p) ∈ N2 0 # p # n,

(
n

p

)

+

(
n

p+ 1

)

=

(
n+ 1

p+ 1

)

∀(n, p) ∈ N2 1 # p # n, p

(
n

p

)

= n

(
n− 1

p− 1

)



∀n ∈ N, ∀(x, y) ∈ R2, (x+ y)n =
n
∑

k=0

(
n

k

)

xk yn−k.

➟

n ∈ N− {0, 1}

Sn =
n−1∑

k=1

(n
k

)
2n−k.

Sn =
( n∑

k=0

(n
k

)
2n−k

)
−
((n

0

)
2n +

(n
n

)
20
)

= (1 + 2)n − (2n + 1) = 3n − 2n − 1.

3



{1, ..., n}2

n ∈ N∗ (x, y) {1, ..., n}2

x # y

x < y

x+ y = n

x+ y # n

(3, 7, 10, 3, 6)

(2, 4, 0)



E n = (E) A ⊂ E B ⊂ E p = (A) q = (B) r = (A∩B)

X E

X ⊂ A

A ⊂ X

X ∩ A = ∅

X ∪ A = E

A ∩ B ⊂ X ⊂ A ∪ B

(X,Y ) E

X ⊂ A ∩ B A ∪ B ⊂ Y

A ∩ B ⊂ X ∩ Y X ∪ Y ⊂ A ∪ B.

E n = (E) (X,Y )
E

X ⊂ Y

X ∩ Y = ∅
X ∪ Y = E

n ∈ N un N (x1, ..., xN ) {1, 2}
N ∈ N∗ x1 + · · ·+ xN = n.

n = 4

4 = 1 + 1 + 1 + 1, 4 = 1 + 1 + 2, 4 = 1 + 2 + 1, 4 = 2 + 1 + 1, 4 = 2 + 2,

u4 = 5.

∀n ∈ N, un+2 = un+1 + un.

∀n ∈ N, un =
1√
5

((1 +
√
5

2

)n

−
(1−

√
5

2

)n)

.



n, p ∈ N∗ {1, ..., p} {1, ..., n}

n ∈ N∗ E n

Sn =
∑

(X,Y )∈
(

P(E)
)2

(X ∩ Y ), Tn =
∑

(X,Y )∈
(

P(E)
)2

(X ∪ Y ).

E E F P
(

P(E)
)

⎧

⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎩

∀X ∈ F , X ̸= ∅

∀X,Y ∈ F ,
(

X ̸= Y =⇒ X ∩ Y = ∅
)

∀x ∈ E, ∃X ∈ F , x ∈ X.
{

{1}, {2, 4}, {3, 5}
}

{1, ..., 5}

n ∈ N∗ Pn {1, ..., n} P0 = 1

∀n ∈ N, Pn+1 =
n
∑

k=0

(

n
k

)

Pk.

Pn n = 0, ..., 5.

p n

(n, p) ∈ (N∗)2 p {1, ..., n} P {1, ..., n}
(P ) = p
{

{1, 2}, {3}, {4, 5, 6}
}

3 {1, ..., 6}
Pn,p p {1, ..., n}

∀(n, p) ∈ (N∗)2, Pn+1, p+1 = Pn,p + (p+ 1)Pn, p+1.

Pn,p (n, p) ∈ {1, ..., 5}2

n ∈ N∗

Pn+1,2 = 2n − 1, Pn+1,3 =
3n − 2n+1 + 1

2
, Pn+1,n =

(

n+ 1
2

)

.



3

17576

3
15600

1950

3120

1800

360

17360

9360

6

20160
630

x y

n(n+ 1)

2
,

n(n− 1)

2
, n− 1,

n(n− 1)

2
.

100000

1300

14400

9720

x y z

x y z 28

7

5

15

x− 1, y − 1, z − 1 10

18

x, y, z, u,, v, w

x = 12, y = 7 z = 3 u = 5, v = 1, w = 1.

2p

X 2n−p

X ∩ A = ∅
2p

X 2p

Z .−→ (A ∩ B) ∪ Z
2p+q−2r

X Y
2n−p−q+2r

22(p+q−2r)

Y ⊂ E X ⊂ Y
3n

X ∩ Y = ∅
3n

X Y 3n

(x1, ..., xN ) x1 + · · ·xN = 2

p {1, ..., n}(n
p

)

f : {1, ..., p} −→ {1, ..., n}
f : {1, ..., p} .−→ {1, ..., n+p−1}

∀i ∈ {1, ..., p}, f (i) = f(i) + i− 1
(n+ p− 1

p

)
.

C D F M

{1, ..., p}
{1, ..., n}

(F ), (C), (D) C
(M)

(n+ p− 1

p

)
,
(n+ p− 1

p

)
, p,

(n+ p− 1

p

)
− p.

np − 2
(n+ p− 1

p

)
+ p.



(X,Y ) ∈
(
P(E)

)2

(X, Y ), (X,Y ), (X, Y ) Sn = n22n−2

(X,Y ) ∈
(
P(E)

)2
(X, Y )

Tn = 3 · 22n−2

{1, ..., n+1}
n+ 1

1, 1, 2, 5, 15, 52

(n, p) ∈ (N∗)2 p + 1
{1, ..., n + 1}

{n+ 1}

Pn+1,2 = 2Pn,2 + 1.

n {1, ..., n + 1}
{1, ..., n+ 1}.

263 = 17576

26 × 25 × 24 = 15600

(3
2

)

(
3
2

)
× 26× 25 = 1950

6× 26× 20 = 3120

(3
2

)

6× 5

(
3
2

)
× (6× 5)× 20 = 1800

(3
2

)

(
3
2

)
× 20× 6 = 360

63.

263 − 63 = 17360

63

203

263 − (63 + 203) = 9360

3! = 6

(8
2

)

6! (
8
2

)
6! = 20160

(7
2

) (5
2

)



(3
2

)

(
7
2

)(
5
2

)(
3
2

)
· 1 = 630

x ∈ {1, ..., n} y
{x, x+ 1, ..., n}

n+ (n− 1) + · · ·+ 1 =
n(n+ 1)

2
.

x ∈ {1, ..., n− 1} y

{x+ 1, ..., n}

(n− 1) + (n− 2) + · · ·+ 1 =
(n− 1)n

2
.

x ∈ {1, ..., n− 1} y n− x
n− 1

x ∈ {1, ..., n − 1} y
{1, ..., n− x}

(n− 1) + (n− 2) + · · ·+ 1 =
(n− 1)n

2
.

105 = 100 000

15 25 35 45

15 + 25 + 35 + 45 = 1300

12
(
5
2

)

2(
3
1

)
3

(
2
1

)

4 1

(
12 ·

(
5
2

))(
2 ·
(
3
1

))(
3 ·
(
2
1

))(
4 ·
(
1
1

))
= 1440

(
1 ·
(
5
1

))(
22 ·

(
4
2

))(
3 ·
(
2
1

))(
4 ·
(
1
1

))
= 2880

(
1 ·
(
5
1

))(
2 ·
(
4
1

))(
32 ·

(
3
2

))(
4 ·
(
1
1

))
= 4320

(
1 ·
(
5
1

))(
2 ·
(
4
1

))(
3 ·
(
3
1

))(
42 ·

(
2
2

))
= 6760

14 400

(
5
1

)
32 ·

(
4
2

)

62

(
5
1

)(
32 ·

(
4
2

))
· 62 = 9720

(x, y, z) N3 x+y+z = 6 x y z

x 0, ..., 6

x y 0, ..., 6− x.

x y z 6− x− y

6∑

x=0

6−x∑

y=0

1 =
6∑

x=0

(7− x) =
6∑

x=0

7−
6∑

x=0

x = 7 · 7−
6 · 7
2

= 28.

(x, y, z) N3 x = 0
x+ y + z = 6 (y, z) N2

y+z = 6 7
A

(x, y, z)
N × N∗ × N∗ x = 0 x + y + z = 6

(y, z) ∈ (N∗)2 y+ z = 6
5

3×5 = 15

(x, y, z) (N∗)3
x+ y + z = 6

(x− 1, y− 1, z− 1)
(u, v, w) N3 u+ v + w = 3

3∑

u=0

3−x∑

v=0

1 =
3∑

u=0

(4− x) =
3∑

u=0

4−
3∑

u=0

x = 4 · 4−
3 · 4
2

= 10.

28− 10 = 18.



x, y, z, u, v, w

x+ y + z + u+ v + w = 30, z = 3, x+ y + z + u = 28

u+ v + w + x = 20, z + w = 4, x = 2u.

z = 3, w = 4− z = 1

x = 2u, 3u+ y + v = 26, 3u+ y = 25, 3u+ v = 19

v = 1, u = 6, x = 12, y = 7.

x = 12, y = 7, z = 3, u = 6, v = 1, w = 1.

X E X ⊂ A
A 2 (A) = 2p

X E A ⊂ X ⇐⇒ X ⊂ A.

X .−→ X
X E A ⊂ X

Y E Y ⊂ A

X E A ⊂ X

2 (A) = 2n−p.

X E

X ∩ A = ∅ ⇐⇒ X ⊂ A.

A A

X E X ∩ A = ∅ 2 (A) = 2n−p.

X E

X ∪ A = E ⇐⇒ X ∪ A = ∅ ⇐⇒ X ∩ A = ∅.

X .−→ X
X E X ∪ A = E
Y E Y ∩ A = ∅

A A
2p

Z .−→ A ∪ Z
Z A X E

X ∪ A = E

A
2p

Z .−→ (A ∩B) ∪ Z
(A∪B)\(A∩B)

X E A ∩ B ⊂ X ⊂ A ∪ B
(A ∪ B) \ (A ∩ B).

A ∩ B ⊂ A ∪ B
(
(A ∪ B) \ (A ∩ B)

)
= (A ∪ B)− (A ∩ B)

= (A) + (B)− 2 (A ∩ B) = p+ q − 2r.

2p+q−2r

(X,Y ) E
X ⊂ A ∩B A ∪B ⊂ Y
X E A ∩ B ⊂ X Y

E A ∪ B ⊂ Y

2r × 2n−(p+q−r) = 2n−p−q+2r.

(X,Y ) E
⎧
⎨

⎩

A ∩ B ⊂ X ∩ Y

X ∪ Y ⊂ A ∪ B
⇐⇒

⎧
⎨

⎩

A ∩ B ⊂ X A ∩ B ⊂ Y

X ⊂ A ∪ B Y ⊂ A ∪ B

⇐⇒

⎧
⎨

⎩

A ∩ B ⊂ X ⊂ A ∪ B

A ∩ B ⊂ Y ⊂ A ∪ B.

(2p+q−2r)2 = 22(p+q−2r).

(X,Y ) E
X ⊂ Y Y E

X Y

k ∈ {0, ..., n}
(
n
k

)
Y E

(Y ) = k

Y E (Y ) = k 2k

X Y
n∑

k=0

(
n
k

)
2k.

n∑

k=0

(
n
k

)
=

n∑

k=0

(
n
k

)
2k1n−k = (2 + 1)n = 3n.

(X,Y ) E
X ⊂ Y 3n

(X,Y ) E

X ∩ Y = ∅ ⇐⇒ X ⊂ Y .

(X,Z)
E X ⊂ Z 3n

(X,Y ) E

X ∪ Y = E ⇐⇒ X ∪ Y = ∅ ⇐⇒ X ∩ Y = ∅.

(X,Y ) .−→ (X,Y )
(X,Y ) E

X ∪ Y = E (U, V )
E U ∩ V = ∅.

3n

n ∈ N N (x1, ..., xN ) {1, 2}
N ∈ N∗ x1 + · · ·xN = n+ 2

xN = 2 N − 1
(x1, ..., xN−1) {1, 2} x1 + · · ·+ xN−1 = n

xN = 1 N−1
(x1, ..., xN−1) {1, 2} x1 + · · ·+ xN−1 = n+ 1

∀n ∈ N, un+2 = un+1 + un.



(un)n∈N

r2− r− 1 = 0

r1 =
1 +
√
5

2
, r2 =

1−
√
5

2
.

(λ1, λ2) ∈ R2

∀n ∈ N, un = λ1r
n
1 + λ2r

n
2 .

u0 = 0 u1 = 1,

λ1 + λ2 = 0 λ1r1 + λ2r2 = 1.

λ1 =
1

r1 − r2
=

1
√
5
, λ2 = −λ1 = −

1
√
5
.

∀n ∈ N, un =
1
√
5

((1 +
√
5

2

)n
−
(1−

√
5

2

)n)
.

{1, ..., p} {1, ..., n} p

{1, ..., n}
(
n
p

)
.

f : {1, ..., p} −→ {1, ..., n}
f♯ : {1, ..., p} −→ {1, ..., n+p−1}

∀i ∈ {1, ..., p}, f♯(i) = f(i) + i− 1.
f : {1, ..., p} −→ {1, ..., n} f♯

g : {1, ..., p} −→ {1, ..., n+ p− 1}

g♭ : {1, ..., p} −→ {1, ..., n}

∀j ∈ {1, ..., n+ p− 1}, g♭(j) = g(j)− j + 1

g : {1, ..., p} −→ {1, ..., n+ p− 1},
g♭

f f♯

g
g♭

{1, ..., p}
{1, ..., n}

{1, ..., p} {1, ..., n + p − 1}(
n+ p− 1

p

)

C D F M
{1, ..., p} {1, ..., n}

C ∪ D = M, C ∩ D = F.

(M) = (C ∪ D) = (C) + (D)− (C ∩ D)

= (C) + (D)− (F ).

(C) =

(
n+ p− 1

p

)
.

f ∈ C

g : {1, ..., p} −→ {1, ..., n}, i .−→ n+ 1− f(i)

C D (D) = (C)

(F ) = p

(M) = 2

(
n+ p− 1

p

)
− p.

E
{1, ..., p} {1, ..., n} N

(N) = (E)− (M) = np − 2

(
n+ p− 1

p

)
+ p.

(X,Y ) ∈
(
P(E)

)2

(X ∩ Y )+ (X ∩ Y )+ (X ∩ Y )+ (X ∩ Y ) = (E) = n.

(X,Y )
(X, Y ), (X, Y ), (X, Y )(

P(E)
)2

(X,Y ) ∈
(
P(E)

)2

Sn =
∑

(X ∩ Y ) =
∑

(X ∩ Y )

=
∑

(X ∩ Y ) =
∑

(X ∩ Y ).

4Sn=n
∑

1=n
(
P(E)

)2
=n
(

P(E)
)2

=n(2n)2 = n22n.

Sn = n22n−2.

(X,Y ) (X, Y )(
P(E)

)2

Tn =
∑

(X ∪ Y ) =
∑ (

X ∩ Y
)

=
∑(

n− (X ∩ Y )
)
= n

∑
1−

∑
(X ∩ Y )

= n
∑

1−
∑

(X ∩ Y ) = n(2n)2 − Sn = 3n22n−2.

n ∈ N
{1, ..., n+ 1}

⋆ A {1, ..., n+1} n+1 ∈ A(
n
k

)
k = (A)− 1

⋆ {1, ..., n+ 1}"A
Pn−k

Pn+1 =
n∑

k=0

(
n
k

)
Pn−k =

n∑

k=0

(
n
k

)
Pk.

P0 = 1,

P1 =

(
0
0

)
P0 = 1,

P2 =

(
1
0

)
P0 +

(
1
1

)
P1 = 2,

P3 =

(
2
0

)
P0 +

(
2
1

)
P1 +

(
2
2

)
P2 = 5,

P4 =

(
3
0

)
P0 +

(
3
1

)
P1 +

(
3
2

)
P2 +

(
3
3

)
P3 = 15,

P5 =

(
4
0

)
P0 +

(
4
1

)
P1 +

(
4
2

)
P2 +

(
4
3

)
P3 +

(
4
4

)
P4 = 52.



(n, p) ∈ (N∗)2

p+ 1 {1, ..., n+ 1}
{n+1}

Pn,p

{n+1} n+1
{1, ..., n} (p+ 1)Pn,p+1

Pn+1,p+1 = Pn,p + (p+ 1)Pn,p+1.

p > n =⇒ Pn,p = 0.

n ∈ N∗ 1{
{1, ..., n}

}
Pn,1 = 1

n
{
{1}, ..., {n}

}

Pn,n = 1

Pn,p

P3,2 = P2,1 + 2P2,2 = 1 + 2 = 3,

P4,2 = P3,1 + 2P3,2 = 1 + 2 · 3 = 7,

P4,3 = P3,2 + 3P3,3 = 3 + 3 · 1 = 6, ...

1

2

3

4

5

1 2 3 4 5
n

p

p 1
n ∈ N∗ Pn+1,2 = Pn,1 + 2Pn,2 = 1 + 2Pn,2,

Pn+1,2 + 1 = 2(Pn,2 + 1).

(Pn,2 + 1)n#1

2 ∀n ∈ N∗, Pn+1,2 + 1 = 2n(P1,2 + 1) = 2n,

∀n ∈ N∗, Pn+1,2 = 2n − 1.

n = 0
P1,2 = 0 = 20 − 1.

⋆ n = 1 P2,3 = 0
312− 22 + 1

2
= 0.

⋆ n ∈ N∗

Pn+2,3 = Pn+1,2 + 3Pn+1,3 = (2n − 1) + 3
3n − 2n+1 + 1

2

=
2n+1 − 2 + 3n+1 − 3 · 2n+1 + 3

2
=

3n+1 − 2n+2 + 1

2
,

n+ 1

n

∀n ∈ N∗, Pn+1,3 =
3n − 2n+1 + 1

2
.

n {1, ..., n + 1}
{1, ..., n+1}

5
{
{1}, {2}, {3, 5}, {4}, {6}

}

{1, ..., 6} {3, 5}

∀n ∈ N∗, Pn+1,n =

(
n+ 1
2

)
=

(n+ 1)n

2
.



n ∈ N∗ (x, y) {1, ..., n}2 x < y
n(n− 1)

2

A,B (A \B) = (A)− (B)

n ∈ N∗ A1, ..., An

( n
⋃

k=1

Ak

)

#
n
∑

k=1

(Ak)

E f, g : E −→ E

g ◦ f = E f g g = f−1

(n, p) ∈ N2 1 # p # n

(

n+ 1
p

)

=

(

n
p

)

+

(

n
p− 1

)

(n, p) ∈ N2 1 # p # n p

(

n
p

)

= n

(

n− 1
p− 1

)

E,F f : E −→ F
f

E, F E

F
(

(E)
) (F )

E,F E ⊂ F
(

P(E)
)

=
(

P(F )
)

,
E = F

p

n p # n

(

n
p

)



n
(

n
2

)

,
n(n− 1)

2

A = {0, 1}, B = {0, 2}, A \B = {1}
(A \B) = (A)− (A ∩ B).

B ⊂ A (A \B) = (A)− (B).

n

f (x1, x2) ∈ E2 f(x1) = f(x2)
g
(

f(x1)
)

= g
(

f(x2)
)

x1 = x2 f E f
g = f−1 g

(

n
p

)

+

(

n
p+ 1

)

=

(

n+ 1
p+ 1

)

.

p

(

n
p

)

= p
n!

p!(n− p)!
=

n!

(p− 1)!(n− p)!
= n

(n− 1)!

(p− 1)!(n− p)!
= n

(

n− 1
p− 1

)

.

(E) = (F )

E F
f : E −→ F f

E F
(

(F )
) (E)

n = (E), p = (F ) 2n = (E) = (F ) = 2p,
n = p E ⊂ F E = F



PA(B)

n



A

Ω A
Ω

P (A) =
(A)

(Ω)
=

A

P
(

{ω}
)

ω ∈ Ω

P (A) =
∑

ω∈A

P
(

{ω}
)

➟

9

4

Ω Ω = {1, ..., 6}2
(Ω) = 62 = 36.

P Ω

A

A = {(1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (6, 6)}

(A) = 6 P (A) =
(A)

(Ω)
=

6

36
=

1

6
.

B 9

B = {(3, 6), (4, 5), (5, 4), (6, 3)}

(B) = 4 P (B) =
(B)

(Ω)
=

4

36
=

1

9
.

C 4

C = {(4, 4), (4, 5), (4, 6), (5, 4), (6, 4)}

(C) = 5 P (C) =
(C)

(Ω)
=

5

36
.

A

A
P (A) = 1− P (A)

A A = B \ C
P (A) = P (B \ C) = P (B)− P (B ∩ C) ;

C B C ⊂ B
P (A) = P (B \ C) = P (B)− P (C)



A A = B ∪ C
P (A) = P (B ∪ C) = P (B) + P (C)− P (B ∩ C) ;

B C B ∩ C = ∅

P (A) = P (B ∪ C) = P (B) + P (C)

➟

5 6

Ω Ω = {1, ..., 6}5
(Ω) = 65.

P Ω

A 5

A 5
A = {1, 3, 5}5, (A) = 35

P (A) =
(A)

(Ω)
=

35

65
=

1

25
.

P (A) = 1− P (A) = 1−
1

25
=

31

32
≃ 0, 969 .

n
⋃

k=1

Ak

Ak

P
( n
⋃

k=1

Ak

)

=
n
∑

k=1

P (Ak).

➟

6

421

Ω Ω = {1, ..., 6}3 P
Ω

A 421
1, 2, 4 (A) = 6,

P (A) =
(A)

(Ω)
=

6

63
=

1

36
.

B B = {2, 4, 6}3

(B) = 33 P (B) =
(B)

(Ω)
=

33

63
=

1

8
.

C

P (C) =
1

8
.

D D = A ∪ B ∪ C A,B,C

P (D) = P (A) + P (B) + P (C) =
1

36
+

1

8
+

1

8
=

5

18
.



n
⋂

k=1

Ak

Ak

P
( n
⋂

k=1

Ak

)

=
n
∏

k=1

P (Ak)

P
( n
⋂

k=1

Ak

)

= P (A1)× PA1(A2)× · · ·× PA1 ∩A2,∩ ··· ∩An−1(An),

P (A1 ∩ A2 ∩ · · · ∩ An−1) ̸= 0

n
⋂

k=1

Ak =
n
⋃

k=1

Ak

➟

12 8
4

3

k ∈ {1, 2, 3} Bk

k Nk

k

B1 ∩ B2 ∩ N3

B1, B2, N3

P (B1 ∩ B2 ∩ N3) = P (B1)PB1 (B2)PB1 ∩B2 (N3)

=
8

12
·
7

11
·
4

10
=

28

165
≃ 0, 170 .

B

(Ak)1"k"n

∀k ∈ {1, ..., n}, P (Ak) ̸= 0 ;
B

P (B) =
n
∑

k=1

P (Ak ∩ B) =
n
∑

k=1

P (Ak)× PAk
(B).

➟



U1 5 3
2

U2 12 6
6

U1

U2 U2

B1 N1

U1 B2 N2

U2

P (B2)

U2

(B1, N1)

P (B2) = P (B1)PB1 (B2) + P (N1)PN1 (B2)

=
3

5
·
7

13
+

2

5
·
6

13
=

33

65
≃ 0, 508 .

A

B

PB(A) =
P (A)PA(B)

P (B)
,

P (A) ̸= 0 P (B) ̸= 0

P (B)

6
U 20

10 10
6

6

i
U 20
i 6−i

U

U

4

i ∈ {1, ..., 6} Di

i A U
PA(D4)

∀i ∈ {1, ..., 6}, P (Di) =
1

6
.

PDi
(A) i ∈ {1, ..., 6}

i i
6 − i U U 10 + i

16− i PDi
(A) =

16− i

26
P (A)

(Di)1"i"6

P (A) =
6∑

i=1

P (Di)PDi
(A) =

6∑

i=1

1

6
·
16− i

26

=
1

156

( 6∑

i=1

16−
6∑

i=1

i
)
=

1

156

(
6 · 16−

6 · 7
2

)
=

75

156
.

PA(D4) =
P (D4)PD4 (A)

P (A)
=

1

6
·
16− 4

26
75

156

=
12

75
=

4

25
= 0, 16.



A B
P (A ∩ B) = P (A)× P (B)

A B

PA(B) = P (B) PB(A) = P (A)

A1, A2, . . . , An

I {1, ..., n}
P
( ⋂

i∈I

Ai

)

=
∏

i∈I

P (Ai)

➟

A

B

A B

P (A ∩ B) = P (∅) = 0 P (A)P (B) =
1

2
·
1

2
=

1

4
,

P (A ∩ B) ̸= P (A)P (B) A
B

A
B

C

A B

A C

F P Ω
Ω = {(F, F ), (F, P ), (P, F ), (P, P )}

A =
{
(F, F ), (F, P )

}
, B =

{
(P, F ), (P, P )

}
, C =

{
(F, P ), (P, F )

}

A ∩ B = ∅, A ∩ C = {(F, P )}.

P (A) = P (B) = P (C) =
1

2
, P (A ∩ B) = 0, P (A ∩ C) =

1

4
.

P (A ∩ B) ̸= P (A)P (B), P (A ∩ C) = P (A)P (C).

A B A C



9 1 9
2

2

A

B

C

A B A C
B C

A, B, C



U1 U2 U3 2
3 U1 U2

U3 U3

U3

U3

U1 U2

n

An n

Bn n

n " 2 P (An) P (Bn)

An Bn n = 2

An Bn n = 3

An Bn

n
k

{1, ..., n} k

n " 2 n n
i i ∈ {1, ..., n} i

n − i

n



p 0 < p < 1
q = 1− p

n ∈ N∗ pn n
n

p1 = 1

n N∗ pn+1 pn

(pn)n∈N∗

pn n p

n∞
pn

a 0 < a < 1
b 0 < b < 1

N

⋆

⋆

⋆ N

n {1, ..., N}
An n qn = P (An)

BLn n pn = P (BLn)

q1 p1 q2 p2

n {2, ..., N} qn qn−1
qn a b n

n {1, ..., N} pn qn
pn a b n

n
a 0 < a < 1

n

pn n

p1 p2

∀n " 1, pn+2 = a pn+1 + (1− a) pn

pn n a



b n r

pr

p0 p1

r ∈ N pr+1 pr

(pr)r∈N

n
(n + 1) 2/3

0

n N An Bn Cn

n

an = P (An) bn = P (Bn) cn = P (Cn)

n N an + bn + cn

n N an+1 bn+1 cn+1 an bn cn

∀n ∈ N, an+1 − bn+1 =
1

2
(an − bn) an+1 − cn+1 =

1

2
(an − cn)

an bn cn n



Ω
Ω = {1, ..., 6}2

Ω

A

A =
{
(1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (6, 6)

}

B

B =
{
(2, 6), (3, 5), (4, 4), (5, 3), (6, 2)

}

C
C

Ω

(Ω) = 203

(Ω) =
(20
3

)

Ω

(Ω) =
(9
2

)

(Ω) = 9× 8

(Ω) = 92

Bk Nk

k
P (B1 ∩ B2 ∩ N3 ∩ N4)

Ω

(Ω) =
(20
4

)
,

A

(A) =
(10
2

)

B

(B)

C
C = B\A

i ∈ {1, 2, 3} Bi Ni

Ui

P (N1 ∩ N2 ∩ N3)

P (B3)

(
B1 ∩ B2, B1 ∩ N2, N1 ∩ B2, N1 ∩ N2

)

PB3 (B1 ∩ B2)

un = 2n−1 −
n− 1 un = 0 ⇐⇒ n = 3

k {1, ..., n} Ak

k
Ak = A1 ∩ · · · ∩ Ak−1 ∩ Ak

P (Ak)

i {1, ..., n} Ci

i

A

(
C1, C2, . . . , Cn

)

An n
Bn

n

An+1 An, An, Bn, Bn

A1 BL1 A2 BL2

An+1

An, An, BLn, BLn

P (BLn)

(
An, An

)

An

n

A1 A2



Pk Fk

k

P (An+2)

(P1, F1)
PP1 (An+2) = P (An+1) PF1 (An+2) = P (An)

(pn)n∈N∗

Bk Nk Rk

k
G

(
B1, N1, R1

)

PB1 (G) = 1 PN1 (G) = 0
PR1 (G) = pr

r pr =
b

n+ b

An, Bn, Cn

P (An) + P (Bn) + P (Cn) = 1

(
An, Bn, Cn

)

(an− bn)n∈N (an−cn)n∈N

∀n ∈ N, an − bn =
1

2n
= an − cn

an bn cn n

Ω
Ω = {1, ..., 6}2 (Ω) = 62 = 36

P
Ω

A

A =
{
(1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (6, 6)

}

P (A) =
(A)

(Ω)
=

6

36
=

1

6

B

B =
{
(2, 6), (3, 5), (4, 4), (5, 3), (6, 2)

}

P (B) =
(B)

(Ω)
=

5

36

C

C

C = {1, ..., 5}2 P (C) =
(C)

(Ω)
=

25

36

P (C) = 1− P (C) = 1−
25

36
=

11

36

Ω Ω
{1, ..., 20}

(Ω) = 203 = 8000

P
Ω

A

A

(A) = 5 × 5 × 10 × 3! 3!

P (A) =
(A)

(Ω)
=

5× 5× 10× 3!

203
=

3

16

B

B

5× 52 × 3 = 375

52 × 5× 3 = 375

5× 102 × 3 = 1500

52 × 10× 3 = 750



5× 102 × 3 = 1500

52 × 10× 3 = 750

(B) = 375 + 375 + 1500 + 750 + 1500 + 750 = 5250

P (B) =
(B)

(Ω)
=

5250

8000
=

21

32

C

C

53 = 125

53 = 125

103 = 1000

(C) = 125 + 125 + 1000 = 1250

P (C) =
(C)

(Ω)
=

1250

8000
=

5

32

P (A) + P (B) + P (C) =
3

16
+

21

32
+

5

32
= 1

(A,B,C)

P (A) P (C)
P (B)

Ω

{1, ..., 20} (Ω) =
(20
3

)
= 1140

P
Ω

A

(A) = 5× 5× 10 = 250

P (A) =
(A)

(Ω)
=

250

1140
=

25

114

B

5×
(5
2

)
= 50

(5
2

)
× 5 = 50

5×
(10
2

)
= 225

(5
2

)
× 10 = 100

5×
(10
2

)
= 225

(5
2

)
× 10 = 100

(B) = 50 + 50 + 225 + 100 + 225 + 100 = 750

P (B) =
(B)

(Ω)
=

750

1140
=

25

38

C
(5
3

)
= 10

(5
3

)
= 10

(10
3

)
= 120

(C) = 10 + 10 + 120 = 140.

P (C) =
(C)

(Ω)
=

140

1140
=

7

57

P (A) + P (B) + P (C) =
25

114
+

25

38
+

7

57
= 1

(A,B,C)

P (A) P (C)
P (B)

Ω A
B C

A = B ∪ C B C

Ω {1, ..., 9}

(Ω) =
(9
2

)
= 36

B {2, 4, 6, 8}

(B) =
(4
2

)
= 6

C {1, 3, 5, 7, 9}

(C) =
(5
2

)
= 10

Ω P
Ω

P (A) =
(A)

(Ω)
=

(B) + (C)

(Ω)
=

6 + 10

36
=

4

9

Ω 2
{1, ..., 9} (Ω) = 9× 8 = 72

B 2 {2, 4, 6, 8}
(B) = 4× 3 = 12

C 2 {1, 3, 5, 7, 9}
(C) = 5× 4 = 20

Ω P
Ω

P (A) =
(A)

(Ω)
=

(B) + (C)

(Ω)
=

32

72
=

4

9

Ω {1, ..., 9}
(Ω) = 92 = 81



B {2, 4, 6, 8}
(B) = 42 = 16

C {1, 3, 5, 7, 9}
(C) = 52 = 25

Ω P
Ω

P (A) =
(A)

(Ω)
=

(B) + (C)

(Ω)
=

41

81

k {1, ..., 4} Bk

k Nk

k

P (B1 ∩ B2 ∩ N3 ∩ N4)

P (B1 ∩ B2 ∩ N3 ∩ N4)

= P (B1)× PB1 (B2)× PB1 ∩B2 (N3)× PB1 ∩B2 ∩N3 (N4)

=
5

9
×

4

8
×

4

7
×

3

6
=

5

63
.

Ω

Ω = {1, ..., 6}2 (Ω) = 36

P

(A) = 3× 6 P (A) =
1

2

P (B) =
3× 6

36
=

1

2

P (A ∩ B) =
3× 3

36
=

1

4
= P (A)× P (B)

A B

C1 C2

C = C1 ∪ C2 C1 C2

P (C) = P (C1) + P (C2) =
3× 3

36
+

3× 3

36
=

1

2
A ∩ C C1

P (A ∩ C) = P (C1) =
1

4
= P (A)× P (C)

A C

P (B ∩ C) = P (C1) =
1

4
= P (B)× P (C)

B C

A,B,C

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

P (A ∩ B) = P (A)P (B)

P (A ∩ C) = P (A)P (C)

P (B ∩ C) = P (B)P (C)

P (A ∩ B ∩ C) = P (A)P (B)P (C).

.

P (A ∩ B ∩ C) = P (C1) =
1

4
̸= P (A)P (B)P (C)

A,B,C

Ω

(Ω) =
(20
4

)

P
Ω

A

A
(10
2

)

(A) =
(10
2

)

P (A) =
(A)

(Ω)
=

(10
2

)

(20
4

) =
3

323

B

B

B
(10
4

)

24

(B) =
(10
4

)
× 24

P (B) =

(10
4

)
× 24

(20
4

) =
224

323

P (B) = 1− P (B) =
99

323
C

C = B \A A ⊂ B

P (C) = P (B)− P (A) =
99

323
−

3

323
=

96

323

i {1, 2, 3} Bi

Ui Ni

Ui

N1 N2 N3

N1 N2 N1, N2, N3

P (N1 ∩ N2 ∩ N3)
N1, N2, N3

P (N1 ∩ N2 ∩ N3) = P (N1)× PN1 (N2)× PN1 ∩N2 (N3)



= P (N1)× P (N2)× PN1 ∩N2 (N3)

N1 N2

=
2

5
×

2

5
×

4

7
=

16

175
.

P (B3) U3

(
N1 ∩ N2, B1 ∩ N2, B1 ∩ B2, N1 ∩ B2

)

P (B3) = P (N1 ∩ N2)PN1 ∩N2 (B3)

+P (B1 ∩ N2)PB1 ∩N2 (B3)

+P (B1 ∩ B2)PB1 ∩B2 (B3)

+P (N1 ∩ B2)PN1 ∩B2 (B3)

= P (N1)P (N2)PN1 ∩N2 (B3) + P (B1)P (N2)PB1 ∩N2 (B3)

+P (B1)P (B2)PB1 ∩B2 (B3) + P (N1)P (B2)PN1 ∩B2 (B3)

=
2

5

2

5

3

7
+

3

5

2

5

4

7
+

3

5

3

5

5

7
+

2

5

3

5

4

7
=

3

5
.

PB3 (B1 ∩ B2)

PB3 (B1 ∩ B2) =
P (B1 ∩ B2)× PB1 ∩B2 (B3)

P (B3)

=
P (B1)× P (B2)× PB1 ∩B2 (B3)

P (B3)
=

3
5 ×

3
5 ×

5
7

3
5

=
3

7
.

k {1, ..., n} Rk

k

Nk k

An =
(
R1 ∩ · · · ∩ Rn

)

︸ ︷︷ ︸
E

∪
(
N1 ∩ · · · ∩ Nn

)

︸ ︷︷ ︸
F

P (An) = P (E) + P (F )

E F

= P (R1) · · ·P (Rn) + P (N1) · · ·P (Nn)

=
1

2n
+

1

2n
=

1

2n−1
.

P (An) = 1−
1

2n−1

Bn =
(
N1 ∩ · · · ∩ Nn

)

︸ ︷︷ ︸
F

∪
(
R1 ∩ N2 ∩ · · · ∩ Nn

)

︸ ︷︷ ︸
G1

∪ · · ·

∪
(
N1 ∩ · · · ∩ Nn−1 ∩ Rn

)

︸ ︷︷ ︸
Gn

P (Bn) = P (F ) + P (G1) + · · ·+ P (Gn)

F,G1, . . . , Gn

= (n+ 1)×
1

2n
=

n+ 1

2n
.

n = 2

A2 ∩ B2 =
(
R1 ∩ N2

)
∪
(
N1 ∩ R2

)

P (A2 ∩ B2) =
1

2
×

1

2
+

1

2
×

1

2
=

1

2

P (A2)P (B2) =
1

2
×

3

4
=

3

8
̸= P (A2 ∩ B2)

A2 B2

n = 3

A3 ∩ B3 =
(
R1 ∩ N2 ∩ N3

)

∪
(
N1 ∩ R2 ∩ N3

)
∪
(
N1 ∩ N2 ∩ R3

)
.

P (A3 ∩ B3) = 3×
1

23
=

3

8

P (A3)P (B3) =
3

4
×

1

2
=

3

8
= P (A3 ∩ B3)

A3 B3

An ∩ Bn =
(
R1 ∩ N2 ∩ · · · ∩ Nn

)
∪ · · ·

∪
(
N1 ∩ · · · ∩ Nn−1 ∩ Rnn

)

P (An ∩ Bn) =
n

2n
An Bn

P (An ∩ Bn) = P (An)P (Bn)
n

2n
=

2n−1 − 1

2n−1
×

n+ 1

2n

2n−1 − 1− n = 0

un = 2n−1−1−n

∀n " 2, un+1 − un = 2n−1 − 1 > 0
u3 = 0 un = 0 ⇐⇒ n = 3

An Bn

n = 3

k {1, ..., n} Ak

k

Ak = A1 ∩ . . . ∩ Ak−1 ∩ Ak

P (Ak) = P
(
A1 ∩ · · · ∩ Ak−1 ∩ Ak

)

= P (A1)PA1
(A2) · · ·PA1 ∩ ···∩Ak−1

(Ak)

=
n− 1

n
×

n− 2

n− 1
× · · ·×

n− k + 1

n− k
×

1

n− k + 1

=
1

n
.

k

i {1, ..., n} Ci

i A

∀i ∈ {1, ..., n}, P (Ci) =
1

n
PCi

(A) =
( i

n

)2
.

P (A)

(
Ci, i ∈ {1, ..., n}

)

P (A) =
n∑

i=1

P (Ci)× PCi
(A) =

1

n3

n∑

i=1

i2 =
(n+ 1)(2n+ 1)

6n2
.



PA(Cn)

PA(Cn) =
P (Cn)× PCn (A)

P (A)

=

1

n
× 1

(n+ 1)(2n+ 1)

6n2

=
6n

(n+ 1)(2n+ 1)
.

n N∗ An n
Bn n

n ∈ N∗ An+1 =
(
An ∩ Bn

)
∪
(
An ∩ Bn

)

P (An+1) = P
(
An ∩ Bn

)
+ P

(
An ∩ Bn

)

= P (An)P (Bn) + P (An)P (Bn)

= (1− p) pn + p (1− pn).

pn+1 = (1− 2p) pn + p

(pn)n∈N∗

α α = (1−2p)α+p α =
1

2

n N∗ un = pn −
1

2

∀n ∈ N∗, un+1 = pn+1 −
1

2
= (1− 2p)pn + p−

1

2

= (1− 2p)
(
pn −

1

2

)
= (1− 2p)un.

(un)n∈N∗

(1− 2p)

∀n ∈ N∗, un = (1− 2p)n−1u1

= (1− 2p)n−1
(
1−

1

2

)
=

1

2
× (1− 2p)n−1.

∀n ∈ N∗, pn =
1

2

(
1 + (1− 2p)n−1

)

0 < p < 1 −1 < 1 − 2p < 1

n∞
(1− 2p)n−1 = 0

n∞
pn =

1

2

p

q1 = P (A1) =
1
2

P (BL1)

(A1, A1)

p1 = P (BL1) = P (A1)PA1 (BL1) + P (A1)PA1
(BL1)

=
1

2
× a+

1

2
× b =

a+ b

2
.

q2 = P (A2) = P
(
(A1 ∩ BL1) ∪ (A1 ∩ BL1)

)

= P (A1)PA1 (BL1) + P (A1)PA1
(BL1)

=
1

2
× a+

1

2
(1− b) =

1 + a− b

2
.

P (BL2)

(A2, A2)

p2 = P (BL2) = P (A2)PA2 (BL2) + P (A2)PA2
(BL2)

=
1 + a− b

2
× a+

(
1−

1 + a− b

2

)
× b

=
a2 + b2 + a+ b− 2ab

2
.

An+1

An+1 = (An ∩ BLn) ∪ (An ∩ BLn).

qn+1 = P (An+1) = P
(
(An ∩ BLn) ∪ (An ∩ BLn)

)

= P (An ∩ BLn) + P (An ∩ BLn)

= P (An)PAn (BLn) + P (An)PAn
(BLn)

= qn × a+ (1− qn)× (1− b) = (a+ b− 1)qn + 1− b.

(qn)n∈N∗

α α = (a+ b− 1)α+ 1− b

α =
1− b

2− a− b
2− a− b ̸= 0 0 < a < 1 0 < b < 1

un = qn − α

∀n ∈ N∗, un+1 = (a+ b− 1)un.

∀n ∈ N∗, un = (a+ b− 1)n−1u1

= (a+ b− 1)n−1 ×
b− a

2(2− a− b)
.

∀n ∈ N∗, qn =
b− a

2(2− a− b)
(a+ b− 1)n−1 +

1− b

2− a− b
.

(An, An)

pn = P (BLn) = P (An)PAn (BLn) + P (An)PAn
(BLn)

= qn × a+ (1− qn)× b = (a− b)qn + b

= b+
(1− b)(a− b)

2− a− b
−

(b− a)2

2(2− a− b)
(a+ b− 1)n−1.



n N∗ An

n Pn Fn

n

A1 P1

p1 = P (A1) = a

A2 F1 ∪ (P1 ∩ P2)

p2 = P (A2) = (1− a) + a2

(P1, F1)

P (An+2) = P (P1)× PP1 (An+2) + P (F1)× PF1 (An+2)

= aPP1 (An+2) + (1− a)PF1 (An+2).

P1

(n+1)
PP1 (An+2) = pn+1

PF1 (An+2) = pn

pn+2 = a pn+1 + (1− a) pn

(pn)n∈N∗

2−a −(1−a)
1 a− 1

(α, β) ∈ R2

∀n ∈ N∗, pn = α+ β(a− 1)n

p1 = a p2 = a2 + 1− a

α =
1

2− a
β =

1− a

2− a
.

∀n ∈ N∗, pn =
1

2− a

(
1− (a− 1)n+1

)

k N∗ Bk Nk Rk

k G

b n

G = B1 p0 = P (G) =
b

n+ b

b n

G = B1 ∪ (R1 ∩ B2)

p1 = P (G) = P (B1) + P (R1 ∩ B2)

= P (B1) + P (R1)× PR1 (B2)

=
b

n+ b+ 1
+

1

n+ b+ 1
×

b

n+ b

=
b(n+ b+ 1)

(n+ b+ 1)(n+ b)
=

b

n+ b
.

b n
(r + 1)

(B1, N1, R1)

P (G) = P (B1)PB1 (G) + P (N1)PN1 (G) + P (R1)PR1 (G).

PN1 (G) = 0 PB1 (G) = 1 PR1 (G) = pr

r

pr+1 =
b

n+ b+ r
+ 0 +

r

n+ b+ r
pr =

1

n+ b+ r

(
b+ r pr).

r pr =
b

n+ b

r

An, Bn Cn

P (An) + P (Bn) + P (Cn) = an + bn + cn = 1

(
An, Bn, Cn

)

P (An+1) = P (An)PAn (An+1)

+P (Bn)PBn (An+1) + P (Cn)PCn (An+1)

= an ×
2

3
+ bn ×

1

6
+ cn ×

1

6
.

an+1 =
2

3
an +

1

6
bn +

1

6
cn (1)

bn+1 =
2

3
bn +

1

6
an +

1

6
cn (2)

cn+1 =
2

3
cn +

1

6
an +

1

6
bn (3).

(1)− (2) an+1 − bn+1 = 1
2 (an − bn)

(1)− (3) an+1 − cn+1 = 1
2 (an − cn)

a0 = 1 b0 = c0 = 0

∀n ∈ N,

⎧
⎪⎪⎨

⎪⎪⎩

an − bn =
1

2n
(a0 − b0) =

1

2n

an − cn =
1

2n
(a0 − c0) =

1

2n
.

an + bn + cn = 1

2an − bn − cn = 3an − 1 =
1

2n−1

n ∈ N

an =
1

3

(
1 +

1

2n−1

)
,

bn = an −
1

2n
=

1

3

(
1−

1

2n

)
,

cn = an −
1

2n
=

1

3

(
1−

1

2n

)
.



A,B P (A ∪ B) = P (A) + P (B)

A,B,C

P (A ∪ B ∪ C)

= P (A) + P (B) + P (C)−
(

P (A ∩ B) + P (A ∩ C) + P (B ∩ C)
)

+ P (A ∩ B ∩ C).

n ∈ N∗ {1, ..., n}

∀k ∈ {1, ..., n}, P ({k}) =
1

n

P (A |B) A B

A B P (B) ̸= 0 A B

PB(A) =
P (A ∩ B)

P (B)

A,B,C B ⊂ C P (B) ̸= 0 PB(A ∩ C) = PB(A)

A,B A,B

A,B P (A) ̸= 0 P (B) ̸= 0
PB(A) = P (B)

1/3



P (A ∩ B) = 0 P (A ∩ B) ̸= 0,
P (A ∪ B) = P (A) + P (B)− P (A ∩ B).

P (A ∪ B ∪ C) = P
(

(A ∪ B) ∪ C
)

= P (A ∪ B) + P (C)− P
(

(A ∪ B) ∩ C
)

=
(

P (A) + P (B)− P (A ∩ B)
)

+ P (C)− P
(

(A ∩ C) ∪ (B ∩ C)
)

= P (A) + P (B) + P (C)− P (A ∩ B)−
(

P (A ∩ C) + P (B ∩ C)− P (A ∩ B ∩ C)
)

.

A B

PB(A)

PB(A ∩ C) =
P
(

(A ∩ C) ∩ B
)

P (B)
=

P
(

A ∩ (B ∩ C)
)

P (B)
=

P (A ∩ B)

P (B)
= PB(A).

A B

P (A ∩ B) ̸= P (A)P (B),

A B

A B

P (A ∩ B) = P (A ∪ B) = 1− P (A ∪ B) = 1−
(

P (A) + P (B)− P (A ∩ B)
)

= 1− P (A)− P (B) + P (A)P (B) =
(

1− P (A)
)(

1− P (B)
)

= P (A)P (B),

A B

A B

A B PB(A) = P (A)

2

4
=

1

2

1

3



r r ∈ N∗

Y = g(X) g
X(Ω) Y = g(X)

Y = aX + b

r r ∈ N∗

r

Y = aX + b



X

xi X
P (X = xi)

xi X
P (X # xi) P (X < xi)

P (X " xi) P (X > xi) P (X = xi)

X Y
Y X

➟

3 2
1

X

X

X {1, 2, 3}
(X = 1)

P (X = 1) =
1

3
(X = 2

P (X = 2) =
2

3

1

2
=

1

3
.

(X = 3)

P (X = 3) =
2

3

1

2

1

1
=

1

3
.

X

∀i ∈ {1, 2, 3}, P (X = i) =
1

3
.

{1, 2, 3}

X
{0, 1, 2}

P (X = 0) =
1

6
P (X # 1) =

1

2
.

X

(X = 0) (X = 1)
P (X # 1) = P (X = 0) + P (X = 1).

P (X = 1) = P (X # 1)− P (X = 0) =
1

2
−

1

6
=

1

3
.

P (X = 2) = 1− P (X = 0)− P (X = 1) = 1−
1

6
−

1

3
=

1

2
.

X

P (X = 0) =
1

6
, P (X = 1) =

1

3
, P (X = 2) =

1

2
.

{

(xi, pi) ; i ∈ I
}

(

∀i ∈ I, pi " 0
) ∑

i∈I

pi = 1



n ∈ N∗ a ∈ R
X {1, ..., n}

∀k ∈ {1, ..., n}, P (X = k) = ak.

{
(k, ak) ; k ∈ {1, ..., n}

}
⎧
⎪⎨

⎪⎩

∀k ∈ {1, ..., n}, ak " 0 (1)
n∑

k=1

ak = 1 (2).

(1) ⇐⇒ a " 0

(2)⇐⇒ a

n∑

k=1

k = 1⇐⇒ a
n(n+ 1)

2
= 1⇐⇒ a =

2

n(n+ 1)
(" 0).

a =
2

n(n+ 1)
.

E(X)
X

X(Ω) =
{

x1, . . . , xn

}

E(X) =
n
∑

i=1

xiP (X = xi)

X = g(Y ) Y (Ω) =
{

yj ; j ∈ J
}

E(X) =
∑

j∈J

g(yj)P (Y = yj)

X X = aY + b

E(X) = aE(Y ) + b

➟

X

{1, 2, 3} P (X = 1) =
1

6
,

P (X = 2) =
1

3
, P (X = 3) =

1

2
.

E(X) E(X3)

E(X) =
3∑

k=1

kP (X = k) = 1
1

6
+ 2

1

3
+ 3

1

2
=

7

3
.

E(X3) =
3∑

k=1

k3P (X = k) = 13
1

6
+ 23

1

3
+ 33

1

2
=

49

3
.

V (X)
V (X) = E

(
(

X − E(X)
)2
)

V (X) = E(X2)−
(

E(X)
)2

V (X) = a2V (Y ) X = aY + b

➟



X
{1, 2, 3, 4}

P (X = 1) =
1

6
,

P (X = 2) = P (X = 3) =
1

4
,

P (X = 4) =
1

3
.

V (X)

V (X) = E(X2)−
(
E(X)

)2
.

E(X) =
4∑

k=1

kP (X = k) = 1
1

6
+ 2

1

4
+ 3

1

4
+ 4

1

3
=

33

12
=

11

4
,

E(X2) =
4∑

k=1

k2P (X = k) = 12
1

6
+ 22

1

4
+ 32

1

4
+ 42

1

3
=

105

12
=

35

4
.

V (X) =
35

4
−
(11

4

)2
=

19

16
(" 0).

n
∑

k=1

k =
n(n+ 1)

2
,

n
∑

k=1

k2 =
n(n+ 1)(2n+ 1)

6
,

n
∑

k=1

k3 =
(n(n+ 1)

2

)2

∀n ∈ N, ∀(x, y) ∈ R2, (x+ y)n =
n
∑

k=0

(
n

k

)

xkyn−k

∀n ∈ N, ∀q ∈ R \ {1},
n
∑

q=0

qk =
1− qn+1

1− q
.

➟

n ∈ N∗ X
{0, ..., n}

∀k ∈ {0, ..., n},

P (X = k) =
6k2

n(n+ 1)(2n+ 1)
.

E(X)

∀k ∈ {0, ..., n}, P (X = k) " 0
n∑

k=0

P (X = k) =
6

n(n+ 1)(2n+ 1)

n∑

k=1

k2 = 1.

E(X) =
n∑

k=0

kP (X = k) =
n∑

k=0

6k3

n(n+ 1)(2n+ 1)

=
6

n(n+ 1)(2n+ 1)

(n(n+ 1)

2

)2
=

3n(n+ 1)

2(2n+ 1)
.



X

X

E(X) V (X)

a ∈ R k {1, ..., 6}
k a k X

a X

Y =
1

X

Y

Y E(Y )

n ∈ N∗ n
X

X

X

n ∈ N∗ p 0 < p < 1
q = 1 − p n

X

X

E(X) E
(

X(X − 1)
)

V (X)

n " 2 n n
X Y

k {1, ..., n} P (Y # k) Y

E(Y ) V (Y )

k {1, ..., n} P (X " k) X

Y n+ 1−X E(X) V (X)



n " 2 Xn n

X2 X3

n " 2 Xn {0, ..., n− 1}
P (Xn = 0) P (Xn = n− 1)

n " 2 k ∈ {0, ..., n}

P (Xn+1 = k) =
1

2
P (Xn = k) +

1

2
P (Xn = k − 1).

n " 2 Qn : R −→ R

∀s ∈ R, Qn(s) =
n−1
∑

k=0

P (Xn = k)sk.

n " 2 Qn(1) Q′n(1) = E(Xn) V (Xn)
Qn

n " 2 s ∈ R Qn+1(s) =
1 + s

2
Qn(s)

Qn(s) n s

n " 2 Xn

n " 2 n n

n
n

k ∈ N∗ Xk

k

n k Xk

k N∗ (Xk = 1) (Xk = k)

k ∈ N∗

∀i ∈ {1, ..., n}, P (Xk+1 = i) =
i

n
P (Xk = i) +

n− i+ 1

n
P (Xk = i− 1).

E(Xk+1) =
n− 1

n
E(Xk) + 1

E(Xk) n k

n
k∞

E(Xk)

k
n∞

E(Xk)



N " 3 N N

XN

k {1, ..., N − 1} P (XN > k)

XN

XN E(XN ) N +∞



X(Ω) = {1, ..., 4} i
{1, ..., 4} P (X = i)

E(X) E(X2)
V (X)

6∑

k=1

P (X = k) = 1

a

Y (Ω) =
{1

6
,
1

5
,
1

4
,
1

3
,
1

2
, 1
}

∀k ∈ {1, ..., 6}, P (Y =
1

k
) = P (X = k)

X(Ω) = {1, ..., n}
P (X = k)

E(X) E(X2) V (X)

X(Ω) = {0, ..., n}
(X = k)

E
(
X(X − 1)

)

V (X) = E
(
X(X − 1)

)
+ E(X)−

(
E(X)

)2
.

(Y # k)
P (Y = k)

P (Y = k) = P (Y # k)− P (Y # k − 1)

E(Y ) V (Y )

(X " k)
P (X = k)

P (X = k) = P (X " k)− P (X " k + 1)

(n+ 1−X)(Ω) = {2, ..., n} = Y (Ω)

∀k ∈ {2, ..., n}, P (n+1−X = k) = P (Y = k)

E(Y ) = E(n+ 1−X) = n+ 1− E(X)

V (Y ) = V (n+ 1−X) = V (X)

(Xn = 0)
n

(Xn = n− 1)

E
n n + 1

(E,E)

Qn(1) = 1 Q′n(1) = E(Xn)
Q′′n(1) = E(X2

n)− E(Xn)

Qn+1(s)
P (Xn+1 = k)
1

2
P (Xn = k) +

1

2
P (Xn = k − 1)

∀n " 2, ∀s ∈ R, Qn(s) =
( s+ 1

2

)n−1
.

Qn(s)

Xk(Ω) = {1, ..., (n, k)
}

(Xk = 1)

(Xk = k)

P (Xk+1 = i)

= P (Xk = i)P(Xk=i)(Xk+1 = i)

+P (Xk = i− 1)P(Xk=i−1)(Xk+1 = i).

i n

E(Xk) −→
k∞

n

E(Xk) −→
n∞

k

(XN > k)
k

P (XN = N) = P (XN > N − 1)

k ∈ {2, ..., N − 1}
P (XN = k) = P (XN > k − 1)− P (XN > k)

E(XN )
E(XN ) −→

N∞



X(Ω) = {1, ..., 4}

P (X = 1), P (X = 2), P (X = 3), P (X = 4)

k ∈ {1, ..., 10} Bk Nk

k

(X = 1) B1

P (X = 1) = P (B1) =
7

10

(X = 2) N1 ∩ B2

P (X = 2) = P (N1 ∩ B2) = P (N1)PN1 (B2)

=
3

10
×

7

9
=

7

30
.

(X = 3) N1 ∩ N2 ∩ B3

P (X = 3) = P (N1 ∩ N2 ∩ B3)

= P (N1)PN1 (N2)PN1 ∩N2 (B3) =
3

10

2

9

7

8
=

7

120
.

(X = 4) N1 ∩ N2 ∩ N3 ∩ B4

P (X = 4) = P (N1 ∩ N2 ∩ N3 ∩ B4)

= P (N1)PN1 (N2)PN1 ∩N2 (N3)PN1 ∩N2 ∩N3 (B4)

=
3

10

2

9

1

8

7

7
=

1

120
.

X

x 1 2 3 4

P (X = x)
7

10

7

30

7

120

1

120

P (X = 1) + P (X = 2) + P (X = 3) + P (X = 4)

=
7

10
+

7

30
+

7

120
+

1

120
= 1.

E(X) =
4∑

k=1

kP (X = k)

= P (X = 1) + 2P (X = 2) + 3P (X = 3) + 4P (X = 4)

=
11

8
.

V (X) = E(X2)−
(
E(X)

)2

E(X2)

E(X2) =
4∑

k=1

k2P (X = k)

= P (X = 1) + 4P (X = 2) + 9P (X = 3) + 16P (X = 4)

=
55

24
.

V (X) =
55

24
−
(11

8

)2
=

77

192

X

X {1, ..., 6}
a ∈ R

∀k ∈ {1, ..., 6}, P (X = k) = a k.

6∑

k=1

P (X = k) = 1

6∑

k=1

a k = a

6∑

k=1

k = a
6× 7

2
= 21a,

a =
1

21
X

k 1 2 3 4 5 6

P (X = k)
1

21

2

21

3

21

4

21

5

21

6

21

∀k ∈ {1, ..., 6}, P (X = k) =
k

21

E(X)

E(X) =
6∑

k=1

k P (X = k) =
1

21

6∑

k=1

k2

=
1

21
×

6× 7× 13

6
=

13

3
.

V (X) = E(X2)−
(
E(X)

)2

E(X2)

E(X2) =
6∑

k=1

k2 P (X = k) =
1

21

6∑

k=1

k3

=
1

21
×

62 × 72

22
= 21.

V (X) = 21−
(13

3

)2
=

20

9

E(Y ) = E
( 1

X

)
=

6∑

k=1

1

k
P (X = k) =

6∑

k=1

1

21
=

6

21
.



Y

Y
{1

6
,
1

5
,
1

4
,
1

3
,
1

2
, 1
}

k {1, ..., 6} P (Y =
1

k
) = P (X = k)

Y

y
1

6

1

5

1

4

1

3

1

2
1

P (Y = y)
6

21

5

21

4

21

3

21

2

21

1

21

E(Y ) =
1

6
×

6

21
+ · · ·+ 1×

1

21
=

6

21
.

X

X {1, .., n}

k {1, ..., n} Bk

k

i ∈ {1, ..., n}

(X = i) = B1 ∩ · · · ∩ Bi−1 ∩ Bi

P (X = i) = P (B1)× PB1
(B2)× · · ·× PB1 ∩ ···∩Bi−2

(Bi−1)

×PB1 ∩ ···∩Bi−1
(Bi)

=
n− 1

n
×

n− 2

n− 1
× · · ·×

n− i+ 1

n− i+ 2
×

1

n− i+ 1
=

1

n
.

X(Ω) = {1, ..., n}

∀i ∈ {1, ..., n}, P (X = i) =
1

n
n∑

i=1

P (X = i) =
n∑

i=1

1

n
=

n

n
= 1

X {1, ..., n}

E(X) =
n∑

i=1

i P (X = i) =
1

n

n∑

i=1

i =
n+ 1

2
.

V (X) = E(X2)−
(
E(X)

)2

E(X2) =
n∑

i=1

i2 P (X = i) =
1

n

n∑

i=1

i2 =
(n+ 1)(2n+ 1)

6
.

V (X) =
(n+ 1)(2n+ 1)

6
−

(n+ 1)2

4
=

n2 − 1

12

X

X {0, ..., n}

k ∈ {0, ..., n} (X = k)
Ei1,...,ik

i1, i2, . . . , ik
1 # i1 < · · · < ik # n

P (Ei1,...,ik ) = pk(1− p)n−k

(n
k

)

k

P (X = k) =
(n
k

)
pk(1− p)n−k

X(Ω) = {0, ..., n}

∀k ∈ {0, ..., n}, P (X = k) =
(n
k

)
pk(1− p)n−k

n∑

k=0

P (X = k) =
n∑

k=0

(n
k

)
pk(1− p)n−k =

(
p+ (1− p)

)n
= 1.

X
(n, p)

E(X)

E(X) =
n∑

k=0

k P (X = k) =
n∑

k=0

k
(n
k

)
pk(1− p)n−k

=
n∑

k=1

k
(n
k

)
pk(1− p)n−k.

k ∈ {1, ...n} k
(n
k

)
= n

(n− 1

k − 1

)
,

E(X) = n

n∑

k=1

(n− 1

k − 1

)
pk(1− p)n−k

=
n−1∑

k=0

(n− 1

k

)
pk+1(1− p)n−(k+1)

= n p

n−1∑

k=0

(n− 1

k

)
pk(1− p)(n−1)−k

= n p
(
p+ (1− p)

)n−1
= n p.

E
(
X(X − 1)

)

E
(
X(X − 1)

)
=

n∑

k=0

k (k − 1)P (X = k)

=
n∑

k=0

k (k − 1)
(n
k

)
pk(1− p)n−k

=
n∑

k=2

k (k − 1)
(n
k

)
pk(1− p)n−k.

k ∈ {2, ..., n} k(k − 1)
(n
k

)
= n(n− 1)

(n− 2

k − 2

)

E
(
X(X − 1)

)

= n(n− 1)
n∑

k=2

(n− 2

k − 2

)
pk(1− p)n−k

= n (n− 1)
n−2∑

k=0

(n− 2

k

)
pk+2(1− p)n−(k+2)



= n (n− 1) p2
n−2∑

k=0

(n− 2

k

)
pk(1− p)(n−2)−k

= n (n− 1) p2
(
p+ (1− p)

)n−2

= n (n− 1) p2.

E
(
X(X − 1)

)
=

n∑

k=0

k(k − 1)P (X = k)

=
n∑

k=0

k2P (X = k)−
n∑

k=0

kP (X = k) = E(X2)− E(X).

V (X) = E(X2)−
(
E(X)

)2

= E
(
X(X − 1)

)
+ E(X)−

(
E(X)

)2

= n(n− 1)p2 + np− n2p2 = np(1− p).

k ∈ {1, ..., n}

(Y # k)
k

k

P (Y # k) =

(k
2

)

(n
2

) =
k(k − 1)

n(n− 1)
.

Y

Y {2, ...n}

k ∈ {2, ..., n}

(Y = k) = (Y # k) \ (Y # k − 1)

(Y # k − 1) ⊂ (Y # k)

P (Y = k) = P (Y # k)− P (Y # k − 1)

=
k(k − 1)

n(n− 1)
−

(k − 1)(k − 2)

n(n− 1)
=

2(k − 1)

n(n− 1)
.

n∑

k=2

P (Y = k) =
2

n(n− 1)

n−1∑

k=1

k =
2

n(n− 1)
×

(n− 1)n

2
= 1.

E(Y ) =
n∑

k=2

kP (Y = k) =
2

n(n− 1)

n−1∑

k=1

(k + 1)k

=
2

n(n− 1)

( n−1∑

k=1

k2 +
n−1∑

k=1

k
)

=
2

n(n− 1)

( (n− 1)n(2n− 1)

6
+

(n− 1)n

2

)

=
2

n(n− 1)
×

(n− 1)n(n+ 1)

3
=

2(n+ 1)

3
.

E(Y 2)

=
n∑

k=2

k2P (Y = k) =
2

n(n− 1)

n−1∑

k=1

(k + 1)2k

=
2

n(n− 1)

( n−1∑

k=1

k3 + 2
n−1∑

k=1

k2 +
n−1∑

k=1

k
)

=
2

n(n− 1)

(
n2(n+1)2

4
+2

n(n+1)(2n+1)

6
+

n(n+1)

2

)

=
2

n(n− 1)
×

n(n− 1)(3n+ 2)(n+ 1)

12

=
(3n+ 2)(n+ 1)

6
.

V (Y ) = E(Y 2)−
(
E(Y )

)2

=
(3n+ 2)(n+ 1)

6
−

4(n+ 1)2

9
=

(n+ 1)(n− 2)

18
.

k ∈ {1, ..., n} (X " k)

k
k n

P (X " k) =

(n− k + 1

2

)

(n
2

) =
(n− k)(n− k + 1)

n(n− 1)
.

X

X {1, ..., n− 1}

k ∈ {1, ..., n− 1}
(X = k) = (X " k) \ (X " k + 1)

(X " k + 1) ⊂ (X " k)

P (X = k) = P (X " k)− P (X " k + 1)

=
(n− k)(n− k + 1)

n(n− 1)
−

(n− k − 1)(n− k)

n(n− 1)
=

2(n− k)

n(n− 1)
.

X(Ω) = {1, ..., n− 1}
(n+ 1−X)(Ω) = {2, ..., n} = Y (Ω).

k ∈ {2, ..., n}

P (n+ 1−X = k) = P (X = n+ 1− k)

=
2(k − 1)

n(n− 1)
= P (Y = k).

Y (n+ 1−X)

E(n+ 1−X) = E(Y ) V (n+ 1−X) = V (Y ).

E(n+ 1−X) = n+ 1− E(X)



E(X) = n+ 1− E(Y ) =
n+ 1

3
.

V (n+ 1−X) = (−1)2V (X) = V (X)

V (X) = V (Y ) =
(n+ 1)(n− 2)

18
.

k ∈ N∗ Pk Fk

k

X2

X2 {0, 1}

P (X2 = 0) = P
(
(P1 ∩ P2) ∪ (F1 ∩ F2)

)

= P (P1 ∩ P2) + P (F1 ∩ F2)

= P (P1)P (P2) + P (F1)P (F2)

=
1

2
×

1

2
+

1

2
×

1

2
=

1

2
.

P (X2 = 1) = 1− P (X2 = 0) =
1

2

X2

x 0 1

P (X2 = x)
1

2

1

2

E(X2) = 0× P (X2 = 0) + 1× P (X2 = 1) =
1

2
.

X3

X3 {0, 1, 2}

P (X3 = 0)

= P
(
(P1 ∩ P2 ∩ P3) ∪ (F1 ∩ F2 ∩ F3)

)

= P (P1 ∩ P2 ∩ P3) + P (F1 ∩ F2 ∩ F3)

= P (P1)P (P2)P (P3) + P (F1)P (F2)P (F3)

=
1

2
×

1

2
×

1

2
+

1

2
×

1

2
×

1

2
=

1

4
.

P (X3 = 2) = P
(
(P1 ∩ F2 ∩ P3) ∪ (F1 ∩ P2 ∩ F3)

)

=
1

2
×

1

2
×

1

2
+

1

2
×

1

2
×

1

2
=

1

4
.

P (X2 = 1) = 1−
1

4
−

1

4
=

1

2

X3

x 0 1 2

P (X3 = x)
1

4

1

2

1

4

E(X3) = 0×
1

4
+ 1×

1

2
+ 2×

1

4
= 1.

Xn

Xn n − 1

Xn

Xn(Ω) = {0, ..., n− 1}

P (Xn = 0)

= P
(
(P1 ∩ · · · ∩ Pn) ∪ (F1 ∩ · · · ∩ Fn)

)

= P (P1 ∩ · · · ∩ Pn) + P (F1 ∩ · · · ∩ Fn)

= P (P1) · · ·P (Pn) + P (F1) · · ·P (Fn)

=
(1
2

)n
+
(1
2

)n
=
(1
2

)n−1
.

P (Xn = n− 1)

= P
(
(P1 ∩ F2 ∩ P3 ∩ · · · ) ∪ (F1 ∩ P2 ∩ F3 ∩ · · · )

)

=
(1
2

)n
+
(1
2

)n
=
(1
2

)n−1
.

n " 2 k ∈ {0, ..., n} E
n n+ 1

P (E) = P
(
(Pn ∩ Pn+1) ∪ (Fn ∩ Fn+1)

)

= P (Pn)P (Pn+1) + P (Fn)P (Fn+1)

=
1

2
×

1

2
+

1

2
×

1

2
=

1

2
.

(E,E)

P (Xn+1 = k) = P (E)PE(Xn+1 = k) + P (E)PE(Xn+1 = k).
{

PE(Xn+1 = k) = P (Xn = k)

PE(Xn+1 = k) = P (Xn = k − 1).

P (Xn+1 = k)

= P (E)P (Xn = k) + P (E)P (Xn = k − 1)

=
1

2
P (Xn = k) +

(
1−

1

2

)
P (Xn = k − 1)

=
1

2
P (Xn = k) +

1

2
P (Xn = k − 1).

Qn(1) =
n−1∑

k=0

P (Xn = k) = 1

∀s ∈ R, Q′n(s) =
n−1∑

k=0

kP (Xn = k)sk−1

Q′n(1) =
n−1∑

k=0

kP (Xn = k) = E(Xn)



∀s ∈ R, Q′′n(s) =
n−1∑

k=0

k(k − 1)P (Xn = k)sk−1

Q′′n(1)

=
n−1∑

k=0

k(k − 1)P (Xn = k)

=
n−1∑

k=0

k2P (Xn = k)−
n−1∑

k=0

kP (Xn = k)

= E(X2
n)− E(Xn).

V (Xn)

= E(X2
n)−

(
E(Xn)

)2

= E(X2
n)− E(Xn) + E(Xn)−

(
E(Xn)

)2

= Q′′n(1) +Q′n(1)−
(
Q′n(1)

)2
.

n " 2 s ∈ R

Qn+1(s)

=
n∑

k=0

P (Xn−1 = k)sk

=
n∑

k=0

(1
2
P (Xn = k) +

1

2
P (Xn = k − 1)

)
sk

=
1

2

n∑

k=0

P (Xn = k)sk +
1

2

n∑

k=0

P (Xn = k − 1)sk

=
1

2

n∑

k=0

P (Xn = k)sk +
1

2

n−1∑

k=−1

P (Xn = k)sk+1

=
1

2

n−1∑

k=0

P (Xn = k)sk +
1

2

n−1∑

k=0

P (Xn = k)sk+1

=
1 + s

2
Qn(s).

∀n " 2, ∀s ∈ R, Qn(s) =
(1 + s

2

)n−2
Q2(s).

Q2(s) = P (X2 = 0) + P (X2 = 1)s =
1 + s

2

∀n " 2, ∀s ∈ R, Qn(s) =
(1 + s

2

)n−1
.

n " 2 s ∈ R
⎧
⎪⎨

⎪⎩

Q′n(s) =
n− 1

2

(1 + s

2

)n−2

Q′′n(s) =
(n− 1)(n− 2)

4

(1 + s

2

)n−3
.

Q′n(1) =
n− 1

2
Q′′n(1) =

(n− 1)(n− 2)

4

E(Xn) = Q′n(1) =
n− 1

2

V (Xn) =
(n− 1)(n− 2)

4
+

n− 1

2
−

(n− 1)2

4
=

n− 1

4
.

Xk

Xk

k # n Xk k

k > n Xk n
n

n

Xk

Xk(Ω) = {1 ; (n, k)}
k ∈ N∗ E k

(E) = nk

E

A = (Xk = 1)

n k 1k = 1

(A) = n

P (A) = P (Xk = 1) =
n

nk
=

1

nk−1

B = (Xk = k) k # n
B

n!

(n− k)!

(B) =
n!

(n− k)!

P (B) = P (Xk = k) =

⎧
⎨

⎩

n!

nk (n− k)!
k # n

0

k ∈ N∗ i ∈ {1, ..., n}
(
(Xk = ℓ), ℓ ∈ {1, ..., n}

)

P (Xk+1 = i) =
n∑

ℓ=1

P (Xk = ℓ)P(Xk=ℓ)(Xk+1 = i).

ℓ ̸= i, i− 1 P(Xk=ℓ)(Xk+1 = i) = 0

P (Xk+1 = i) = P (Xk = i)P(Xk=i)(Xk+1 = i)

+P (Xk = i− 1)P(Xk=i−1)(Xk+1 = i).

(Xk = i) (Xk+1 = i)
i

P(Xk=i)(Xk+1 = i) =
i

n
.



(Xk = i − 1) (Xk+1 = i)

n− (i− 1)

P(Xk=i−1)(Xk+1 = i) =
n− i+ 1

n
.

P (Xk+1 = i) =
i

n
P (Xk = i) +

n− i+ 1

n
P (Xk = i− 1).

k ∈ N∗

E(Xk+1)

=

(n,k+1)∑

i=1

iP (Xk+1 = i)

=
n∑

i=1

iP (Xk+1 = i) k + 1 < n k + 2 # i # n,

P (Xk+1 = i) = 0

=
n∑

i=1

( i2

n
P (Xk = i) +

i(n− i+ 1)

n
P (Xk = i− 1)

)

=
1

n

n∑

i=1

i2P (Xk = i) +
1

n

n−1∑

i=0

(i+ 1)(n− i)P (Xk = i)

︸ ︷︷ ︸
= 0 i = 0 i = n

=
1

n

n∑

i=1

i2P (Xk = i) +
1

n

n∑

i=1

(i+ 1)(n− i)P (Xk = i)

=
1

n

n∑

i=1

i2P (Xk = i) +
1

n

n∑

i=1

i(n− 1)P (Xk = i)

+
1

n

n∑

i=1

(n− i2)P (Xk = i)

=
n− 1

n

n∑

i=1

iP (Xk = i) +
n∑

i=1

P (Xk = i)

=
n− 1

n
E(Xk) + 1.

(
E(Xk)

)
k∈N∗

uk = E(Xk)−n
n− 1

n

∀k ∈ N∗, E(Xk) =
(n− 1

n

)k−1
(E(X1)− n) + n.

X1 E(X1) = 1

E(Xk) =
(n− 1

n

)k−1
(1− n) + n = n

[
1−

(n− 1

n

)k]
.

∣∣∣
n− 1

n

∣∣∣ < 1,
(n− 1

n

)k
−→
k∞

0

E(Xk) −→
k∞

n

Xk n
(n− 1

n

)k
=
(
1−

1

n

)k
= 1−

k

n
+ o

n∞

( 1

n

)

E(Xk) = n
(
1− 1 +

k

n
+ o

n∞

( 1

n

))
= k + o

n∞
(1)

E(Xk) −→
n∞

k

k
Xk k

k ∈ {1, ..., N − 1} Ek = (XN > k)

Ek k

Ek

k
(N
k

)

(N−k) (N−k)
(N − k)!

(Ek) =
(N
k

)
(N − k)! =

N !

k!

N !

(Ek) = P (XN > k) =
(Ek)

N !
=

1

k!
XN {2, ..., N}

k ∈ {2, ..., N − 1}
P (XN = k) = P (XN > k − 1)− P (XN > k)

P (XN = N) = P (XN > N − 1).

k ∈ {2, ..., N − 1}

P (XN = k) =
1

(k − 1)!
−

1

k!
=

k − 1

k!

P (XN = N) =
1

(N − 1)!
.

N∑

k=2

P (XN = k) = 1

E(XN ) =
N∑

k=2

kP (XN = k)

=
(N−1∑

k=2

k(k − 1)

k!

)
+

N

(N − 1)!
=
(N−3∑

k=0

1

k!

)
+

N

(N − 1)!
.

N−3∑

k=0

1

k!
−→
N∞

N

(N − 1)!
−→
N∞

0

E(XN ) −→
N∞



X Ω R∗
1

X

X {−1, 0, 1} X2

P (X2 = 1) = P (X = 1)

X Ω f
X(Ω) Y = f(X) Ω

Y ∀y ∈ f
(

X(Ω)
)

, P (Y = y) =
∑

x∈X(Ω), y=f(x)

P (X = x)

X Ω

E(X) =
∑

x∈X(Ω)

xP (X = x)

n ∈ N∗

{1, ..., n}
n

2

X B(n, p)
E(X) = np V (X) = np(1− p)

X
Ω f X(Ω) f(X)

E
(

f(X)
)

=
∑

x∈X(Ω)

f(x)P (X = x)

X

V (X) =
(

E(X)
)2 − E(X2)

X

V (X) = E
(
(

X − E(X)
)2
)

X,Y X # Y
V (X) # V (Y )



1

X
: Ω −→ R, ω -−→

1

X(ω)

(X2 = 1) = (X = 1) ∪ (X = −1)
P (X2 = 1) = P (X = 1) + P (X = −1) P (X = −1) ̸= 0

n+ 1

2

n

2

V (X) = E(X2)−
(

E(X)
)2
.

Ω = {1, 2}, X(1) = −1, X(2) = 1, P Y = 2

X # Y V (X) = E(X2) −
(

E(X)
)2

= 1 V (Y ) = 0
V (X) # V (Y )



n

{1, ..., n}



(X,Y )

xi X
yj Y

(xi, yj)
P
(

(X = xi) ∩ (Y = yj)
)

➟

3

X Y

(X,Y )

(X,Y ) {1, 2}× {1, 2, 3}
(i, j) ∈ {1, 2}× {1, 2, 3}

pij = P (X = i, Y = j)

i = j (X = i) ∩ (Y = j) pij = 0

(X = 2, Y = 3) p23 = 0

p12 = P (X = 1, Y = 2) =
2

3

1

2
=

1

3
,

p13 = P (X = 1, Y = 3) =
2

3

1

2

1

1
=

1

3
,

p21 = P (X = 2, Y = 1) =
1

3

2

2
=

1

3
.

(X,Y )

1

2

3

X

Y

{

(xi, yj , pi,j), (i, j)∈I×J
} (

∀(i, j) ∈ I × J, pi,j " 0
) ∑

(i,j)∈I×J

pi,j = 1.

➟



(X,Y )

a ∈ R

1

2

3

X

Y

a

a " 0
∑

1"i"2, 1"j"3

P (X = i, Y = j) = 1,

10a = 1 a =
1

10
.

(X,Y )

P (X = xi)

P (X = xi) =
∑

j∈J

P
(

(X = xi) ∩ (Y = yj)
)

P (Y = yj)

P (Y = yj) =
∑

i∈I

P
(

(X = xi) ∩ (Y = yj)
)

➟

(X,Y )

0

1

X

Y

X

Y

" 0
1

X Y

∀i ∈ {0, 1, 2}, P (X = i) =
1∑

j=0

P (X = i, Y = j)

= P (X = i, Y = 0) + P (X = i, Y = 1),

∀j ∈ {0, 1}, P (Y = j) =
2∑

i=0

P (X = i, Y = j)

= P (X = 0, Y = j) + P (X = 1, Y = j) + P (X = 2, Y = j).

(X,Y )

0

1

X

0 1 2 Y
X

Y



X Y

x ∈ X(Ω) y ∈ Y (Ω)

P
(

(X = x) ∩ (Y = y)
)

= P (X = x)P (Y = y).
➟

(X,Y )
{0, 1}

X Y

(X = 0) (Y = 0)

X Y

P (X = 0, Y = 0) = P (X = 0)P (Y = 0),

(X = 0) (Y = 0)

(X = 0)
(Y = 0)

P (X = 0, Y = 0) = P (X = 0)P (Y = 0).

(X = 0, X = 1)

P (Y = 0) = P (X = 0, Y = 0) + P (X = 1, Y = 0),

P (X = 1, Y = 0) = P (Y = 0)− P (X = 0, Y = 0)

= P (Y = 0)− P (X = 0)P (Y = 0)

=
(
1− P (X = 0)

)
P (Y = 0) = P (X = 1)P (Y = 0).

P (X = 0, Y = 1) = P (X = 0)P (Y = 1).

P (X = 1, Y = 1) = P (Y = 1)− P (X = 0, Y = 1)

= P (Y = 1)− P (X = 0)P (Y = 1)

=
(
1− P (X = 0)

)
P (Y = 1) = P (X = 1)P (Y = 1).

∀(i, j) ∈ {0, 1}2, P (X = i, Y = j) = P (X = i)P (Y = j),

X Y

X Y

x ∈ X(Ω) y ∈ Y (Ω)

P
(

(X = x) ∩ (Y = y)
)

̸= P (X = x)P (Y = y)

(X,Y ) ̸= 0

➟



X,Y
E(X) = 2, E(Y ) = 3, E(XY ) = 4.

X Y

(X,Y ) = E(XY )− E(X)E(Y ) = 4− 2 · 3 = −2 ̸= 0,

X Y

(X,Y )
{0, 1, 2} × {0, 1}

0

1

0 1 2
X

Y

X Y

P (X = 0, Y = 0) ̸= P (X = 0)P (Y = 0).

P (X = 0, Y = 0) =
1

10
.

P (X = 0) = P (X = 0, Y = 0) + P (X = 0, Y = 1) =
1

10
+ 0 =

1

10
,

P (Y = 0)

= P (X = 0, Y = 0) + P (X = 1, Y = 0) + P (X = 2, Y = 0)

=
1

10
+

2

10
+

3

10
=

6

10
,

P (X = 0)P (Y = 0) =
1

10

6

10
=

6

100
̸=

1

10
= P (X = 0, Y = 0).

X Y

(X,Y )

(X,Y ) = E(XY )− E(X)E(Y )

V (X), V (Y ), V (X + Y ) V (X − Y )

V (X + Y ) = V (X) + V (Y ) + 2 (X,Y )

V (X − Y ) = V (X) + V (Y )− 2 (X,Y )

X Y (X,Y ) = 0

➟



(X,Y )
{0, 1}

a = P (X = 0, Y = 0),

b = P (X = 0, Y = 1),

c = P (X = 1, Y = 0),

d = P (X = 1, Y = 1).

(X,Y ) = ad− bc.

E(X) =
1∑

i=0

iP (X = i) = P (X = 1)

= P (X = 1, Y = 0) + P (X = 1, Y = 1) = c+ d,

E(Y ) =
1∑

j=0

jP (Y = j) = P (Y = 1)

= P (X = 0, Y = 1) + P (X = 1, Y = 1) = b+ d,

E(XY ) =
∑

0!i!1
0!j!1

ijP (X = i, Y = j) = P (X = 1, Y = 1) = d.

(X,Y ) = E(XY )− E(X)E(Y ) = d− (c+ d)(b+ d)

= d(1− b− c− d)− bc = ad− bc.

Sn n
X1, ..., Xn

X1, . . . , Xn

E(Sn) = E(X1) + · · ·+ E(Xn)

V (Sn) =
n
∑

i=1

V (Xi) + 2
∑

1"i<j"n

(Xi, Xj);

X1, . . . , Xn

V (Sn) V (Sn) =
n
∑

i=1

V (Xi)

➟

X,Y, Z

B(p) p ∈ [0 ; 1]

U = X +XY +XY Z.

E(U)

E(U) = E(X) + E(XY ) + E(XY Z),

X, Y, Z

E(U) = E(X) + E(X)E(Y ) + E(X)E(Y )E(Z)

= p+ p2 + p3 = p(1 + p+ p2).



B(p) p

B(n, p)
n

p

U({1, ..., n})
n

P (X = k)

X ↪→ B(p)
{

0, 1
}

P (X = 1) = p P (X = 0) = 1− p

X ↪→ B(n, p) {0, . . . , n} ∀k∈{0, ..., n} P (X = k)=

(
n

k

)

pk(1− p)n−k

X ↪→ U({1, ..., n}) {1, . . . , n} ∀k ∈ {1, . . . , n}, P (X = k) =
1

n

➟

5
1 5

X

X

X

1

5
X

U({1, ..., 5})

2

5
X B

(
2,

2

5

)
.



X

X ↪→ B(p) E(X) = p V (X) = p(1− p)

X ↪→ B(n, p) E(X) = np V (X) = np(1− p)

X ↪→ U({1, ..., n}) E(X) =
n+ 1

2
V (X) =

n2 − 1

12

➟

n ∈ N∗ n

X

X

E(X) V (X)

X B
(
n,

1

2

)
,

E(X) = n
1

2
=

n

2
, V (X) = n

1

2

(
1−

1

2

)
=

n

4
.

X

X

E(X) V (X)

X U({1, ..., 6})

E(X) =
6 + 1

2
=

7

2
, V (X) =

62 − 1

12
=

35

12
.

X

∀ε > 0, P
(∣
∣X − E(X)

∣
∣ " ε

)

#
V (X)

ε2
.

➟



n
n ∈ N∗

n

1

2

X

F =
X

n

n P
(∣∣∣F −

1

2

∣∣∣ <
3

100

)
" 1−

4

100
.

X B
(
n,

1

2

)
,

E(X) =
n

2
, V (X) =

n

4
,

E(F ) =
1

n
E(X) =

1

2
, V (F ) =

1

n2
V (X) =

1

4n
.

P
(∣∣∣F −

1

2

∣∣∣ "
3

100

)
#

V (F )
( 3

100

)2 =
104

36n
.

P
(∣∣∣F −

1

2

∣∣∣ <
3

100

)
= 1− P

(∣∣∣F −
1

2

∣∣∣ "
3

100

)
" 1−

104

36n
.

P
(∣∣∣F −

1

2

∣∣∣ <
3

100

)
" 1−

4

100
,

1−
104

36n
" 1−

4

100
,

104

36n
#

4

100
n "

106

4 · 36
= 6944, 4...

n n = 6945.



X Y

(X,Y )

X Y E(X) E(Y ) V (X) V (Y )

X Y (X,Y )

Z = Y −X E(Z) V (Z) Z

X
Y = |X|

x −2 −1 0 1 2

P (X = x)
1

6

1

4

1

6

1

4

1

6

(X,Y ) Y

X Y

(X,Y )

n ∈ N∗ a ∈ R (i, j) ∈ {1, ..., n}2 pi,j pi,j = a·i·j

a
{

(i, j, pi,j) ; (i, j) ∈ {1, ..., n}2
}

(X,Y )

X Y

(X,Y ) E(XY )

Z = X + Y Z

X

X

X

X

n n n ∈ N∗

X

n r
X



X Y
(n, p) (m, p) n ∈ N,m ∈ N, p ∈ ]0 ; 1[

S = X + Y

X Y S

k ∈ {0, ..., n+m} X (S = k)

n " 2 n U1, . . . ,Un k {1, ..., n} Uk

k k
X Y

X

(X,Y ) Y

X Y (X,Y )

m " 2 m − 2
X Y

(X,Y )

D = Y −X X D X D

E(Y ) = 2E(X) (X,Y ) =
V (Y )

2
X m+ 1− Y E(X) E(Y )

(Xn)n∈N∗

p 0 < p < 1

n N∗ Sn = X1 + · · ·+Xn un Sn

n N∗ Sn

u1, u2, u3

(a, b) ∈ R2 ∀n ∈ N∗, un+1 = aun + b

un n (un)n∈N∗



p

n " 1 p
n Xn n

Xn

∀ε > 0, P
(∣
∣
∣
Xn

n
− p

∣
∣
∣ < ε

)

" 1−
1

4nε2

p 10−2

n

n " 1 n S1, S2, S3

i {1, 2, 3} Ni

Si

N1, N2, N3

N1 +N2 (N1, N2)

c ∈ N∗

c

n N∗ Xn

n Sn

n Sn = X1 + · · ·+Xn

X1 X2

n ∈ N∗ k ∈ {0, ...n} P(Sn=k)(Xn+1 = 1)

P (Xn+1 = 1) =
1 + cE(Sn)

2 + cn

n Xn P (Xn = 1) = P (Xn = 0) =
1

2

n " 1 n n n
n

k {1, ..., n} Xk k
k 0 S

k ∈ {1, ..., n} Xk

(k, ℓ) ∈ {1, ..., n}2 k ̸= ℓ (Xk, Xℓ)

E(S) V (S)



n ∈ N n " 2 U1 (n + 1)
n U2 n n

U1 N
N U2

N

i {1, ..., n} Xi i U2

Xi

n
∑

i=1

Xi (Xi, Xj) i ̸= j

S U2

E(S) V (S)

n 50 ≤ n ≤ 100

n

X Y

∀t ∈ R, V (tX + Y ) " 0
∣
∣ (X,Y )

∣
∣ #

√

V (X)V (Y )
∣
∣ (X,Y )

∣
∣ =

√

V (X)V (Y )

n " 1 p ∈ ]0 ; 1[ n
p

X X

Y Z

k ∈ {0, ..., n} Z (Y = k)

Z

S = X + Z S S



X Y
{1, ..., 3} {2, ..., 4}

i ∈ {1, ..., 3} j ∈ {2, ..., 4}
P (X = i, Y = j)

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∀i ∈ {1, ..., 3}, P (X = i) =
4∑

j=2

pi,j

∀j ∈ {2, ..., 4}, P (Y = j) =
3∑

i=1

pi,j .

X Y

(X,Y )

(X,Y ) = E(XY )− E(X)E(Y ).

E(Z) = E(Y )− E(X),

V (Z) = V (X) + V (Y )− 2 (X,Y ).

Z Z
{1, ..., 3} i

{1, ..., 3} (Z = i) X
Y

Y {0, 1, 2}
i ∈ {−2, ..., 2} j ∈ {0, ..., 2}

P (X = i, Y = j)

X Y

(X,Y )

(X,Y ) = E(XY )− E(X)E(Y )

a
∑

1"i,j"n

pi,j = 1

X

∀i ∈ {1, ..., n}, P (X = i) =
n∑

j=1

pi,j

Y

∀j ∈ {1, ..., n}, P (Y = j) =
n∑

i=1

pi,j

∀(i, j) ∈ {1, ..., n}2, pi,j = P (X = i)P (Y = j).

E(XY ) = E(X)E(Y )

E(Z) = E(X) + E(Y ),
V (Z) = V (X) + V (Y ) + 2 (X,Y ).

k {0, ..., n+m}

P (S = k) =
∑

(i,j) ; i+j=k

P (X = i, Y = j),

X Y

∑

(i,j) ; i+j=k

(n
i

)(m
j

)
=
(n+m

k

)
.

S

i {0 ; k}

P(S=k)(X = i) =
P (X = i, S = k)

P (S = k)

=
P (X = i, Y = k − i)

P (S = k)
,

X Y

X(Ω) = {1, ..., n}

∀k ∈ {1, ..., n}, P (X = k) =
1

n

E(X) =
n+ 1

2
(k, ℓ) ∈ {1, ..., n}2

P(X=k)(Y = ℓ)
P (X = k, Y = ℓ)

Y

X Y

(X,Y )

(X,Y ) = E(XY )− E(X)E(Y ).

(X,Y ) > 0

X
{1, ...,m − 1} Y
{2, ...,m}

k ∈ {1, ...,m − 1} ℓ ∈ {2, ...,m}
P (X = k, Y = ℓ)

X D

E(D) = E(X) V (D) = V (X)

m+1−Y
E(m+ 1− Y ) = E(X)

n ∈ N∗ An

Sn

un+1 = P (An)PAn (An+1) + P (An)PAn
(An+1),

⎧
⎨

⎩

PAn (An+1) = P (Xn+1 = 0)

PAn
(An+1) = P (Xn+1 = 1).

(un)n∈N∗

un n
n +∞



X
(n, p)

Xn

n

∀p ∈ [0 ; 1], p(1− p) #
1

4
n

P
(∣∣∣

Xn

n
− p
∣∣∣ < 10−2

)
" 0.95.

N1, N2, N3(
n,

1

3

)

N1 + N2(
n,

2

3

)
V (N1 + N2)

(N1, N2)

⎧
⎪⎪⎨

⎪⎪⎩

P (X1 = 0) = P (X1 = 1) =
1

2

P (X2 = 0) = P (X2 = 1) =
1

2
.

Sn {0, ..., n}

P (Xn+1 = 1) =
n∑

k=0

P (Sn = k)P(Sn=k)(Xn+1 = 1).

E(Sn)

P (Xk = 1) =
1

n
P (Xk = 0) =

n− 1

n
(Xk, Xℓ)

(Xk, Xℓ) = E(XkXℓ)− E(Xk)E(Xℓ).

E(XkXℓ) = P (Xk = 1, Xℓ = 1)

S = X1 + · · ·+Xn

E(S)

V (S)

V (S) =
n∑

k=1

V (Xk) + 2
∑

1"k<ℓ"n

(Xk, Xℓ).

N(Ω) = {0, ..., n}]

∀k ∈ {0, ..., n}, P (N = k) =
1

n+ 1

E(N) =
n

2
V (N) =

n(n+ 2)

12

P (Xi = 1) =
n∑

k=1

P (N = k)P(N=k)(Xi = 1),

P(N=k)(Xi = 1) =
k

n
n∑

i=1

Xi = N,

V (N) = V
( n∑

i=1

Xi

)

=
n∑

i=1

V (Xi) + 2
∑

1"i<j"n

(Xi, Xj).

(Xi, Xj) =
V (N)− nV (X1)

2
(n
2

) .

S =
n∑

i=1

iXi

X
X(

100,
1

2

)

E

E = (100− n # X # n)

n P (E) " 0.95

t ∈ R

0 # V (tX + Y ) = t2V (X) + 2t (X,Y ) + V (Y ).

t .→ V (tX+Y )
2

R ∆

∣∣ (X,Y )
∣∣ =

√
V (X)V (Y )⇐⇒ ∆ = 0

X
(n, p)

Z
(Y = k) (k, p)

Y = n − X
Y

Z

S {0, ..., n}
k ∈ {0, ..., n} P (S = k)

P (S = k) =
k∑

i=0

P (X = i, Z = k − i).



(X,Y )

X
{1, ..., 3} Y {2, ..., 4}

i ∈ {1, ..., 3} j ∈ {2, .., 4}

pi,j = P
(
(X = i) ∩ (Y = j)

)

i " j pi,j = 0 X
Y

i < j pi,j =
2

4× 3
=

1

6
4× 3

2 × 1(
(X = i) ∩ (Y = j)

)

(X,Y )

2

3

4

1 2 3
X

Y

X

X(Ω) = {1, ..., 3}

∀i ∈ {1, ..., 3}, P (X = i) =
4∑

j=2

pi,j

P (X = 1) = p1,2 + p1,3 + p1,4 =
3

6
=

1

2

P (X = 2) = p2,3 + p1,4 =
2

6
=

1

3

P (X = 3) = p3,4 =
1

6

X

x 1 2 3

P (X = x)
1

2

1

3

1

6

Y

Y (Ω) = {2, ..., 4}

∀j ∈ {2, ..., 4}, P (Y = j) =
3∑

i=1

pi,j

P (Y = 2) = p1,2 =
1

6

P (Y = 3) = p1,3 + p2,3 =
2

6
=

1

3

P (Y = 4) = p1,4 + p2,4 + p3,4 =
3

6
=

1

2

Y

y 2 3 4

P (Y = y)
1

6

1

3

1

2

E(X) = 1×
1

2
+ 2×

1

3
+ 3×

1

6
=

5

3

E(X2) = 12 ×
1

2
+ 22 ×

1

3
+ 32 ×

1

6
=

10

3

V (X) = E(X2)−
(
E(X)

)2
=

5

9

E(Y ) = 2×
1

6
+ 3×

1

3
+ 4×

1

2
=

10

3

E(Y 2) = 22 ×
1

6
+ 32 ×

1

3
+ 42 ×

1

2
=

35

3

V (Y ) = E(Y 2)−
(
E(Y )

)2
=

5

9

X Y
⎧
⎨

⎩

P (X = 2, Y = 2) = 0

P (X = 2)P (Y = 2) =
1

3
×

1

6
=

1

18
̸= 0.

.

(X,Y ) = E(XY )− E(X)E(Y )

E(XY ) =
∑

1!i!3
2!j!4

i j pi,j

= 1× 2×
1

6
+ 1× 3×

1

6
+ 1× 4×

1

6

+2× 3×
1

6
+ 2× 4×

1

6
+ 3× 4×

1

6

=
35

6
.

(X,Y ) =
35

6
−

5

3
×

10

3
=

5

18

(X,Y ) ̸= 0 X
Y

E(Z) = E(Y )− E(X) =
5

3
.

V (Z) = V (X) + V (Y )− 2 (X,Y ) =
5

9
.

Z = Y −X

Z {1, ..., 3}



P (Z = 1) = P (X = 1, Y = 2) + P (X = 2, Y = 3)

+ P (X = 3, Y = 4) = 3×
1

6
=

1

2
P (Z = 2) = P (X = 1, Y = 3) + P (X = 2, Y = 4)

= 2×
1

6
=

1

3

P (Z = 3) = P (X = 1, Y = 4) =
1

6
Z

E(Z) =
5

3
V (Z) =

5

9

1

6
+

1

4
+

1

6
+

1

4
+

1

6
= 1

(X,Y )

Y {0, 1, 2}
(X,Y )

0

1

2

−2 −1 0 1 2
X

Y

Y

P (Y = 0) = P (X = 0, Y = 0) =
1

6
P (Y = 1) = P (X = −1, Y = 1) + P (X = 1, Y = 1)

= 2×
1

4
=

1

2
P (Y = 2) = P (X = −2, Y = 2) + P (X = 2, Y = 2)

= 2×
1

6
=

1

3

Y

y 0 1 2

P (Y = y)
1

6

1

2

1

3

X Y

⎧
⎨

⎩

P (X = 1, Y = 0) = 0

P (X = 1)P (Y = 0) =
1

4
×

1

6
=

1

24
̸= 0.

(X,Y ) = E(XY )− E(X)E(Y )

E(X) = (−2)×
1

6
+ (−1)×

1

4
+ 0×

1

6
+ 1×

1

4
+ 2×

1

6
= 0

E(Y ) = 0×
1

6
+ 1×

1

2
+ 2×

1

3
=

5

6

E(XY ) =
∑

−2!i!2
0!j!2

i j P (X = i, Y = j) = 0× 0×
1

6

+ (−1)× 1×
1

4
+ 1× 1×

1

4

+ (−2)× 2×
1

6
+ 2× 2×

1

6
= 0.

(X,Y ) = 0

X Y
(X,Y ) = 0

∑

1"i,j"n

i j

∑

1"i,j"n

i j =
( n∑

i=1

i
)( n∑

j=1

j
)
=
(n(n+ 1)

2

)2
=

n2(n+ 1)2

4
.

a =
4

n2(n+ 1)2

∀(i, j) ∈ {1, ..., n}2, pi,j " 0
∑

1"i,j"n

pi,j = a
∑

1"i,j"n

ij = 1.

{
(i, j, pi,j) ; (i, j) ∈ {1, ..., n}2

}

X

X(Ω) = {1, ..., n} i ∈ {1, ..., n}

P (X = i) =
n∑

j=1

pi,j = a i

n∑

j=1

j =
2 i

n(n+ 1)
.

Y X Y

Y (Ω) = {1, ..., n} : ∀j ∈ {1, ..., n}, P (Y = j) =
2 j

n(n+ 1)
.

X Y
(i, j) ∈ {1, ..; , n}2

P (X = i)P (Y = j) =
4 i j

n2(n+ 1)2
= pi,j .

X Y
(X,Y ) = 0

E(XY ) = E(X)E(Y ) = E(X)2

X Y

E(X) =
n∑

i=1

iP (X = i) =
n∑

i=1

2 i2

n(n+ 1)

=
2

n(n+ 1)
×

n(n+ 1)(2n+ 1)

6
=

2n+ 1

3
.

E(XY ) =
(2n+ 1)2

9

E(Z) = E(X) + E(Y ) = 2E(X) =
2(2n+ 1)

3
.

X Y
X Y

V (Z) = V (X) + V (Y ) = 2V (X).

E(X2) =
n∑

i=1

2 i3

n(n+ 1)
=

2

n(n+ 1)
×
n2(n+ 1)2

4
=

n(n+ 1)

2
,

V (X) = E(X2)−
(
E(X)

)2
=

n(n+ 1)

2
−

(2n+ 1)2

9

=
9(n2 + n)− 2(4n2 + 4n+ 1)

18



=
n2 + n− 2

18
=

(n+ 2)(n− 1)

18
.

V (Z) =
(n+ 2)(n− 1)

9

1

6
X {1, ..., 6}

4

12
=

1

3

X
(
8,

1

3

)

1

3

X
(
10,

1

3

)

X

n X [[1 ;n]]

n

1

r

X
(
n,

1

r

)

S {0, ..., n + m} X
Y {0, ..., n} {0, ...,m}

k ∈ {0, ..., n+m}

P (S = k) = P
( ⋃

(i,j) ; i+j=k

(X = i, Y = j)
)

=
∑

(i,j) ; i+j=k

P (X = i, Y = j)

=
∑

(i,j) ; i+j=k

P (X = i)P (Y = j).

X Y

(i, j) ∈ N2

P (X = i) =
(n
i

)
pi(1− p)n−i

P (Y = j) =
(m
j

)
pj(1− p)m−j

(n
i

)
= 0 i > n

(m
j

)
= 0 j > m

P (S = k) =
∑

(i,j) ; i+j=k

(n
i

)
pi(1− p)n−i

(m
j

)
pj(1− p)m−j

=
∑

(i,j) ; i+j=k

(n
i

)(m
j

)
pi+j(1− p)n+m−(i+j)

= pk(1− p)n+m−k
∑

(i,j) ; i+j=k

(n
i

)(m
j

)

=
(n+m

k

)
.

P (S = k) =
( k

n+m

)
pk(1− p)n+m−k

S (n+m, p)

p n
X m

Y

X (n, p) Y
(m, p)

S
n+m S

(n+m, p)

(S = k) X {0, ..., k}

i ∈ {0, ..., k}

P(S=k)(X = i)

=
P (X = i, S = k)

P (S = k)

=
P (X = i, Y = k − i)

P (S = k)

=
P (X = i)P (Y = k − i)

P (S = k)
X Y

=

(n
i

)
pi(1− p)n−i

( m

k − i

)
pk−i(1− p)m−(k−i)

(n+m

k

)
pk(1− p)n+m−k

=

(n
i

)( m

k − i

)

( k

n+m

) .

(
n+m, k,

n

n+m

)

X

X {1, ..., n}

∀k ∈ {1, ...n}, P (X = k) =
1

n
.

E(X) =
n∑

k=1

kP (X = k) =
1

n

n∑

k=1

k =
n+ 1

2
.



(X,Y )

(k, ℓ) ∈ {1, ..., n}2

pk,ℓ = P (X = k, Y = ℓ) = P (X = k)P(X=k)(Y = ℓ).

ℓ > k P(X=k)(Y = ℓ) = 0 pk,ℓ = 0

ℓ # k Uk

P(X=k)(Y = ℓ) =
1

k
pk,ℓ =

1

nk

∀(k, ℓ) ∈ {1, ..., n}2, pk,ℓ =

⎧
⎨

⎩

1

nk
ℓ # k

0

Y

Y {1, ..., n}
ℓ ∈ {1, ..., n}

P (Y = ℓ) =
n∑

k=1

pk,ℓ =
n∑

k=ℓ

1

nk
=

1

n

n∑

k=ℓ

1

k

E(Y )

=
n∑

ℓ=1

ℓP (Y = ℓ) =
n∑

ℓ=1

( n∑

k=ℓ

ℓ

nk

)

=
n∑

k=1

( k∑

ℓ=1

ℓ

nk

)
=

n∑

k=1

1

nk

( k∑

ℓ=1

ℓ
)

=
n∑

k=1

1

nk

k(k + 1)

2
=

1

2n

n∑

k=1

(k + 1)

=
1

2n
×

n2 + 3n

2
=

n+ 3

4
.

X Y

P (X = 1, Y = n) = 0

P (X = 1)P (Y = n) =
1

n
×

1

n2
=

1

n3
̸= 0

(X,Y ) = E(XY )− E(X)E(Y )

E(XY )

=
∑

1"k,ℓ"n

kℓ pk,ℓ =
n∑

k=1

( k∑

ℓ=1

kℓ
1

nk

)

=
1

n

n∑

k=1

( k∑

ℓ=1

ℓ
)

=
1

n

n∑

k=1

k(k + 1)

2
=

1

2n

( n∑

k=1

k2 +
n∑

k=1

k
)

=
1

2n

(n(n+ 1)(2n+ 1)

6
+

n(n+ 1)

2

)

=
(n+ 1)(n+ 2)

6
.

(X,Y ) =
(n+ 1)(n+ 2)

6
−

n+ 1

2
.
n+ 3

4
=

n2 − 1

24
.

(X,Y ) > 0 X
Y

(X,Y )

X
{1, ...,m− 1} Y {2, ...,m}

k ∈ {1, ...,m− 1} ℓ ∈ {2, ...,m}

k " ℓ P (X = k, Y = ℓ) = 0

k < ℓ (X = k, Y = ℓ)
k

ℓ

P (X = k, Y = ℓ) =
2

m
×

1

m− 1

P (X = k, Y = ℓ) =

⎧
⎪⎨

⎪⎩

2

m(m− 1)
1 # k < ℓ # m

0 .

X

X {1, ...,m − 1}
k ∈ {1, ...,m− 1}

P (X = k) =
m∑

ℓ=2

P (X = k, Y = ℓ)

=
m∑

ℓ=k+1

2

m(m− 1)
=

2(m− k)

m(m− 1)
.

D

D {1, ...,m − 1}
1 # X < Y # m k ∈ {1, ...,m− 1}

P (D = k) = P (Y = X + k) =
m−1∑

ℓ=1

P (X = ℓ, Y = ℓ+ k)
︸ ︷︷ ︸

= 0 ℓ+k>m

=
m−k∑

ℓ=1

2

m(m− 1)
=

2(m− k)

m(m− 1)
.

X D

X D

P (X = m− 1, D = 2) = P (X = m− 1, Y = m+ 1) = 0,

P (X = m− 1)P (D = 2) =
2

m(m− 1)
×

2(m− 2)

m(m− 1)
̸= 0.

D = Y −X X

E(D) = E(Y )− E(X) = E(X),

E(Y ) = 2E(X)

V (X) = V (Y ) + V (X)− 2 (X,Y ) = V (X),

(X,Y ) =
V (X)

2



Z = m+ 1− Y

Y {2, ...,m} Z
{1, ...,m− 1}

k ∈ {1, ...,m− 1}

P (Z = k) = P (Y = m+ 1− k)

=
m−1∑

ℓ=1

P (X = ℓ, Y = m+ 1− k)
︸ ︷︷ ︸

= 0 ℓ#m+1−k

=
m−k∑

ℓ=1

2

m(m− 1)
=

2(m− k)

m(m− 1)
= P (X = k).

X Z

E(Z) = m+ 1− E(Y ) = m+ 1− 2E(X) = E(X).

E(X) =
m+ 1

3
E(Y ) = 2E(X) =

2(m+ 1)

3
.

n ∈ N∗ Sn n
p

Sn (n, p)

u1

S1 = X1 p

u1 = P (S1 = 0) = 1− p

u2

S2 (2, p)

u2 = P (S2 = 0) + P (S2 = 2)

=
(2
0

)
(1− p)2 +

(2
2

)
p2 = (1− p)2 + p2

= 1− 2p+ 2p2

u3

S3 (3, p)

u3 = P (S3 = 0) + P (S3 = 2)

=
(3
0

)
(1− p)3 +

(3
2

)
p2(1− p)

= (1− p)3 + 3p2(1− p)
= (1− p)(1− 2p+ 4p2)

n ∈ N∗ An

Sn

∀n ∈ N∗, un = P (An)

n ∈ N∗ An An

un+1 = P (An)PAn (An+1) + P (An)PAn
(An+1).

An An+1

Xn+1 0

PAn (An+1) = P (Xn+1 = 0) = 1− p

PAn
(An+1) = P (Xn+1 = 1) = p

un+1 = un(1− p) + (1− un)p = (1− 2p)un + p.

(un)n∈N∗

α α = (1− 2p)α+ p

α = (1− 2p)α+ p ⇐⇒ α(2p) = p ⇐⇒ α =
1

2
.

vn = un −
1

2
(1− 2p)

∀n ∈ N∗, vn+1 = un+1 −
1

2
= (1− 2p)un + p−

1

2

= (1− 2p)
(
un −

1

2

)
= (1− 2p)vn

n ∈ N∗

vn = (1− 2p)n−1v1 = (1− 2p)n−1
(
u1 −

1

2

)

= (1− 2p)n−1
(1
2
− p
)
=

(1− 2p)n

2
.

∀n ∈ N∗, un = vn +
1

2
=

1 + (1− 2p)n

2
.

0 < p < 1 −1 < 1− 2p < 1
(1− 2p)n −→

n∞
0

n∞
un =

1

2

n

p

Xn (n, p)

E(Xn) = np V (Xn) = np(1− p)

Fn =
Xn

n

E(Fn) =
E(Xn)

n
=

np

n
= p,

V (Fn) =
V (Xn)

n2
=

p(1− p)

n
.

ε > 0
Fn

P
(∣∣∣

Xn

n
− p
∣∣∣ " ε

)
#

V (Fn)

ε2
=

p(1− p)

nε2
.

f : [0 ; 1] −→ R, p .−→ p(1− p).

f [0 ; 1] p ∈ [0 ; 1]
f ′(p) = 1− 2p

f p =
1

2

f
(1
2

)
=

1

4

∀p ∈ [0 ; 1], p(1− p) #
1

4

P
(∣∣∣

Xn

n
− p
∣∣∣ " ε

)
#

1

4nε2

P
(∣∣∣

Xn

n
− p
∣∣∣ < ε

)
= 1− P

(∣∣∣
Xn

n
− p
∣∣∣ " ε

)
" 1−

1

4nε2
.



n

P
(∣∣∣

Xn

n
− p
∣∣∣ < 10−2

)
" 0.95.

1−
1

4n(10−2)2
" 0.95

1−
1

4n(10−2)2
" 0.95 ⇐⇒ n "

104

4× 0.05
= 50000.

n " 50000
p 10−2

i ∈ {1, 2, 3} n

Si
1

3

Ni

(
n,

1

3

)

E(N1) = E(N2) = E(N3) = n×
1

3
=

n

3

V (N1) = V (N2) = V (N3) = n×
1

3
×

2

3
=

2n

9
N1+N2

S1 S2

S1 S2
2

3

N1 +N2

(
n,

2

3

)

V (N1 +N2) = n×
2

3
×

1

3
=

2n

9

V (N1 +N2) = V (N1) + V (N2) + 2 (N1, N2)

(N1, N2) =
V (N1 +N2)− V (N1)− V (N2)

2

=
1

2

(
−

2n

9

)
=
−n
9

(N1, N2) < 0
N1 N2

X1

X1 {0, 1}

P (X1 = 1) = P (X1 = 0) =
1

2

X2

X2 {0, 1}

P (X2 = 0) = P (X1 = 0)P(X1=0)(X2 = 0)

+ P (X1 = 1)P(X1=1)(X2 = 0)

(X1 = 0)
1 + c

P(X1=0)(X2 = 0) =
1 + c

2 + c
.

(X1 = 1)
1 + c 1

P(X1=1)(X2 = 0) =
1

2 + c
.

P (X2 = 0) =
1

2
×

1 + c

2 + c
+

1

2
×

1

2 + c
=

1

2
.

P (X2 = 1) = 1− P (X2 = 0) =
1

2

P (X2 = 1) = P (X2 = 0) =
1

2
k ∈ {0, ..., n} (Sn = k)

n k n−k
(n + 1)

1 + ck 1 + c(n − k)
2 + cn

P(Sn=k)(Xn+1 = 1) =
1 + ck

2 + cn

Sn {0, ..., n}

P (Xn+1 = 1) =
n∑

k=0

P (Sn = k)P(Sn=k)(Xn+1 = 1)

=
n∑

k=0

P (Sn = k)
1 + ck

2 + cn

=
1

2 + cn

( n∑

k=0

P (Sn = k)

︸ ︷︷ ︸
= 1

+c

n∑

k=0

kP (Sn = k)

︸ ︷︷ ︸
=E(Sn)

)

=
1 + cE(Sn)

2 + cn

n N∗ P(n)

P (Xn = 1) = P (Xn = 0) =
1

2

⋆ P(1)

⋆ n N∗
P(1), . . . ,P(n) P(n+ 1)

k ∈ {1, ..., n} P(k)

E(Xk) = 0× P (Xk = 0) + 1× P (Xk = 1) =
1

2
.

E(Sn) =
n∑

k=1

E(Xk) =
n

2

P (Xn+1 = 1) =
1 + cE(Sn)

2 + cn
=

1 + c
n

2
2 + cn

=
1

2
.

Xn+1(Ω) = {0, 1}

P (Xn+1 = 0) = 1− P (Xn+1 = 1) =
1

2
.

P(n+ 1)

⋆ n N∗

Xn(Ω) = {0, 1} P (Xn = 1) = P (Xn = 0) =
1

2
.



Xk

Xk {0, 1}

(Xk = 1)
k k n!

1×(n−1)!
(Xk = 1)

P (Xk = 1) =
1× (n− 1)!

n!
=

1

n

P (Xk = 0) = 1− P (Xk = 1) =
n− 1

n

E(Xk) = 0× P (Xk = 0) + 1× P (Xk = 1) =
1

n

E(X2
k) = 02 × P (Xk = 0) + 12 × P (Xk = 1) =

1

n

V (Xk) = E(X2
k)−

(
E(Xk)

)2
=

n− 1

n2

(Xk, Xℓ) = E(XkXℓ)− E(Xk)E(Xℓ)

Xk Xℓ {0, 1}

E(XkXℓ) = 0× 0× P (Xk = 0, Xℓ = 0)

+ 0× 1× P (Xk = 0, Xℓ = 1)

+ 1× 0× P (Xk = 1, Xℓ = 0)

+ 1× 1× P (Xk = 1, Xℓ = 1)

= P (Xk = 1, Xℓ = 1).

(Xk = 1, Xℓ = 1)
k ℓ

n!
1 × 1 × (n − 2)!

(Xk = 1, Xℓ = 1)

P (Xk = 1, Xℓ = 1) =
1× 1× (n− 2)!

n!
=

1

n(n− 1)
.

(Xk, Xℓ) =
1

n(n− 1)
−

1

n2
=

1

n2(n− 1)

S = X1 + · · ·+Xn

E(S) = E(X1) + · · ·+ E(Xn) = n×
1

n
= 1

Xk

V (S) =
n∑

k=1

V (Xk) + 2
∑

1"k<ℓ"n

(Xk, Xℓ).

1

n2(n− 1)
(n
2

)
=

n(n− 1)

2

V (S) = n×
n− 1

n2
+ 2×

n(n− 1)

2
×

1

n2(n− 1)

=
n− 1

n
+

1

n
= 1

N

N {0, ..., n}

U1

∀k ∈ {0, ..., n}, P (N = k) =
1

n+ 1
.

E(N) =
n∑

k=0

k

n+ 1
=

1

n+ 1
×

n(n+ 1)

2
=

n

2
,

E(N2) =
n∑

k=0

k2

n+ 1

=
1

n+ 1
×

n(n+ 1)(2n+ 1)

6
=

n(2n+ 1)

6
,

V (N) = E(N2)−
(
E(N)

)2
=

n(n+ 2)

12
Xi

Xi {0, 1}

k ∈ {1, ..., n} P(N=k)(Xi = 1)
(N = k) k U2(n

k

)

(Xi = 1)

i 1×
(n− 1

k − 1

)

P(N=k)(Xi = 1) =

(n− 1

k − 1

)

(n
k

)

=
(n− 1)!

(k − 1)!
(
(n− 1)− (k − 1)

)
!
×

k!(n− k)!

n!
=

k

n
.

{
(N = k) ; k ∈ {0, ..., n}

}

P (Xi = 1) =
n∑

k=0

P (N = k)P(N=k)(Xi = 1)

= P (N = 0)P(N=0)(Xi = 1)
︸ ︷︷ ︸

=0

+
n∑

k=1

P (N = k)P(N=k)(Xi = 1)

=
n∑

k=0

1

n+ 1

k

n
=

1

n(n+ 1)

n∑

k=0

k

=
1

n(n+ 1)
×

n(n+ 1)

2
=

1

2
.

P (Xi = 0) = 1− P (Xi = 1) = 1−
1

2
=

1

2

E(Xi) = 0×P (Xi = 0) + 1×P (Xi = 1) = P (Xi = 1) =
1

2



E(X2
i ) = 02×P (Xi = 0)+12×P (Xi = 1) = P (Xi = 1) =

1

2

V (Xi) = E(X2
i )−

(
E(Xi)

)2
=

1

2
−
(1
2

)2
=

1

4
.

n∑

i=1

Xi = N

V (N) = V
( n∑

i=1

Xi

)
=

n∑

i=1

V (Xi) + 2
∑

1"i<j"n

(Xi, Xj).

Xi

V (N) = nV (X1) + 2
(n
2

)
(X1, X2)

(X1, X2) =
V (N)− nV (X1)

2
(n
2

) =

n(n+ 2)

12
−

n

4
n(n− 1)

=
1

12
.

i, j ∈ {1, ..., n} i ̸= j

(Xi, Xj) =
1

12
.

S =
n∑

i=1

iXi

E(S) =
n∑

i=1

iE(Xi) =
1

2

n∑

i=1

i =
n(n+ 1)

4
.

V (S) =
n∑

i=1

V (iXi) + 2
∑

1"i<j"n

(iXi, jXj)

=
n∑

i=1

i2V (Xi) + 2
∑

1"i<j"n

i j (Xi, Xj)

=
1

4

n∑

i=1

i2 + 2×
1

12

∑

1"i<j"n

ij.

∑

1"i<j"n

ij =
n∑

j=2

j
( j−1∑

i=1

i
)

=
n∑

j=2

j2(j − 1)

2
=

1

2

( n∑

j=1

j3 −
n∑

j=1

j2
)

=
1

2

(n2(n+ 1)2

4
−

n(n+ 1)(2n+ 1)

6

)

=
n(n− 1)(3n+ 2)(n+ 1)

24
.

V (S) =
1

4
×

n(n+ 1)(2n+ 1)

6

+
1

6
×

n(n− 1)(3n+ 2)(n+ 1)

24

=
n(n+ 1)(3n2 + 11n+ 4)

144
.

X

1

2

X
(
100,

1

2

)

E(X) = 100×
1

2
= 50 V (X) = 100×

1

2
×

1

2
= 25

E
n P (E) " 0.95

X 100 − X

E = (X # n) ∩ (100−X # n) = (100− n # X # n).

P (E) = P
(
100− n # X # n

)

= P
(
50− n # X − 50 # n− 50

)

= P
(∣∣X − 50

∣∣ # n− 50
)
= P

(∣∣X − E(X)
∣∣ # n− 50

)

= 1− P
(∣∣X − E(X)

∣∣ > n− 50
)

P
(∣∣X − E(X)

∣∣ > n− 50
)
# P

(∣∣X − E(X)
∣∣ " n− 50

)

#
V (X)

(n− 50)2
=

25

(n− 50)2
.

P (E) " 1−
25

(n− 50)2

(∗)⇐= 1−
25

(n− 50)2
" 0.95

⇐⇒
25

(n− 50)2
# 1− 0.95 = 0.05

⇐⇒ n " 50 +

√
25

0.05
≃ 72.3.

n = 73

∀t ∈ R, V (tX + Y ) " 0.

t ∈ R

V (tX + Y ) = V (tX) + 2 (tX, Y ) + V (Y )

= t2V (X) + 2 t (X,Y ) + V (Y ).

P : t .−→ t2V (X)+2 t (X,Y )+V (Y )
2

R

∆ = 4 (X,Y )2 − 4V (X)V (Y ) # 0

(X,Y )2 # V (X)V (Y )
∣∣ (X,Y )

∣∣ #
√

V (X)V (Y )



∣∣ (X,Y )
∣∣ =

√
V (X)V (Y ) ⇐⇒ ∆ = 0

P t0
P (t0) = 0 = V (t0X + Y )

t0X + Y
a t0X + Y = a

Y = −t0X + a

X Y

X (n, p)

E(X) = np V (X) = np(1− p)

Z (Y = k)
(k, p)

Y = n − X Y
(n, 1− p)

Z

Z {0, ..., n}
i ∈ {0, ..., n}

P (Z = i) =
n∑

k=0

P (Y = k)P(Y =k)(Z = i)
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i < n a0 < x, . . . , ai−1 < x x # ai

x ∈ x = ai

x
[a0, a1, . . . , ai−1] ai

↪→



[a0, . . . , an−1, b0, b1, . . . , bi−1]
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